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PREFACE 


The course in advanced calculus contained in this book has for 
many years been given by the author to students in the Massa- 
chusetts Institute of Technology. The choice of the subject matter 
and the arrangement of the material are the result of the expe- 
rience thus gained. The students to whom the course has been 
given have been chiefly interested in the applications of the calculus 
and have felt the need of a more extensive knowledge than that 
gained in the elementary courses, but they have not been prima- 
rily concerned with theoretical questions. Hence there is no 
attempt to make this course one in analysis. However, some 
knowledge of theory is certainly necessary if correct use is to be 
made of the science; therefore the author has endeavored to in- 
troduce the students to theoretical questions and possibly to incite 
in some a desire for more thorough study. As an example of the 
method used, a proof of the existence of the definite integral in one 
variable has been given; for the multiple integral the proof has 
been omitted and simply the result stated. The student who has 
mastered the simpler case is in a position to read the more difficult 
case in easily accessible texts. 

Existence proofs have also been given for the simpler cases of 
implicit functions and of differential equations. In these proofs 
the author has preferred to make the assumption that the func- 
tions involved may be expanded into Taylor series. This, of 
course, restricts the proof; but the somewhat immature student 
gets a clearer idea of the meaning of the theorems when he sees 
an actual series as the solution. The more abstract concept of 
a function may well come later. Furthermore, the student is 
likely to apply his results only to functions which can be expanded 
into series. 

Because of this constant use of the power series that subject is 
taken up first, after certain introductory maiter. Here again, fol- 
lowing the line of simplicity, the author has not discussed series in 
general. The gain in concreteness for the student justifies this, but 
the teacher who desires to discuss series of a more general type 
may do so with the aid of the exercises given for the student. 
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The Fourier series are introduced later as tools for solving certain 
partial differential equations, but no attempt has been made to 
develop their theory. 

The subjects treated in the book may be HOES easily seen by 
examining the table of contents. Experience has shown that the 
book may be covered in a year’s course. 

FREDERICK S. WOODS 


NOTE FOR THE 1932 PRINTING. In this impression of the book certain improvements 
have been made. In particular, Osgood’s theorem has been inserted in Chapter I, the 
discussion of uniform convergence in Chapter II has been improved, and the treatment 
of the plane in Chapter V has been changed. 


PREFACE TO THE NEW EDITION 


In this edition additional exercises have been inserted at the 
end of most chapters. Also, in Chapter VI, certain proofs have 
been made more rigorous; namely, that for the existence of the 
definite integral and that for the possibility of differentiating under 
the integral sign a definite integral with upper limit infinity. All 
the typographical errors that have been discovered have been 


corrected. 
FREDERICK 8S. WOODS 
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ADVANCED CALCULUS 


CHAPTER I 


PRELIMINARY 


1. Functions. A quantity y is said to be a function of a quan- 
tity x af the value of y is determined when the value of x is given. 


Elementary examples are the familiar algebraic, trigonometric, 
logarithmic, and exponential functions by means of which y is 
explicitly given in terms of x. Such explicit formulation, how- 
ever, is not necessary to the idea of a function. 

For example, y may be the number of cents of postage on a 
letter and x the number of ounces in its weight, or y may be defined 
as the largest prime number which is smaller than any number 
x, or y may be defined as equal to 0 if x is a rational number and 
equal to 1 if x is an irrational number. 

It should be noticed, moreover, that even when an explicit 
formulation in elementary functions is possible, y need not be 
defined by the same formula for all values of x. 

For example, consider a spherical shell of inner radius a and 
outer radius b composed of matter of density p. Let x be the dis- 
tance of a point from the center of the shell and y the gravita- 
tional potential due to the shell. Then y is a function of x with 
the following formulation : 


y =27p(b?—a”) when zx =a, 


2 
y=2xp(b@— 2) 272 when @=x=b, (1) 


y= —a®) when «x > b. 
So we may at pleasure build up an arbitrary function of x. 
For example, let y = f(x), where 
f@y=Sx" when 0 <7 <1, 
f(z)=24 when x=1, (2) 
f(c)=42+1 when x>1. 
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We shall say that values of x which lie between a and b deter- 
mine an interval (a, b). The interval may or may not include the 
values a and b, according to the con- Yy 
text. In general, however, the inter- 
vals (a, 6) will mean the values of x 
defined by the statement a=x=b. 

The student is supposed to be fa- 
miliar with the representation of a 
function by a graph. Such a repre- 
sentation is usually possible for the 
functions we shall handle in this book, Fie! 
although it is impossible for the func- 
tion mentioned in the third example of this section. The in- 
terval (a,b) appears in the graph as the portion of the axis of x 
between z= a and x = 8, and it will be y 
convenient to speak of a point of the 
interval, meaning a value of x in the 
interval. Then x=a and x=b are 
the end-points of the interval. As men- 
tioned above, the interval may or may 
not have end-points. 

The graph of the potential function in 
(1) is the curve of Fig.1. The graphhas © 
no breaks and the function is continuous Fic. 2 
($ 2), but the character of the curve 
and of the function is different in the three intervals considered. 

The graph of the function in (2) is the curve of Fig. 2. This 
graph has a break at the point for which x = 1. 

2. Continuity. A function f(x) is continuous when x =a for which 
f(a) is defined if 


! 
! 
1 
1 
t 
i) 
t 
' 
b 


a 


Lim [f(a +h) —f(a)]=0, (1) 
or, otherwise expressed, if 
Lim f(a +h) = f(a), (2) 


where in either formula the limit is independent of the manner in 
which h approaches 0. 

Since h is an increment added to a, and f(a +h) — f(a) is the 
corresponding increment of f(a), we may express this definition 
as follows: 


A function of x 1s continuous for a given value of x if the increment 
of the function approaches zero as the increment of x approaches zero. 
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A more cumbersome definition, but one which brings out the 
full meaning of equation (1), is as follows: f(x) is continuous for 
x=a when if € 1s any assigned positive quantity, no matter how 
small, it 1s possible to determine another positive quantity 6 so that 
the difference in absolute value between f(a+h) and f(a) shall be 
less than € for all values of h numerically less than 6; that is, 


|f(a+h)—f(a)|<e when |h| <6. (8) 


Graphically, ¢ having been given, there can be found an interval 
(a+h, a—h) in which | f(w) —f(a)| <e at all points of the 
interval. 

Consider the function defined by the 
equations 


F(x) = : ; When «+0, 
1+ ¢ 
F(0) = 0, (4) 

the graph of which is shown in Fig. 8. 

Here f(0+h)—/f(0) when h ap- 
proaches zero through positive values, 
and f(0+h)—10+4/f(0) when h ap- 
proaches zero through negative values. Hence the function is 
not continuous when x=0. There is no interval (— h, h) in which 
| f(x) —f(0) | <e. Furthermore, while y 
the definition of f(0) in (4) is arbi- 
trary, it is not possible to define f(0) 
so that the function is continuous. 

It is to be noticed that f(x) is not 
continuous for x= a if f(a) is “‘infi- O 
nite.” This expression means that 
f(ia+h) can be made numerically 
larger than any assigned positive 
quantity by taking h sufficiently small ; 
or, more precisely, if M is a positive 
number no matter how large, then a meld 
number 6 can be determined so that 
|f(a+h)|>M for |h| <6. The definition of Speecaees cannot 
then be satisfied for 7 = a. 

For example, the functions — = Gwe 4) ee 2 5 (Fig. 5) are each 


discontinuous for 2 = 0. as is a by the break in each of the 
curves representing the functions. 


Fig. 3 
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The following theorems are of fundamental importance in 
handling continuous functions: = 


I. If f(x) is continuous at all points of 
an interval (a, b), it 1s possible to find a 
positive number 6 such that in all subin- 
tervals of (a, b) less than 6 the absolute 
value of the difference between any two 
values of f(x) ts less than € when € is a 
positive quantity given in advance. 


We shall not give a formal proof. It 
is not difficult to see that if these theo- 
rems were not true, definition (8) for 
continuity must fail for at least one 
point of (a, b). Because of the property 7 x 
stated in the theorem, f(z) is said to be 


uniformly continuous in (a, b). no 


IT. If f(x) as continuous for all values of x between a and b inclu- 
y sive, if f(a) =A and f(b) = B, and af N 1s any value between A 
and B, then f(£) = N for at least one value of — between a and b. 


Fic. 6 FIG. 7 


III. If f(x) ts continuous for all values of x between a and b inclu- 
sive, then f(x) has a largest value M 
for at least one value of x betweena Y 
and b and a smallest value m for at 
least some other value of x between a 
and b. 


These theorems seem to be inherent 
in the very nature of continuity and 
are graphically evident from Figs. 
6, 7, and 8. Asa matter of fact, how- re) 
ever, they are not self-evident and Fic, 8 
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are capable of rigorous proof. These proofs lie outside the range 
of this book and will not be given here. 

The difference between the maximum and minimum values of 
f(x) in the interval (a, 6) is called the oscillation of f(x). We can 
say from I, 


IV. If f(x) as continuous in (a, b), at 1s possible to find a positive 


of f(x) ts less than e. 
3. The derivative. A function f(x) is said to have a derivative for 
x =a if the expression 
fa@+h) —f@ 
Bossi “4 


approaches a limit as h approaches zero in any manner whatever. 
This limit is called the derivative for x =a and is denoted by 


f'(a). We write 
wie == “i — f(a) = '(6). (2) 


ae 


In order that the derivative should exist it is necessary that f(x) 
should be continuous when x = a, for otherwise the fraction (1) 
would not approach a limit. This condition is not sufficient, as 
may be seen by considering the function defined by the equations 


ee? g 
f() =x sin = when x+0, (3) 
f(0) = 
As x — 0, sin . oscillates infinitely often between + 1 and —1, 
but xsin id — 0. Hence the function is continuous for x=0. 
x 


Using this function in the fraction (1) with a=0, we have 


ln | 
area at 
esas 


and sin - does not approach a limit as h 0. Hence the func- 


tion has no derivative when x = 0. 
In 1872 Weierstrass gave the explicit statement of a cae abe 


which has for all values of x the property which x sin — _ T has for 


x = 0, so that it is known now that a continuous anenon does 
not necessarily possess a derivative. Hence when a new function 
appears in analysis it is necessary to inquire first whether it is 


4: he 
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continuous and, secondly, whether it has a derivative. It is 
only functions which possess these two properties that are of 
interest in this book. 

We have discussed the derivative of f(a) for a value a of x. If 
f(x) has a derivative at each point of an interval, there is thus 
defined a new function f’(x) by the formula 


f(a) = Li im Lim EH IC) (4) 


Similarly, we define f’’(x) as the derivative of f’(x) or the second 
derivative of f(x), f’’’(x) as the derivative of f’’(x), and so on. 

It is assumed from this point that the student is familiar with 
the elementary process of differentiation. The proof of these ele- 
mentary processes involves implicitly the proof of the continuity 
of the function and the existence of the derivative. The student 
is also assumed to be familiar with the fact that if a function is 
represented by a graph the derivative gives the slope of the tan- 
gent line to the graph. 

The graph of the function 


SLE 
=2x SIN — 
y x 


is given in Fig. 9 for positive values of x. For negative values of 
x the curve is reflected on the line OY. It is of course impossible 
to draw the curve in the close 
neighborhood of the point O; but 
it is clear that if O be joined to 
any other point P of the curve, 
the line OP oscillates through an 
angle of 90°. The curve there- 
fore has no tangent line at O. 

The Weierstrass function men- 
tioned above is represented by a 
curve which has no breaks, but 
has no tangent (that is, no definite 
direction) at any point. 

These examples illustrate the 
fact that a graph is at best merely 
a rough way to represent a function, and that conclusions drawn 
merely from the graph may be erroneous. The graphs are helpful 
in understanding or formulating a theorem, but an analytic proof 
is always necessary for rigor. 


Fic. 9 


ROLLE’S THEOREM 7 


4 Composite functions. Let y = f(x) be a function of x and let 
«= (t). Then, by definition of a function y = F(t). Let t be given 
an increment hf and let the corresponding increment of x be k. 
a a k= $(t +h) — $(0). 

If @(é) is a continuous function of t, k >0ash—0. Now 
F(t) =y=f(x), 
Ft+h)=f@+h), 
since h and k are corresponding increments of t and x. Therefore 
F+h)— F® =f@t+k) —f(x); 
whence Lim [F(t+h) — F(t)]= Lim [f(a +k) — f(x)]. 


Therefore, if f(x) is a continuous function, 
Lim [F(it+h) — F(t)]=0. 


Hence if y is a continuous function of x and zx is a continuous 
function of t, then y is a continuous function of t. 
Let us now form the quotients 


Ftt+th)—FO® _ f@e@+k)—f@) 
h =, h 


Sa+hk)—fx) o¢+h)- o@ 


a | 


a ) 


k h 
whence, by § 3, on taking the limit, 
F'(t) =f'(@) - $’(). (1) 
5. Rolle’s theorem. Jf f(a)=0, and f(b) =0, then there is some value 
— between a and b for which f'(E) = 0, provided f(x) is continuous in 


the interval a = x = bandhasaderwa- Y 
tive for all values of x between a and b. 

By theorem III, §2, f(x) has a 
maximum M and a minimum m in 
the interval (a, 6). If both M and 
m are zero, f(x) is always zero, its 
derivative is zero (by (2), §3), and 
the theorem is proved. 

Suppose that M is not zero, as in Fig. 10, and let f(é) = M. 
Then f(E+h) —f(6) 
fE+h) —F(6) 

h 


O| @ é b 
Fic. 10 


is negative. Hence 
G 
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is positive when h is negative, and is negative when h is positive. 
But, by hypothesis, fle+h) -—f® 


approaches a limit f’(€), which is independent of the sign of h. 


Hence f=. 
Again if M=0 but m < 0, as in Fig. 11, the same argument 
applies. y 


The student should notice that the 
condition that f(x) should have a deriva- 
tive rules out such graphs as shown in 
Figs. 12 and 13, for in neither case is 
there a derivative in the strict sense of 
the definition when x = c. It is true that 
in Fig. 12 we may speak of a left-hand 
derivative and a right-hand derivative, 
but in so doing we modify the defini- Fic. 11 
tion by first restricting h to negative 
values and afterwards restricting h to positive values. In Fig. 13 


fe +h) —fo) 


we may write f’(c)= ©, but again the limit of 


does not exist in the sense of having a definite value. h 
VE 
vs 
O| a c b x 
EG AZ Fie. 13 


6. Theorem of the mean. J. If f(x) is continuous in the interval 
= x = b and has a derivative between x = a and x = b, then 


f(b) — f(a) = (6 — a) f’(6), 
wherea < — <b. 
Graphically the theorem is very obvious. In Fig. 14, f(a) = 


f(b) = BQ, b—a= AB, f(b) — fla) = CQ, and SOLO) 08 
—a 
the slope of the chord PQ. The slope of the me when x= & 
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is f'(€). The theorem asserts that there is a point R for which 
the tangent is parallel to the chord. 


To prove the theorem analytically construct the auxiliary 


function 
F(@) =I) — fl) — (@— a A=IO. 


Then 
F(x+h) — F(x) =f(x+h) — f(x) — 

Then, if |f(e+h)—f(x)|—>0 as h—0, so oe | F(a +h) 
— F(x)|— 0, and < 


Now F(a) =0 ae FO) a) 
as is seen by direct substitu- 
tion. Hence, by Rolle’s theorem, 
F’(€) = 0 for some £ between a 
and b. Thatis, 


re= AU a fe) 


foe en 


(a<&<b) Fic. 14 


From this it follows at once that 
f(b) =f(a) + (6—a)f'(é), @<& <b) (1) 
which is the theorem to be proved. 
In (1) we may write &=a-+ 6(b — a), where @ is an unknown 
proper fraction, and have 


f(b) = f(a) + (0—a)flat+ O(b—a)]. (0<A<1) (2) 
Still another form of the same result may be obtained by placing 
b=a+hin (2). 
Then fiath) =f(a)+hf'(a+ 6h). 0<0<1) (3) 
Two consequences of this theorem are as follows: 


II. If the derivative of a function is zero for all values of x in an 
interval, the function is a constant in that interval. 


In formula (1) replace b by any value of x between a and b and 
wehave f(x) = f(a) + @—a)f'®). (a<& <2) 
But, by hypothesis, f’(£) = 0, hence 
f(x) = f(a), 


as was to be provea. 
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III. If two functions have the same derivative in an interval (a, 6), 
they differ by an additive constant. 
Let f(x) and (x) be two functions such that 
f(x) = $'(@), 


and let F(x) =f(x) — (2). 
Then F'(z)=f'(@)-¢'@) = 
whence, by II, B= 
That is, f(x) = o(@) + C. 


This theorem has its important application to the process of 
integration, with which the student is assumed to be familiar. 


For let ih Tevile 


represent the function whose derivative is f(x). Then if F(x) is 
any one function satisfying this condition, the most general func- 
tion is F(x) + C, and we write 


ih f(v)dx = F(x) +. 


The discussion of the definite integral is postponed to eit: 
ter VI. In the meantime we shall assume elementary knowledge 
when necessary. 

7. Taylor’s series with a remainder. The theorem of the mean 
is the simplest case of a more general theorem which we shall now 
prove. For that purpose let us write b- 


f(b) =f@) + O@- hs oe Se =p 
b— 
Wee Gliese em (a) < R. (1) 


This is always possible if a (@) possesses the derivatives which occur 
in (1), since (1) itself defines R. We wish to determine the value 
of R as far as may be possible. 
For that purpose let us define P by the relation 
(b a a)" Spi! 
= 
@+ DI’ S 


and write down the auxiliary function 


P(e) = $0) — fle) — @ = 2yf@) — CS ™ pga 
= 2)" ry (b= 2)" | 
erm sr a 


TAYLOR’S SERIES a! 


which is formed from (1) by changing a to 2 in all the terms 
except P. 

Now F(}) = 0, as is at once apparent from (3), and F(a) = 0 by 
virtue of (1). Hence, by Rolle’s theorem, F’(£) = 0, where E lies 
between a and b. 

Differentiate (8) with respect to x. All the terms obtained 
cancel, except the last two, and we have 


(6— <x)" 


Pg) =- > pista OB pty 
Substituting in (4) the value z x for which F’(£) = 0, we 
obtain oy =} 
/ (b— 
p / aS Se ES) 
and therefore R @ zs = 7, ®. (5) 


} 


This is the value of FR in (1). It measures the difference be- 
tween the value of f(b) and the sum of the first » + 1 terms in 
the right-hand member of (1). It may therefore be called the 
remainder after n + 1 terms. 

The formula has great theoretical value. In addition it may 
be used in calculation as follows: 

If we know the values of f(x) and its derivatives for x = a, we 
may compute the value of f(x) for x = b by use of the first n+ 1 
terms of (1). The quantity R as given in (5) will then measure 
the error made in taking the result of this calculation for the 
value of f(b). It is true that the value of R will not be exactly 
known, since £ is unknown, but it may frequently be possible to 
determine a numerical quantity which R cannot exceed in absolute 


value. 
For example, consider sinz. The values of sinx and cos x are 


assumed to be known for x =a= 7 We wish to find the value 
—-- = Mis qa. Expressed in degrees we 
8-180 180 
need to find sin 61° knowing the sine and cosine of 60°. 

From (1) we have 


Gln ks wr wr l/fr\*. fF a(R) e083 
nag ee epg | she 0 R, 
ST S0te TORN IS0 2S wi za) fy Peat ico 8 aa 


E(aane (Ee <M] 
where R=7 130 sin 3 130 


of sinz for s=b= 
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Since we know that the sine of any angle is less than unity, we 
have 


pes i(%5) < 000000004. 
41\180 


As another example let us attempt to find how many terms of 
(1) must be taken to compute sin 12° to the nearest sixth decimal 


12 
place. In (1) we place a=0, b= ee es hen 


oe ee ME OT | (=) 1 (2) 
==> - = —({—)----4+-—(= RB. « 40 
Boasts ne eae 15 Itoi ee 
i Ee a es T 
Here R is + eat sin £, withO <é< 15’ and we are 
sure that a : , (zy 
| (n + 1)!\15 


and we wish to determine n so that 


It T n+1 
ae (=) < .0000005. 

By trial we find that n+1=7, »n=6, and hence the first 
three terms of (6) are to be taken. This value of n is sufficient for 
the purpose, but in this case it is not necessary. From the 
manner in which n was obtained it is clear that a smaller 
value of n may do. 

Since we have used Rolle’s theorem in deriving (1), the hypoth- 
eses underlying that theorem must be met; that is, F(x) in (2) 
should be continuous and possess a derivative in the interval 
(a,b). This means that f(x) and its first +1 derivatives 
should each exist and be continuous in the same interval. Then 
if x is any value in that interval, the same conditions exist in the 
interval (a, x), and we may write in place of (1) 


fa) = f(a) + (= ayf'(a) +---¢ ZO" por(q 
4 CaO" OOH, | <é 7 
n+ DD! oh MG Greg) (7) 


Equations (1) and (7) are two forms of Taylor’s series with the 
remainder. 


acters 


SESS —E——— SEES ESSE SESS 
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In the particular case in which a=0, we have Maclaurin’s 
series with the remainder ; namely, 


f@) =f) + he +5110) +--+ 70) 


, ae zi OM) 


(Or = =< &) (8) 


The student has probably met in his elementary course the 
infinite series known as Taylor’s and Maclaurin’s series. He 
should therefore note carefully that we have to do here not with 
infinite series, but with finite polynomials, although the last 
term is not definitely known. The infinite series arise from (7) 
or (8) if m can be taken indefinitely great and if the value of R 
approaches zero as » increases without limit. The discussion of 
this case, however, leads to questions of convergence and the 
like, and will be postponed. As a matter of fact, the finite series 
(7) and (8) are sufficient for most practical purposes. 

For example, we find from (8) 


: ee ge og 
Se ees 


yg? 7° : 
Sa eae 
x? gt 7 
esz=1—-ST+ataf © 
Cia rs 
Steg ae 
a 
sin © _ si a 
Therefore fanz = ae = i 
-S4+5 “+ Qe" 
Ds 
x 


. Zn? o 
go pb SE, 
e 3 15 


where S is determined in terms of P and Q by the usual process of 
division. This is a much simpler way to expand tan x than by 
direct use of (8). 
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: * dx a 
Again, consider Tone tan 92 
We may write 
1 2k 2k+2 
eee [ie eee ee ee eee ee ie) 
Tee A ale oh 
Therefore 
2 dy x? ? a? on? gtktl me Batts 
——=4-s>4+5>-FTt+5-°: Sig TAP We: 
la BG ae cee ee 
Now P= : >; by direct division. Therefore 
1+ 


gehts 


P21 and pe 2*+2 pdx ae geht 2dr < 
0 


We have, therefore, 


ay ie 


3 7° 2k +h 
cee ge ela ael ee EW h, fll  e S 
en 4b = ae 3 °5 5 pay Te 
g2kr3 
where Col Sram 


Other forms of the remainder besides that given in (5) are also 
useful. If we apply Rolle’s theorem to the function 


b— x)” — 
G()=f0) =f@)—6- af @) —-.— SS og ee 
n! b—a 
which vanishes when x = a and when x = 8, we find that 
b—a)(b— &)” 
R= CA OER 2" pony, (9) 
or, writing €=a+ 6(b— a), where 0 < 6 <1, 
pact n+l eae, n 
R= lees eee ec +(e), (10) 


n! 
Again, if we start with the identity 
fla) — fa) = [Pe — oat 
and integrate by parts, we have 


f(x) — fla) = @-as@+ f° “Yy"@— dd. 


Again integrating by parts, we have 


NORIO On = r@sf 3 © pe — Oa. 
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Proceeding in this way, we have, finally 


ce i _ fO+D(ae — add. (11) 
In particular for Maclaurin’s series, where a = 0, 
R = [Ajo — t)dt. (12) 
8. The form >. Consider the fraction 
ia), 
p(x) 


and let there be a number a for which f(a) =0 and ¢(a) = 0. 
The substitution of x = a in the fraction produces the meaningless 


symbol ° so that the value of the fraction is not defined for x = a. 


It is customary, however, to extend the definition of the fraction 
by defining its value for = a as the limit approached by its value 
as x approaches a. For example, consider 
2? — q? 
x— a. 
For all values of x except x=a the value of this fraction is 
xta. Asx—a, x+a— 2a; therefore we say, by definition, 
a = 07 


that the value of when «=a is 2a. 


xL— a 
To obtain a general method for finding this limit we begin by 
applying Rolle’s theorem to the function 


TO 602) — 6(@)] - 14) — fl) 
which obviously vanishes when x = a and when x = 6. 
fe)—fa) _ ©. 
o(b)— (a) $'(E) 
In (1) let f(a) = 0, d(@) = 0, and b=z. We have 


Hence (@<€ <)) (1) 


fe) _ £@. ; 
foe @) 

Now as x >a, &—a, and therefore 
Te (3) 


za P(x) a ae ¢’ (&) 
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Now unless f’(a) = 0 and ¢’(a) = 0 we have the result 
f(x) _ f'@) 
(Ce ° (4 
one h(a) $'(a) ! 
If, however, f’(a)=0 and ¢’(a) =0, we must apply (8) again 


with the result te f(a) _ is Fé) £ f(a) 
z+a P(t) sa P(E) (a) 
unless f’’(a) =0 and ¢’’(a) = 0. In the latter case formula (3) 


must be applied again. 
We may sum up in a rule known as L’Hospital’s rule. 


; ; 0 
To find the value of a fraction which takes the form 0 when x = a, 
replace the numerator and the denominator each by its deriwative and 


substitute x =a. If the new fraction is also 0’ repeat the process. 


For example, 


. e&—2eosxr+e* _. e?+2sinx—e” |e?+2cosr+e” 
Lin a _ = Lim ——— = | ————__]_ = 2. 
20 x sin x z-0 Snx+zxecosx [L2cosxr—2rsm2Z l= 


9. The form =. Consider the fraction 


F(X). 
(x) 
and let f(a)= © and g(a) = © by hypothesis. The value of 
the fraction for x = a is then defined as the limit approached by 
the value of the fraction as x increases without limit. 
We shall prove that L’Hospital’s rule holds also for a fraction 
which takes the form x. 
We shall first take the case in which a= ©. 
From (1), § 8, we may write 


f@)-f@ _ f© 
$@)— 9d) $'(8)’ 


where ¢ is a large but finite value of x. From (1) we derive, by 
simple algebra, oe) 


f@) _f® —_ ¢@® 


p(x) '(€) oe F(e) 
f(a) 


(¢<t <2) (1) 


(2) 


= Se SS See 
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We shall now assume that an has a limit A as E> 0, 
We may consequently take c so large that ian and therefore 
on differs from A by less than any assigned positive quantity ¢;. 
This fixes c. Then f(c) and $(c) are finite, and x may be taken so 
large that b(c) 

_$(@) 
ol) 
F(x) 


differs from unity by less than any assigned positive quantity €. _ 
We then have, from (2), 


F(x) 
=(A 1 : 
b(e) (A + m)(1 + 72) 
where |m|< 4, | n2| < €2. 


From this it is apparent that 
HE ee RI. yD) 


Lim —— = 


poe O(i) eel hate OO. 


This justifies L’ Hospital’s rule for the casea = 00. Weneed now 


(3) 


to extend this result to the case in which J) becomes = — forr=a 


p(x) 


when a is not infinite. For that purpose placex=a _ i so that 


when x =a, y=. Then 1 
J(@) _ s(e i meds a 
p(x) a(a 4 \ By)’ 
f(x) ie ee OD) 
Sas : 5) 
a Lim 5G) na BY) 920 BY) 2 
dg —1.,,. 
But F’(y) =f'(«) ajrcae 
d. —1 
and Dy) = $0) F =e OW). 
: ae ee i 6 
Therefore (5) gives Lim Dy Li ore) (6) 


From results (3) and (6) L’ Hospital’s rule follows, 
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10. Other indeterminate forms. A product 


F(x) - &(x) (1) 
may give rise for a value of x =a to a form 
0. a, 
and a difference f(x) — o(@) (2) 


may give rise when x = a to a form 
6) = C6h, 


In such eases it is usually possible by an elementary operation 
to transform the product (1) or the difference (2) to a fraction 


0 
which takes the form ri or = when x = a, and apply L’ Hospital’s 
rule. 


re 


For example, the product xe 


when n is positive becomes © - 0 forx=@, 


Ly he 
We have, however, ee? = 5: 
e 
Then, by L’Hospital’s rule, 
eee . nen 2 . n(n — 2)x"-* 
Lim = = Lim —- = Lim ———>—__.. | 
roo € I> ©, 2e L700 4e 
[ 


Proceeding in this way it appears that eventually zx will dis. 
appear from the numerator of the fraction, no matter what n is, 
and therefore Lim a%e-®? = 0 


r7o 


Again, the difference sec x — tan x becomes © — © when x = 


or | 


1—sinz 
cos x 


But sec x — tanx= 


which becomes - when xz = = Therefore 


: . l—sing 
Lim (see « — tan «) = Lim ———— = 
cd COS & 

2 


rom 
z an 
2 


An expression of the type 


ayy 


may, when x = a, give rise to forms 


fe} ° ioe) 
Oe Con eliae 
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and the like. Such an expression may be reduced to a type — e or % — 
by the use of logarithms. Thus, we write 0 


u=([fa)yr™. 
Then log u = (x) - log f(x). 
If Lim ¢(x) - log f(z) can be found by the previous methods, the 


limit approached by w can be found. 


1 
Consider as an example (1—x)* 


when x= 0. A plausible procedure would be to place xz = 0 and, 

obtaining 1°, to say that this is 1 since any power of lis 1. But 

this would ignore the fact that we are interested in the limit of 
1 


(1 — x)” as x approaches 0, which we have defined as the value of 
the function when x =0. We therefore write 
1 
u=(1—2)%, 
ere ton ee 
L a 
Fy L’Hospital’s rule, 
. log 1-2) 
Lim —————— = 
20 x 


—1. 


Therefore Lim log u=—1, 


z-0 

and Lim Ned ae 

11. Infinitesimals. An infinitesimal is defined as a variable which 
approaches zero as a limit. When two or more infinitesimals ap- 
proach zero at the same time, they may be compared by consider- 
ing their ratios. 

We say an infinitesimal ( is of the same order as an infinitesimal 
a if 


ee (1) 
a 


where k is a finite quantity different from zero. 
An infinitesimal 6 is of higher order than an infinitesimal a if 


TiO! (2) 
a 
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As an example, consider an infinitesimal angle a (represented in 
Fig. 15) and describe an arc of a circle PQ of radius unity. Let 


B= PN=sina, P 
y= NQ=1— cos a. 


By a well-known theorem which is 
used in deriving the formula for the 
derivative of sin 2, 


ei eet 0 N 
a Fig. 15 


Therefore PN is of the same order as a. 


Thess 
SO 2 


Also Lim ~ = Lim 
a 
Hence y is of higher order than a. 

A measure of an order of an infinitesimal may be given as fol- 
lows. If @ is taken as an infinitesimal of the first order, then 
a’, a®, a*,--- are called infinitesimals of the second, third, and 
fourth orders, respectively, and @ is an infinitesimal of mth order 
with respect to a, where n is positive, if 


Lim is =k, (3) 
«590 A 
where k is a finite quantity not zero. 
For example, consider y = NQ of Fig. 15. We have 
l—cosa 1 
Lim ——,— = =: 
pa a? 2 
Therefore NQ is of the second order with respect to a. 
Equations (1) and (8) lead to the forms 


B=ka+ae, (4) 

B=ka®+a"e, (5) 

respectively, where ¢ is another infinitesimal. In each case the 

first term on the right of the equation is called the principal part 

of the infinitesimal. An infinitesimal and its principal part are 

obviously of the same order and differ by an infinitesimal of higher 
order than either of them. 

If we denote by (; the principal part of 8, formulas (4) and (5) 


become € 
B= Bi + Biz = Bi + Bret. (6) 
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; There are two convenient ways to determine the order of an 
infinitesimal 6 with respect to a: One is to evaluate 
2 58 
Lim — 

ae |) a” 
by L’Hospital’s rule, so choosing n that the limit is finite and not 
zero. A more expeditious way, when 6 can be placed equal to a 
function of a, is to expand 6 = f(a) by Maclaurin’s series ; then, if 


B=ka"+ kha’t!+ R= ka" + katt! + qt2p, 


we have 3 =k+ha+a?P 
and Lim £ = 4, 
«50 @ 


which shows that the degree of the first term in the expansion 
of @ determines the order of 8. 

We shall illustrate these methods 
by inquiring by what order of infini- 
tesimals an infinitesimal arc of a 
circle exceeds its chord. In a circle 
of radius a and center O (Fig. 16) 
let AB be an infinitesimal are and 
AB its infinitesimal chord. Draw 
the radii OA and OB, and draw ODC 
perpendicular to AB. Let the angle 
BOC = 6. 


Then AB=2 aé, Fic. 16 
AB = 2 asin 8, 
and AB — AB = 2.00 —2asin 0. 
Take AB as the a of our general discussion, and let 
8 = AB — AB. 
. 2a6—2asin 0 
We have Lim B = Lim ———————_ = 0. 
a>0Q 650 2 aé 


Hence @ is of higher order than a. 


Similarly, Lim ss =), Lim 
0 


and therefore § is of the third order with respect to a. 
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The second method is to place 
B=2a0—2asin 6 


We have accordingly shown in two ways that the difference 
between an infinitesimal arc of a circle and its chord is an infini- 
tesimal of the third order with respect to the arc. 

12. Fundamental theorems on infinitesimals. There are two im- 
portant theorems involving infinitesimals; namely, 


I. If the quotient of two infinitesimals has a lomit, that limit ts 
unaltered by replacing either infinitesimal by tts principal part. 
To prove this let us place 
B=6—itfhia, a=a+a1€2, 
in accordance with (6), § 11. Then 
B B+ Pie Bilt a, 


a Qi + Qj €2 Qa) 1+ € 
whence Lim Ee Lim Br (1) 
a a) 


II. If the sum of n positive infinitesimals has a limit as n increases 
indefinitely and each infinitesimal approaches zero, that limit ts 
unaltered by replacing each infinitesimal by its principal part. 


Let 81, B2,---, Bx be a set of n positive infinitesimals, and let 
1, Q2,°+* +, @, be their principal parts, also positive. Then 
B: =a; + ae, 
and > Bs = Dart Dove: (2) 
Let y be a positive quantity which is equal to the largest 
absolute value of e;. Then, for any 7, 
af G&= VY; 
and = VO; = 6,0; = Ya;, 
the multiplication being allowable since a; is positive. 


Then => = ed, ay on. (3) 


IA IIA 
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By hypothesis, as n increases indefinitely, 2a; approaches a finite 
limit and y approaches zero. Therefore, from (3), 


Lim due: = 0, 
and therefore, from (2), Lim >'@;= Lim a 


The theorem stated is known as Duhamel’s theorem. 

The proof assumes that all the infinitesimals are positive. The 
theorem is obviously also true if all infinitesimals are negavive 
but is not necessarily true if the infinitesimals are not all of the 
same sign. The proof also assumes that Lim e;=0 no matter 
how 2 depends upon n. 

For the important applications to definite integrals the theorem 
may be replaced by Osgood’s theorem, as follows : 

Let a, taz2+---+a, be a sum of n infinitesimals, and let a; 
differ uniformly by infinitesimals of higher order than Ax; from the 


b 
elements f(x:)Ax; of the definite integral i f(x)dx where f(x) 1s con- 


tinuous in the intervala =x=b. Then the sum ay tarz+-:---+tan 
approaches the value of the definite integral as a limit as n becomes 
infinite. 
To prove this, let a: =f(x,)Av;+ 6; Axi, where |¢:|< €, by hy- 
pothesis. Then 
| Sox — Sf(wi)Aai| < >) Aa; = €(b— a). 
But (§ 54) we can make 


poxeone ~f f@de |<. 

b a 
Therefore [da f f(x)dz |< e(b—a-+1), 
whence ‘Lim Jar= f “f(e) de. 


13. Some geometric theorems involving infinitesimals. We shall 
give in this section certain geometric theorems which are of 
some importance in our subsequent work. 


I. Under certain general hypotheses the length of an infinitesimal 
arc differs from that of its chord by an infinitesimal of higher order 
than erther. . as 

Consider an arc of a curve AB (Fig. 17) and its chord AB. We 
shall assume that the arc is a continuous curve and has a con- 
tinuously changing direction. 

C 
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‘his amounts to saying that if axes of x and y are chosen by 
which the equation of the curve becomes y = f(x), f(x) is a con- 
tinuous function of x with a continuous derivative. 

We shall also assume that a perpendicular from any point P 
of the arc AB meets the chord AB in one and only one point Q, 
and that as P moves continuously from A to B along the arc, 
Q moves continuously and always 
in one direction along the chord. 

The length of the arc AB is 
defined as follows: 

The are is divided in any 
manner into n parts, and chords 
are drawn connecting the points 
of division. If the sum of the 
lengths of these chords approaches A 
a limit, independently of the man- 
ner of division, as 7 is indefinitely increased while the length of 
each < chord approaches zero, that limit is by definition the length 
of AB. We shall assume that the are AB has a length. 

Divide the are AB into n parts by the points Pi,.Ps, 22,27. 
draw the chords P;P:i+1(Po = A, P, = B), and drop perpendicu- 
lars from the points P; to the chord AB, thus determining the 
points Q;, Q2,---, Qn—-1. Let the lengths of the chords AP, 
P\P2,---+, Pn-1B be a, a2, ---, @, and the lengths of the seg- 
ments AQi, Q:Q2, ---,; Qn-1B be Bi, B2, +--+, Bn 

Then, if 1 is the length of the chord AB and s the length of the 
arc AB, which by hypothesis exists, 


Bit be+---+8,=1, (1) 
Lim (a3 + a2+---+a,)=s. (2) 


n> © 


JmKele 2b 


Now £; is the projection of a; on AB. Hence, by the law of 
projections, 8; = a; cos 0; 
where 6; is the angle between the chord of length a; and the 
chord AB. Hence (2) is 

Lim (8; sec 6; + B2 see 62 +---+ 6, sec O,) =s. (3) 

Under our hypotheses sec 6; is always positive, although 6; may 
be negative. Our hypotheses allow us to apply the theorem of the 
mean to any portion of the curve between A and B. Therefore 
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there is some tangent which makes an angle 6; with AB. Hence, 
if @ is the largest angle in absolute value which any tangent 
makes with AB, we have 

1 = sec 0; = sec ©. 
Therefore 


Bi-hB2+:- + Ba B1 sec 6; + Bez sec O2+---+ B, sec O, 
Seer@ (Oia 02a 2° sk Pn) 


or, from (1) and from (38), 


IIA TIA 


l=s=lsec qd, (4) 
8 
or Ls 7 = sec ¢, (5) 


where the equality signs could hold only if AB coincided with AB. 
This result is true for any finite are for which the hypotheses 
that have been made hold. It remains true as B approaches A. 
But then sec ¢ approaches unity. Hence we have 
Lim == 1, (6) 
ino L 
or © s=Il+le, 
which was to be proved. 


II. Under the hypothesis made in I the perpendicular distance 
from one end of an infinitesimal arc to the tangent at the other 
end 1s an infinitesimal of higher order than 
the arc, and the length of the tangent 
from the foot of this perpendicular to the B 
point of tangency 1s an infinitesimal of the 
same order. 

Consider again the arc AB (Fig. 18) 
with the properties as before. Draw the 
tangent AT at A, and drop the perpendic- pp 
ular BT. Let-AT =? and BT =h and A 
angle BAT =a. Fic. 18 


Then =lcosa, 


th 


and : ae i cos a, 
Ses 

Let s —> 0 and apply (6). We have 
Lim -= 1, Lim l == (). (7) 
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The relation between ¢ and h may also be found by means of 
coordinate axes and Maclaurin’s series. 
Take as origin a point on the curve (Fig. 19) and as OX the 


tangent at O. Let Yy 
y = f(a) 
be the equation of the curve. Then 
f(0) = 0 and f’(0) = 0, since the curve 7) 


passes through O and the slope of the 
tangent at O is zero. Then, by Mac- 


laurin’s series, x 
O M 


x7 Ce 
y = f(x) =f" (0) Tn, apt Fic. 19 


But OM=x and MP=y. Hence it appears that MP is of the 
second order with respect to OM unless f’’(0) = 0. 


III. Except for infinitesimals of higher order than the lengths of 
the arcs, an infinitesimal right-angled curvilinear triangle obeys the 
same trigonometric laws as a straight-lined right-angled triangle when 
the hypotheses of I are satisfied. 


Consider a triangle ABC (Fig. 20) whose sides are ares of curves 
which satisfy the hypotheses of I and which may be made to 
approach zero together. Let the 
ares intersect at a right angle at C 
and let the angle at A be ¢. Draw 
the chords AB, BC, and CA. The 
angle between the chords AB and 
AC is $+ & and that between BC 
and CA is 90° + es, where e€ and €2 
are infinitesimals approaching zero 
as the sides of the curvilinear tri- 
angle approach zero. Then 


BC sin (¢ + e1) 
AB sin (90° + e) 


which we may write as 


——— se 


where BC means the are BC, and so on. 
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Taking the limit as A, B, and C approach coincidence, and 
using theorem I, we have = 


Lim —= = sin d, 
AB : 
or BC = ABsing + 63 AB. 
In a similar manner, 


AC = ABcos + «AB, 
BC = AC tan +4 «€;AB, 
AB? = AC? + BC? + €,AB?. 

As an example of the use of the foregoing theorem consider 
an ellipse with foci F and F’ 
(Fig. 21). 

Let P and Q be two points in- 
finitesimally near on the ellipse, 
and draw PF, PF’, QF, and 
QF’. By the definition of the 
ellipse, 

PF+ PF’=QF+ QF’. 

With F as a center and a 
radius FQ construct an arc of a 
circle cutting FP in S. With 
F’ as a center and a radius F’Q construct an arc of a circle 
cutting F’P in R. 

Then SP—RP=QF— PF — (PF'—QF’)=0. 

Then in the infinitesimal triangles SQP and RQP 


SP = OP cos's 2O; 
RP=O@OP cos: EPQ; 
except for infinitesimals of higher order. Therefore 
cos SPQ = cos RPQ 
except possibly for infinitesimals of higher order. 
But the angles SPQ and RPQ are independent of the position 
of Q. 
Hence SPO = REO: 
and, since SPO FPA, 


we have the result that in an ellipse the tangent at any point 
makes equal angles with the focal radii to that point. 


Fig. 21 
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14. The first differential. Consider now a function f(x) which has 
a derivative f’(xz). If Az is an infinitesimal increment of z, then 
the increment Ay = f(z + Az) — f(x) is an infinitesimal, since f(x) 
is continuous. Now 


Ay 
Li wee ey) 
eee Ax =F@; 
whence Ay = f'(x)Ax + € Ax. (1) 


Aside from the values of x for which f’(x) is zero, or infinite, 
this is of the form (4), § 11, and f’(x)Az is the principal part of 
Ay. This we shall call the differential of y and denote it by dy. 

The case of the independent variable x, however, is different. 
For in that case f(x) =x; therefore y= xz, and formula (1) is 


simply Ae di. (2) 


There is no possibility, therefore, of separating Az into two 
parts; in other words, the principal part of Ax is the whole of Az, 
and we may take this as dz. 

Summing up, we say: 

The differential of an independent variable x 1s equal to the incre- 
ment of the variable; that is, 

da = Ar. (8) 

The differential of a function y = f(x) ts the principal part of the 

increment of y and is gwen by the formula 


dy = f'(x)da. (4) 


Suppose, now, we have y= f(x) and x = g(t); then y= F(t). 
Now, by the definition above, we have 


Chee 
dx = ¢' (t)dt, 
dy = F’(t)dt. 
Substituting for F’(¢) the value derived given in (1), § 4, we 
nae dy = f'(w)o' (dt; 
whence dy =f (oda: (5) 


Note that this is the same form as (4); but in (4) dx is the 
entire increment of x, whereas in (5) dx is the principal part of 
that increment. The result is, 


The differential of a function u és aiven bu the formula dy = f’ (x)dx, 
whether x is the independent variable or not. 
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_ Weare now ready to write the derivative as a quotient ; namely, 


He) — YY 
f@=z 6) 
In differential form (1), § 4, becomes 
dy dy dx 
dt dx dt o 


; 15. Higher differentials. If w = f(x) and » = ¢(x) are two func- 
tions of x which possess derivatives, we have, by well-known 
formulas for differentiation, 


d 
Te (u+v) =f'(x) + o'(2), 

d 

a = f'(x)o(x) + f(x) o’ (a), 
<(%) _F@)o@) —f@)¢'@) , 


da\v [o(x)) ‘ 
whence, by the definition of the differential, 
d(u+v)=du+d, (1) 
d(uv) =vdu+ud, (2) 
U vdu—udv 
a(*) = Ee. (3) 
Let us apply formula (2) to 
=i @)dx. 
We have d(df) = d[f’ (x) ]dx + f’(x)d(dz). (4) 


Now we have, by the definition of § 14, 
al f’(x)] =f" (ade. 

It is natural to express d(dy) by d?y and it is customary to 
express (dx)? by dz”. This must not be confused with d(x’), 
which, by § 14, is equal to 2 x dz. 

We have, then, df = fl" (x)dx? + f' (x)d7x. (5) 
This is called the second differential of f. 

Formula (5) contains a factor dx which has not been defined. 
However, if x is a function of another variable t, so that 


x= F(t), 
we have, by another application of (5), the result 
da = F’’(t)dt? + F’(t)dt, 
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but here dt is still to be defined. It is evident then that (5) is 
not sufficient to define the second differential of the independent 
variable. We are accordingly free to frame that definition as we 
will, and we say 

The second differential of the independent variable is by definition 
zero. 

With this and (5) it follows that when x is an independent 
variable, d?f = f(a) dx? : (6) 
ut when x is not an independent variable, 

df =f’ (x)dx? + f'(x)d?x. 

The fact that the second differential has different forms accord- 
ing as x is independent or not is in striking contrast to the fact 
that the form of the first differential is always the same. Second 


differentials must therefore be used with more care than the first. 
We notice that when x is the independent variable we have, 


from (6), Pf 
OE) er, (7) 
whereas when x is not independent we have, from (5), 
eae a°f — f'@)d7x m4 d*f dx — df d?x 
Bs Co (dx)? (8) 


which agrees with (7) only when d?z = 0. 
: : ihe Oe 
In spite of this the symbol s is used to represent the second 
derivative f’’(z) even when x is not the independent variable. 


: : ; sees 
This may be explained by interpreting cs as a symbol for 


Then 


dx ieee Gee Pe). (9) 


G 


d 
It follows that dx 


the second derivative and secondly as the quotient of d°f as 
given in (5) by dx®. These two senses agree only when x is the 


is used in two senses: first as a symbol for 
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independent variable. The context usually makes clear which 
2, 

sense is meant. Asa matter of fact, the use of as a derivative 

is more common than the other use. 2 "4 


If in (8) we place y = f(x), and interpret ma as a symbol for 


the second derivative f(x) and not as the quotient of differen- 
fale 
tials, we have dy ites 


d?y dt? dt dt di? 
— = ——_____—.. (10) 


Pyles: 

dt 
This formula may also be obtained by direct differentiations, 

thus: d 
oy 
dy _ dt 

day dz! 
dt 


(2) d?ydx dx dy 

d (%) - d\dt/ dt dt? dt dt? dt 
da\dx)~ dt G de & 
; 
as before. 

This result may also be obtained by dividing the numerator 
and the denominator of the fraction in (8) by (dt). 

The third, fourth, and higher differentials are d(d?x) = d?z, 
d(d°x) = d*z, ete. 

Since, if xz is the independent variable, d?x = 0, it follows at 
encethaud 7% = 0. That is, 


The nth differential of the independent variable rs zero if n 1s 
greater than 1. 


The higher differentials of a function of x are found by oper- 
ating with the laws (1), (2), and (8). Thus we have 


af =f" (x) dx? + f'(x)d7x. (11) 
Then d?f = f'""(x)dx*® + 8 f’'(x)dx d?x + f'(x)d?x. (12) 
It is to be noticed that (12) gives : 
d*f 


FEB) = 7 (18) 
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only when x is the independent variable. Otherwise, if ¢ is the 
independent variable we have, from Sag 


jm“) rsp@eSrr@ag a 


As in the case of the second derivative, the expression 


d°f 
dx? 
is used for the third derivative even when x is not the independent 


variable. In this case _ 
d°*f_d “|< alk 
dx dx| dx \dx 


- is not the quotient of d°f by dx. 


3 


dx® 

From (12) we have | \ 
af — 3 f"'(x)dx d2a — f'(x)d*x 

f'"(@) = dx* ; 


By means of (8) of this section and (6), $14, this reduces 
readily to the form 
x(d*f dx — df d'x) — 3 [d?f dx — df d2x]d? 
f'"'(x) _ dei I u if x L f ut if x] ~ (15) 
ax 

If ¢ is the independent variable, we may divide all the terms of 
the numerator of (15) by dé° and obtain a result in derivatives 
which may otherwise be obtained by direct differentiation. 

Similar results are readily obtained for the fourth and higher 
differentials. 

16. Change of variable. The methods and formulas just obtained 
may be used to solve certain problems connected with the change 
of the variables in a given expression. d 

: whe : y 

1. Let there be given an expression involving y, — and a 
where the last symbol means a second derivative, and let it be 
required to replace y by z where y = f(z). We have at first, by § 4 

dy .,, . d 
de ae @) 


and 


and then, by direct differentiation, 


Sasra(f)+r@S 2) 
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. 2 Z 2 
2. Let it be required in an expression involving y, dy and ay 
to replace x by t, where z = f(t). dz dx? 
dy 
dy dt 1 dy 
We have pe a Eihee N alD as 
dz dz ot) dt (3) 
dt 


and, again by direct differentiation or by (10), § 15, 
d’ydz dyd’z 


al de re eas Se 
dy _ wa nae wey? , 
de? el _ [p’(t)]}’ (4) 


dt 


3. Let it be required to interchange z and y in an expression 


d d? we 
is and eC This is a special case of (4) in which 


+1 de dx? 
t = y,.and therefore dy = ay =(. We have 
f dt dt? 
dy 1 
ae mm de’ (5) 
dy 

d dy” 

ohana (6) 
ZL ( dz 

ay 

EXERCISES 


1. Prove that if f(z) and $(z) are continuous at s = a, then f(z) + d(z), 
{@) . 


f(z) + b(z) are continuous at z=a, and that ; 
at =a unless ¢(a) = 0. p(s 
2. If y=f(z) is continuous when z =a, and r+ = (ft) is continuous 
when t = b, where a = $(b), show that y = f[¢(t)] is continuous when 
(=D. 
3. Show that the theorem of the mean as given in § 6 may be trans- 
lated into the theorem of the mean for definite integrals; namely, 


[Pdr = (b—a)F@). (@<& <b) 


is also continuous 
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4. Expand e* into Maclaurin’s series and show that 


ew ita >0 
R ——- &* ap > (Uh. 
Gi © 
Rie ie ee 
UNS i s 
endthat Py 


5. What error is made by computing es by five terms of Maclaurin’s 
series? How many terms must be taken to obtain e® correct to seven 
decimal places? 

6. Show that in the expansion of log (1 + 2) 


gn +1 
i when «x > 0, 


Wes 
Nn 


ee 
G+ D+ a)? 
7. From the result of Ex. 6 estimate the error made in computing 


log 1.2 from three terms of the series. How many terms of the series 
are sufficient to compute log 1.2 accurately to six decimal places? 


8. From the result of Ex. 6 how many terms of the expansion of 
log (1 + x) are sufficient to compute log .9 to five decimal places? 


and that |R\< when x < 0. 


9. Show that in the expansion of log : oat 
Ca BS 
Oi gh 
R| < ————_—_—_—-. wh 0, 
ie maradona” en x > 
n+2 
and that Pia oe 


(n+ 2)(1 + x)"*? 
when x < 0, where n is the exponent of x in the last term retained in 
the expansion. 


10. From the result of Ex.9 how many terms of the expansion of 
ap ay 


1 : 
log i are required to compute log - to four decimal places? 


—2x 
11. Show that in the expansion of (1 + x)* 
k(k —1)---(k—n)x"*! 
(n+1)! 
k(k—1)---(k—n) 
(n aL 1)! (1 ak ge h+1 


rd ee when zx > 0, 


and that |R|< 


ifn—k+1> 0. 


12. From the result of Ex. 11 find how many terms of the binomial 
series are sufficient to compute V102 to four decimal places. 


13. By integration find an expansion for sin-! x. | 


(et Eh when arc. 0, 
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14. By division find an expansion for F 
1-72 


15. Find an expansion for if “ede. 
. . x 
16. Find an expansion for S cos x7dz. 


Find the limit approached by each of the following functions as the 
variable approaches the given value: 


cos © — 
Bye ee ee g9, Se¢ 8 x oF 
x—a sec 5x 2 
ey 1—lo 
18. os ae x—> 0. 23. 
lo 2 Bs a 
EEO, loe(v— 2 js 
oe ie 24, ——_——__, y > --. 
saan 7” tan x a 
itl Be ] 
———_—, 7 —> 0). og & ee 
= x—sin x : e 25. = > 2—> © (n positive). 
inz— x ‘ oP 
21° ee ae x— 0. 26. it x—> © (n positive). 
x—tanx e 
27. Find the limit approached by 
Si Tl en 


Og Oe = Dy 


as x —> ©, where n and m are positive integers, under each of the three 
hypotheses n < m,n=m™,n > m. 


28. Show that for all positive and negative values of n 


icuneriem—a()s 
Mea 0) 


29. Show that for all positive values of n and m 
™m 
Lim £08 2" = 9, 
m37n x 
30. Show that for all positive values of n and m 
fim.2"* (log 7)” = 0, 
2-0 


b 
31. Evaluate Lim| —— i} 34. Evaluate Lim (1 + az)". 
2onlLa—-mr sin 2 a6 6 
32. Evaluate Lim 2”. 35. Evaluate Lim (sin x)"*. 
eee ate me o 36. In Fig. 16 find the order of CD. 


36 PRELIMINARY 


37. Let 7 be the intersection of the tangents to the circle (Fig. 16) 
at A and B. Find the order of TC — CD. 

38. Two sides AB and AC of a triangle differ by an infinitesimal a, 
and the angle 6 at A is an infinitesimal of the same order as a. What 
order of infinitesimals is neglected if the area of the triangle is taken as 
4 AB? 6? as} AB- AC- 6? 

39. If y = f(x) is a curve in Cartesian codrdinates, show that the area 
bounded by the curve, the axis of x, and two ordinates separated by an 
infinitesimal distance Az differs from y Ax by an infinitesimal of higher 
order. : 

40. If r=f(0) is a curve in polar codrdinates, show that the area 
bounded by the curve and two radii making an infinitesimal angle A@ 
with each other differs from 4 r?A0 by an infinitesimal of higher order. 


41. What order of infinitesimals is neglected in taking as 4 mr?h the 
volume of a spherical shell of finite inner radius r and infinitesimal 
thickness h? 


42. A parallelogram has an angle which differs from 90° by an infini- 
tesimal of first order. What order of infinitesimals is neglected by taking 
the area of the parallelogram as the product of two adjacent sides? 


43. Show that in a hyperbola the tangent makes equal angles with the 
foeal radii drawn to the point of contact. 


44. Show that in a parabola the tangent makes equal angles with the 
focal radius to the point of contact and the line through the point of 
contact parallel to the axis. 


45. A circle of radius a rolls on a straight line. A point P on its rim 
describes a cycloid. If P moves to P’ by an infinitesimal rotation dd, 
show by the method of infinitesimals that PP’ =2asin 3 ¢dd. Note 
that the linear displacement of the circle is a df, and that the motion 
of P takes place in a direction normal to the line from P to the point of 
contact of the circle with the straight line. 


46. Find d’y when y = sin x? under the two assumptions (1) that x 
is the independent variable; (2) that « =e’. In the latter case first use 
formula (5), § 15, and check by substituting for x in the given value of y. 


47. In Ex. 46 find a 
differentiation. F 

48. Given y =e”, find d*y (1) when =z is the independent variable; 
(2) when «x = log z and z is the independent variable. Verify bry substi- 
tution and direct differentiation. 


as a quotient of differentials and also by direct 


49. In the equation 2 : 
Beet dy \2 = 
(1 — 9?) a+ use| (LG?) gee 


: dx dx 
place y = sin z. 
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dy 
dx 
51. In the result of Ex. 50 place x = avi. 
52. In the equation 

(1 — 2?) 


50. Inthe equation x? ow + x— + (x? — n?)y = 0 place y = x2. 


2, 
ail Gate 1) 0 
place x = cos 0. ae dex 
53. Show that if the equation of a curve y = f(x) is transformed to 
polar coérdinates by the substitutions x=r cos 6, y=rsin 6, the 
derivative oe becomes 
r°d6? + 2 dé dr? — r d?r dO 
(cos 6 dr — r sin 0 dé)? 
where @ is the independent variable. 
54. Show that the formula for the radius of curvature of a plane curve 


y = f(z), namely, ak 
‘alo 
dx 
ip ayer 
dic? 

[dx? + dy?}? 
~ dx dy — dy @x 
for the curve x = fi(t), y = fo(t) where ¢ is the independent variable. 

55. Show that the formula for p given in Ex. 54 for the curve y = f(z) 


becomes 


becomes en 
(3) 
eb 
P 2 2 
ols 4 Cy =f ues 
in polar coérdinates. dé dé 


56. Show that the formula for p in Ex. 54 becomes 


dz 212 
1G) 
“ d’x 
dy? 
if the curve is taken as x = @(y). 
57. If x=r cos 0, y=r sin 0, show that 


dy 
was * _ , 8, 
i. dr 
Poh age 


Note that this is the expression for the tangent of the angle which a 
curve makes with a line from the origin. 


CHAPTER II 
POWER SERIES 


17. Definitions. The expression 
dio + aie + dee? + age? ++ +++ Ont” + >-> (1) 
is a power series. If the number of terms is finite, the power 
series reduces to a polynomial; if the number of terms is unlim- 
ited, the power series is an infinite series. It is with infinite series 
that we are concerned in this chapter. 

The series (1) is said to converge for a given value x = x if the 
sum of the first m terms approaches a limit as n is indefinitely 
increased. The limit is called the value of the series or, somewhat 
inaccurately, the sum of the series for x = 2. 

A simple and important example of a power series is that of 
the geometric series 


Qo + aot + aox? + anu? +---+ aor" +--+. (2) 

The sum of the first » terms of the series is, by elementary 
algebra, 1— 7" n 

aie eae ial PL le (3) 


Now if x is numerically less than unity, the last fraction in 
(3) approaches zero as m increases indefinitely, and the sum of 
the first n terms approaches the limit 

ao 
ee 

Hence the geometric series (2) converges for any value of x in 
the interval -l1<2x< 1. 

The series (2) defines, then, the function 


ao 
1l-—«“z 
in the interval (— 1, 1), but does not define the function outside 
of that interval nor at its ends. 

A series which is not convergent is called divergent. As an 
example consider the harmonic series 


for values of x 


2 3 4 
38 


Lea eal! 
Lt stat gt toten 


Se eee 
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Now a 
ete tet s = a, 
and in this way the sum of the first n terms may be seen to be 
greater than any multiple of 4 for sufficiently large n. Hence the 
sum of the first n terms does not approach a limit, and the series 


diverges. 
Return now to the general series (1) and set x = %, obtaining 


do + a2, + Age? + age? +---+anu"+---. (4) 


Let us replace each quantity by its absolute value, obtaining the 
new series 


|o|+| a1 |||] @2|]a1°|+]a3|]au3|+--- 
+|@n|[a1"|+ ++. (5) 


We shall prove that if (5) converges, then (4) also converges. 
Let s, be the sum of the first n terms of (4), and let s,,’ be the 
sum of the first n terms of (5). Now s, contains a certain num- 
ber of positive terms whose sum we call p, and a certain number 
of negative terms whose sum we call — g,, so that 


Sn = Pn — Qn- (6) 


The positive terms of (4) appear in (5) unchanged, whereas 
the negative terms of (4) appear in (5) with signs changed. Hence 


Sy =Pn ce Tn (7) 


Now as 7 increases, $,’, Mn, and qg, each increases, since each 
is positive. Suppose s,’ approaches a limit A. Then p,, always 
increasing but always less than A, must approach a limit B,* and, 
similarly, g, must approach a limit C. 

Hence, from (6), s, approaches a limit B—C. We have ac- 
cordingly proved the proposition that if (5) converges (4) also 
converges. 

It is to be noticed that we cannot prove conversely that if 
(4) converges (5) does; for s, in (6) may approach a limit even 
if p, and q, separately do not. 

Summing up, we say that a series which converges when each 
term is replaced by its absolute value converges as it stands. It is 
said to converge absolutely. The determination of the absolute 
convergence of a series reduces, then, to the determination of the 

* We will assume as evident that a quantity which always increases either becomes 


infinite or approaches a finite lim‘t. 
c 
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convergence of a series of positive quantities, and for that we 
shall find two tests useful: the comparison test (§ 18) and the 
ratio test (§ 19). 


18. Comparison test for convergence. If no term of a series of 
positive numbers is greater than the corresponding term of a known 
convergent series, the first series converges. If no term of a given 
series is less than the corresponding term of a known divergent series 
of positive numbers, the first series diverges. 


Let Cpe Ce 8 at Oy a (1) 
be a series of positive numbers, and let 
My -P Me Mg ae (2) 
be a known convergent series such that 
Cn = My, (3) 


for all values of n. 

Let s,, be the sum of the first n terms of (1), S, the sum of the 
first n terms of (2), and M the limit of S,. 

Then, from (3), all terms M,, are positive and therefore S, < M, 
and also from (3) s, = S,, so that we have 


Spe Vs (4) 


As n increases, s, increases and, by (4), approaches a limit * 
which is either less than or equal to M. 

The first part of the theorem is now proved; the second part - 
is too obvious to need formal proof. 

In applying this test it is not necessary to begin with the first 
term of either series, but comparison may begin with any con- 
venient term. The terms in either series before that with which 
comparison begins form a polynomial the value of which is finite, 
and the remaining terms form the infinite series considered. 

For example, consider the series 


iI 
mP 


1 1 1 it 
Togatian shgeats oke 5 (5) 


If p = 1, no term of the series is less than the corresponding 
term of the harmonic series 


eae eres | 1 
ge se om eigen ae ty eal 
- 5 st 3 ns mn Si a = sion ae 
and therefore in this case (5) diverges. 


* See footnote on page 39 
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if p > 1, we ee fey Be es the ihe 
1 +5 ste +5 +z >t yp ste Ssup (6) 
where there are four terms equal to sy eight terms equal to = 


and in general 2" terms equal to Now no term of (5) is 


Le, 
(2*)? 
. greater than the corresponding term of (6), and (6) is the same as 

ae 2° QF 
apt apt + ene 


This is a geometric series with ratio equal to 


2 n=" 
==(5) en 1, 


Hence the series (5) converges when p > 1 and diverges when 
pez i. 


19. The ratio test for convergence. Jf 7n a series of positive nuwm~ 
bers the ratio of the (n + 1)st term to the nth term approaches a limit L 
as n increases without limit, then, if L < 1, the series converges; if 
L > 1, the series diverges; 1f L =1, the series may either converge 
or diverge. 


2 
Lge AB 


Let Ci Cres a eC, te Ce (1) 
Cn 
be a series of positive numbers, and let Lim —= =i 


We have three cases to consider : 
CAsE I. L <1. Taker,anumber such that L <r <1. Then, 


nm 


: é - Cn Ae : 5 
since the ratio —— approaches L as a limit, this ratio must 
n 


become and remain less than r for n greater than some number, 


say m. Then 
Cm+1 <a TCmy 


2 
Cm +2 < 1Cm+1 < 1 Cm, 

3) 
Cmt+3 < 1lm+2 <1TCm, 


and so on. 
Now compare (1), beginning with the term c¢,,, namely 


Gm 1 Cin 41 + Om4+2 + lm4+3 pete (2) 
with the new series 
Cm fe TCm =e 6p = Tbs ae te (3) 
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Each term of (2) is less than the corresponding term of (3), and 
(3) is a convergent series, since it is a geometric series with its 
ratio less than unity. Hence (2) converges by the comparison 
test and therefore (1) converges. 

Cn+1 


Case II. L > 1. Since the ratio approaches L as a limit, 


this ratio eventually becomes and remains greater than unity for 
n sufficiently large, say n > m. 
Then Gp41 > Gm Gare © Gudl-o Ca, OlC. ACW Rela On (jars 
then greater than the corresponding term of the divergent series 
Pf te a ae S Say 
and therefore (1) diverges. 
CasE II]. L=1. Neither argument given above is valid, and 
experience shows that the series may either converge or diverge. 
As a first example consider 
nN n+1 
Qr-1 Qn 
: : . w+ 
The ratio of the (n+ 1)st term to the nth term is a 
approaches the limit } as m increases without limit. Hence (4) 
converges. 
Again, consider 
92 23 n” (n ip 1)rt 
Je ee es a eee 
Ta tayt eT (n+ 1)! 
The ratio of the (n+ 1)st term to the nth term is 


oe 


ne n 


aes ee 
Usha tear ar ecu res (4) 


i » which 


(5) 


which approaches the limit e as n increases. Hence (5) diverges. 
As a last example consider 


1 1 1 id 
A oe) Sec ae ae gens ae (6) 
p 
The ratio of the (n+ 1)st to the nth term is fe ;) » which 


approaches 1 as n is increased. Hence the ratio test fails, but it 
has been shown in § 18 that (6) converges if p > 1 and diverges 
i = 1, 

20. Region of convergence. We now proceed to determine the 
values of x for which a power series converges. We begin with 
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the theorem that if a power series converges for x = 2, it con- 
verges absolutely for any value x = x2 such that 

|z2|<|ai]. 


We assume that the series 


Go + dat + aor? +---+a,r"+--- (1) 
converges in any way and wish to prove that 
do + Qit%2 + Geto? +---+anre™+--- (2) 


converges absolutely if |xz2|<|a1|. 
Since (1) converges, all its terms are bownded; that is, thereisa 
positive number M such that for all values of n 


(Cntr |<. (3) 
Then VO oe\ =| 2 | (4) 
oa 


Form the series 
|@o|+|aiv2|+---+]@nto"|+---. (5) 


By (4) each term of (5) is less than the corresponding term of 
the convergent geometric series 


2 


Seah 


n 


plecpeea. 


2 


M+M 


Ay 
+ M 
XY 


“2 
XY 


2 
ay 


Hence (5) converges and therefore (2) converges absolutely. 

If we place x = 0 in the series (1) we get a as the sum of the 
first n terms, and the limit of that sum as n increases indefinitely 
is still ao. The series therefore converges for x = 0. This may be 
the only value of x for which the series converges. 

If there are other values of x for which the series converges, 
let x; be such a value. Then, by the theorem just proved, the 
series converges absolutely for all values of x in the interval 
et rd Ele 

Let us denote that interval on the number scale by Q: Pi (Fig. 22). 
There may be no values of x outside the interval @; P; for which the 


series converges. Ifthereis _», -2, -z, a a 
ea Velie fotnent.cOD- 
‘ ee HORUS epee cor IRAP RP 
verges absolutely in a new Fic, 22 


interval Q2P2(—22<24%<%2). 

If there is any value of x outside of Q2Pe2 for which the series 
converges, we determine a new interval Q3P3 for any point of 
which the series converges absolutely. Proceeding in this way it 
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is evident that the points P1, P2, P3 either recede indefinitely 
from the origin or approach a limiting position R; that is, the 
series converges absolutely for all values of « or converges abso- 
lutely in a finite interval 

=f <n <ok 


and diverges outside that interval. This interval is called the 
region of convergence. This argument does not say whether the 
series converges on the boundary of the region or not. 

The region of convergence of the series may frequently be deter- 
mined by the ratio test applied to the series of absolute values. 
Let us apply this test to the series (5), replacing each term by 
its absolute value. 

We take the ratio of 


Janse”) [onsal)) (6) 
Ant” | | Qn | 


(that this is the ratio of the (x + 2)d term to the (n+ 1)st term 
instead of the ratio of the (n+ 1)st term to the nth term is unes- 


sential). Now if the ratio : | 
On +1 


| | 
approaches a limit L, then the ratio (6) approaches a limit L |<| 


ig ae. ui 
which is less than unity if |x| < a and greater than unity if 


d ; 
|x| > ti Hence the region of convergence is determined as 


py gee 
See L 


As an example take first the series 
1+22+327+---+ ne" 14+ (n+1)a"+--- 


The ratio of the (vn + 1)st term to the nth term is epee e.~ ine 
n 


limit of this ratio as m increases indefinitely is x. The region of 
convergence of the series is —1 <x < 1. 

Secondly, consider 

eee gest eG 
ili = oo pacer 
ta 1 = T ae a ar niseere Fer Gna n er] eg 
The ratio of the (n + 1)st term to the nth term is = The limit 
nN 


of this ratio is 0 as nm increases indefinitely no matter what the 
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value of x. Hence the series converges for all values of x. The 
region of convergence is — 0 < 7 < 0, 
Finally, consider 


L+a+2!2?43!e34---+(m—L)!ar-l4+nlant---, 


The ratio of the (n+1)st term to the nth term is nz. This 
ratio becomes infinite with n for all values of x except x=0. 
Hence this series converges only for « = 0. 

21. Uniform convergence. Let (— R, R) (Fig. 23) be the region 
of convergence of the power series 


do + ax + age? +--+ ant” +n yia™tit--., (1) 
and let (a, b) be an interval lying completely in (— R, R) (Fig. 23). 
For explicitness take |b|>J|a|. Let 3 b 
the sum of the first n terms of (1)be => + =O b 
denoted by s,(x) and the sum of the Fic. 23 
remaining terms by r,,(x), where 

Tr(L) = Ant" + Angit™t*t any oumt2+..., 
Place = Rp (x) =|ane"|+|an4ie"t!|+]an,20"t2|+---, (2) 
Then a) Para (3) 
If (1) converges absolutely, it is possible to take n so great that 
for any assigned positive quantity e 
R(t) <€, (4) 

but the value of ” in (4) depends in general on z. 
However, if 7 is so determined that 


ie s(0) =< 6, 
then with the same value of » and any value of x in the interval 
(a, b) R,(2) <R,(b) <e 
since |x|<|b|. Hence, from (38), 

| Pn(X) |< € (5) 


A series is said to be uniformly convergent in an interval (a, 6) if, 
when ¢ has been chosen, a value of n can be found, independent 
of x, so that equation (5) is true for all values of x in the interval. 
We have proved that the power series is uniformly convergent in 
the region (a, 6). The boundaries of the region may extend as 
closely as we please to the boundaries of the region of convergence. 

22. Function defined by a power series. We shall now prove that 
a power series defines a continuous function of x for values of x 
within the region of convergence of the serves. 
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Any value of x in the region of convergence determines another 
definite value ; namely, the limit of the sum of the first » terms of 


the series. This limit we define as the value of the function and ; 


write f(r) = ao + art + aar™ + asr® +--+ at" +++ @- 
It remains to prove the continuity of f(x). For that purpose 
let us write (1) in the form j 
Fw) = sa(Z) + re); (2) | 


where s,(x) is an algebraic polynomial and r,(z) is an infinite 
series whose value is the difference between s,(x) and f(z). 


Let 2; be a value of x in the region seh 
of convergence and consider an in- “—p Oz 5 2 =P 
terval (a: — 6, 1 +8) (Fig. 24). By Fig. 24 


the property of uniform convergence, 
if € is any assigned positive quantity we can take n so great that 
irn(x)] < = for all values of x in the interval (4 —é,2+ 4). 
2 
This fixes » in (2). 
Now take z+ & in this interval and form 
fe+h)=s.(e+h)+r.@+A), (8) 
where r,(z+h)|< <. 
9 
From (2) and (8) we have 
F(e+h)—f@ =s.(@ +h) —s,.@) +7.@+4)—-—n.@. © 


Now s,(z) is an algebraic polynomial and therefore continuous. 
Hence & can be taken so small that 


|sa(z +h) — sa(x)|< = 

Then in (4) 3 
[f(x+ kh) — f(x)| =| sa(@+ hk) — sa(X)| +] ra(Z+A)| +] 72 @]3 - 

that is, l\fz+h)—f@l<« 


This proves the continuity of f(x). 

23. Integral and derivative of a power series. We shall prove 
the following theorems: 

I. A power series may be tniegraied term by term. 


We mean, speaking more precisely, that if (a, 6) is an interval 
in the region of convergence, then . 


& eS) b 3 
f sees =) a dx + [ aqrd@r+-- + fo actdrt- ~ @ 
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To prove this, write 
b 5 7) 
ip f(a)de = iff sn(ade +f ra(a)de. (2) 


Now by the property of uniform convergence it is possible to 
take n so great that for all values ih z in the interval (a, b) 


lniei< ek 
— it 
bh 
Then i ty (e)de < di = €, 
a : a - weet 
Hence in (2) "fe \dz.= Lim  saCa)de, 


which is exactly ibe meaning of ( 1 Ee 
II. A power series may be differentiated term by term. 
We mean, speaking precisely, that if 


OS ick io Ton (3) 
then the series a1 + 202r+---+Nne”* +--- (4) 


converges in the same region as (3) and represents f(z). 

A simple proof of the convergence of (4) which is valid in most 
cases may be given by means of the ratio test ($19). For the 
limit of the ratio of the absolute values of two successive terms 
in (4) is the same as the limit of the ratio of two successive terms 


in (3), namely, baer 


|z| Lim 


, 
4h 


so that if this limit exists and is equal to L, the region of conver- 
gence of each series is 1 1 
a OL 
L L 
This proof fails, however, in the case in which L does not exist. 
Therefore we need another proof. Let x (Fig. 25) be a value of z 


lying in the region of convergence of (3) x 
and let X be a quantity such that RB og 
aK de, Fic. 25 


Since we are dealing with absolute convergence we may for 
convenience take z, X, and the coefficients of (8) as positive. 
Taking the nth term of (4) we may write 


nm—1 


n—1 _ ae beige 5 
He: a a ©) 
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But ie r, a number less than unity, and it is easy to show by 


the method of indeterminate forms that 
Lim nr”~! = 0 whenr < 1. 


nao 


Therefore n can be taken so large that 


x n—l 
Ue xe 
ie ? 


and, from (5), ROLES VSO 

But the series with terms a,X” converges, since X is in the 
region of convergence of the series (8); therefore the series (4) 
converges absolutely. 

On the other hand, if x is taken outside the region of conver- 
gence and X isa value less than 2, then (5) shows that eventually 
Noe Se 
and since the series with terms a, X” diverges, so does the series (4). 

We have now in two ways proved that the series (4) converges 
in the interval SR ee SR 


Hence, by the first theorem, it may be integrated term by term, 
and the integral is exactly (8) plus a constant of integration. 
Therefore (4) is the derivative of (3). 

As a consequence of this we may prove the following theorem : 


III. A function may be expanded into a power series of x in only 
one way. 
Let there be given 
f(a) = ao + aye + aor? + ager? +---. 
We form f'(2) =a +2 aor + 8 asx? +---, 
f’'(«) =2a2+ 38! asx +---, ete; 
1 7} 
2! 
and we have Maclaurin’s series. Since this determination of the 
coefficients is independent of the manner in which the original 
series was obtained, we have proved the theorem. 
24. Taylor’s series. In the foregoing sections we have consid- 


ered functions defined by means of given series. Conversely, if a 
Tunction is known, and known to be continuous and to possess 


whence 


t= f(0), 1 = f'(0), a2 = 5.50), -- dx =F"), 
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derivatives of all orders, it may be expanded into a power series. 
This is an extension of the work of § 7. We saw there that if f(x) 
and its (n + 1)st derivatives exist and are continuous, then 


fa) =fO)+FOr+ +I O+R, a 


a” +1 ' - 
=o n+ 
mip Oe (Olea) 
Now if f(x) possesses all its derivatives, and they are continuous, 
the formula (1) may be expanded indefinitely ; and if at the same 
time |R| approaches the limit 0, (1) becomes a convergent 
infinite series representing f(x). 

For example, consider 


where R 


2h +1 


ee ee ee eee 
sinx=2 3i t+ eet) @kapit® (2) 
2k+3 
where R=+ @k+3)! COs é. 
ee | 
Hence LHI< Epa) 


and whatever the value of |x|, the value of | R| approaches zero 
as k increases infinitely. This is readily seen from the fact that 

|x?| 
(2k+4)(2k45) 
and this factor approaches 0 as k increases. Hence (2) determines 
an infinite series which represents sin x for all values of x. 

It should be noticed that it is not sufficient to establish the 
convergence of the series which would be obtained by dropping R 
from (1), because this series may converge but still not represent 
f(x). In this connection, consider , 


f(a) =e *. 
If the value of f(x) for x=0 is defined as equal to the limit ap- 
proached as «— 0, the function and its derivatives are continuous 


and have the value zero when x =0. 
Therefore Maclaurin’s series is 


if k is increased by unity, | R| is multiplied by 


1 


FOR LG 0d. 1 OH Fe. (3) 


It is manifestly absurd to omit R and say that the resulting 
series represents the function. In fact FR is the value of the function 
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for a given value of x and does not approach zero as a limit when 
the number of terms of the series is indefinitely increased. 
1 


Again, consider f(z) =sina+e ®. 
Wehave , Kare: zee 
Sin Oo es” nao ee ee Crain (4) 


If R is dropped from (4), there is left a convergent series which 
does not have as its limit the function on the left of the equation. 
In fact we have already shown that the series in question defines 
sin x. 

This example is, of course, exceptional. As a rule, if the series 

on? 


FOS PO) oy), KOs == 


converges it represents f(x) for all values of x in the region of 
convergence. This may be established for the elementary func- 
tions by discussing R as we have done in the case of sinz. This 
requires obtaining the general form for the nth derivative of the 
function, which in many cases is difficult or even impossible to 
obtain. A more general proof may be given by use of the prop- 
erties of the function of a complex variable (see § 147). 

We have discussed the series expansion in the neighborhood of 
x= 0. To expand the function in the neighborhood of « = x we 
have simply to place x’ = x — % and proceed as before for 2’. 

Suppose, now, that the power series 


Go + Ot + A2t? +++ ++ dye” +--- (5) 


defines f(x) for x within a region of convergence (— R, R) (Fig. 26). 
The series enables us to find the value of f(x) and all its derivatives 


for x = Xo when %p is in the region of =p" 0’ Rp 
convergence. Placing 7’ = x— 2% we 7 ‘A } b 
may obtain a new power series Fic. 26 

ao’ + ay’! + ae’x’? + a3? +--., (6) 


which will converge in a region — R’ < 2’ < R’. If this region 
extends beyond the region (— R, R), we have f(x) defined for 
values of x which lie outside the region of convergence of (5). 
Again, taking x’ = x’ — x’y we may form a series 

Ao” + ay!” + Poe 4. tes 


which defines f(x) in general for still other values of x. 
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In this way the values of the function defined originally by a 
series for certain values of x may be obtained for values which 
lie outside the region of convergence of the original series. 

25. Operations with two power series. We shall now show that 
two power series may be added, multiplied together, or divided 
one by the other, and the result is a power series which converges 
when each of the first two series does and which represents the 
sum, product, or quotient, respectively, of the two series. 

Let Qo + aye + ae? +++ >t One" +--+, (1) 

bo + biz + boa? + +--+ bpa™ +--+. (2) 

be two power series which converge for a given value of x, and let 
(ao + 00) + (a1 + b1)x+ (aa+b2)a7 +--+ Gn +bn)a"+-+- (8) 

be the result obtained by adding the series term by term. We wish 
to show that (3) converges and represents the sum of (1) and (2). 

Let s, be the sum of the first (n + 1) terms of (1), s,’ the simi- 

lar sum for (2), and S, the similar sum for (3). Then 

Sn = Sn =H Se ; 
and since s, and s,’ approach limits, S, approaches a limit which 
is the sum of the ae of s, and s,'. 

Again, let (1) and (2) be multiplied as if they were polynomials, 
thus forming the series 

obo + (aob1 + a1bo)x + (dob2 + arbi + a2bo)2? 

+ (aob3 + Aibe “+ deb; Le a3bo) x2 +.-.-., (4) 

Let Se, be the sum of the first 27+ 1 terms of (4), that is, 
of terms involving all powers of x up to and including x?”, and 
let s,, Sn’ be as before. It is evident that all partial products 
formed by multiplying s, and s,’ are found in Se,, but that Se, 
will also contain partial products not thus formed. These partial 
products may be arranged as follows: 

Qo(On 412" 71 +--+ + 2,27") 
eee me ce = ere ve 2 


a 
se ao 2b, es ay coe" ?) 
ae Qn —12 gt — VO (5) 


+ Gn 412" +1 (Bo + bie + +--+ bp-12"-") 
fanesn™* 2p + et AD, sone) 


+ a2 2 "bo. 
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Let the sum of the terms in (5) be represented by 6. Then 
Soa = Shon 0: (6) 
Since a power series converges absolutely, the absolute value of 
s, is less than some finite quantity, say A, and the absolute value 
of s,’ is less than some finite quantity B. 
The parentheses in (5) are of two types. The first type is of 
Mie won ape tae. = ay = bape. (7) 


This is less than the remainder of (2) after the » + 1 terms have 
been taken in s,,’.. Hence, since a power series converges abso- 
€ 


A+ B 
where ¢ is any assigned quantity, by taking n sufficiently great. 
The second type of parentheses in (5) is 
bo + bie <= be, 

which in absolute value is less than s’,, and therefore less in abso- 
lute value than B. Hence, from (5), 

61< (dot ae+:---+ta,-12" é 

1d, < Got air +---+An-1% rear 


+ (Gn41a" th 4 +--+ a2n0?")B. (8) 


Now, reasoning as before, the absolute value of the first paren- 
thesis in (8) is less than A and that of the second parenthesis can 
é 

+B 

is possible so to determine n that 


|d|<e. 


lutely, the sum (7) can be made in absolute value less than 


be made less than op by taking n sufficiently great. Hence it 


Therefore, from (6), Lim S2, = Lim (s,s,’). 
In a similar manner it may be shown that 
im: Son21 = in (6,8. 


Hence the proposition is proved. 

That one power series may be divided by another follows from 
the fact that division is simply a process to find a quotient which, 
multiplied by the divisor, gives the dividend. A more general 
operation is as follows: 


Let Y¥ =f(2) = a0 + 12 + ag2? +--- (9) 
and z= d(%) = bot bia + bor? +--., (10) 
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Then y =flo(x)] = F(a) 
= do + ai(bo + bix + ber? + - - -) 
+ do(bo + biz + box? +--.-)? 
+ a3(bo + bix + bea? + -- -)8 (11) 
vee 
By computing the powers of the series for z and collecting the 
coefficients of the powers of x we may obtain in this way an 
expansion of y in powers of x. In many cases the coefficients of 
the powers of « will be infinite number series which can be com- 
puted only approximately, but in other cases they will be exact. 
For example, let us find log cos x. 


2 4 6 
We have log cos 1 = log (1 eat 


Sat gi 
= log (1+ wu) 
es a 
Sag ot hg tel 
sae Peat Sr ee 
ene es ae 
Hence 
roe se Oe tf ge gt ae 2 
logeose=(—F 45-2 4---)-3(-S+q-at 
ROS ee poh fie Le 
BENS A BE aA) 


26. The exponential and trigonometric functions. By expansion 
into Maclaurin’s series the following series are obtained : 


bY 

€ eran att oe a (1) 
x3 x? x 2k tl 

= ees bes 2 

sint=%—- ste ee aor ear es (2) 

x? x4 see } 

gloat 8 ce eee = 3 

cost=1l— sta ce 4 @Qmit ) 


These series converge for all real values of x and may be taken 
as the definitions of the functions concerned. It is true that the 
series have been derived py a chain of reasoning which began with 
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elementary definitions. For example, sin x and cos x have been 
originally defined as ratios connected with an angle whose cir- 
cular measure is x. Properties of these functions are then devel- 
oped both in elementary trigonometry and in the calculus leading 
finally to the series above. 

This process may be reversed. The series given above may now 
be laid down as the definition of the functions, and all the familiar 
properties may be deduced from them. For instance, since two 
series may be multiplied, it is not difficult to show from (2) and 


(3) that sin x cos y + cos x sin y = sin (x + y); 


and since a series may be differentiated, it follows from (2) and 


(8) that y 
— sin 7 = cos 2, 
dx 


d a: Fee: 
Fp cos £ = — sin x. 

This method has the advantage of giving us a purely analytic 
definition with no dependence on a geometric construction. The 
connection with an angle becomes then merely an application. 
This definition also makes it possible to speak of the values of 
e”, sin z, and cos x when x has a complex imaginary value of the 
form a+ bi where 2 = V— 1. 

The study of the complex variable will be taken up in detail 
in Chapter XV. It is assumed now that the student has acquired 
from elementary algebra the knowledge that a + bi may be oper- 
ated on by ordinary rules of algebra, with the addition that 7? is 
to be placed equal to — 1. Hence if we place x =a-+ 07 in each 
of the series (1), (2), (83), there result two series, one not involv- 
ing 7, the other multiplied by 7, and these define e*+*, sin (a + bt), 
and cos (a + bz) respectively. 

However, we shall be concerned in this section only with the 
result of replacing x by x7 in (1). 

Since #?=-—1, #®=-—7, i4=1, ete, 

2 5 
we have aa(1-F4+o J+i(e-F4e ---:) (4) 
=cos%+7sin x. 


Similarly, we obtain 
e-**—cosx—isin2, (5) 
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From (4) and (5) follow immediately 


: = ez mais e- 7 er + e7 zt 
Sag sone CS ese (6) 


These formulas show a remarkable relation between the expo- 
nential and trigonometric functions. 

By the law of multiplication of series it is easy to show from 
(1) the truth of the exponential law 


er 1e72 = erir v2. (2) 
Hence we have, from (7) and (4), 
er tut — ere¥' — e*(cosy +isin y). (8) 


From the formula (7) it follows that 

(Ce = EES 
where 7 is a positive integer. Rewriting this equation in the 
light of (4), we have De Moivre’s theorem; namely, 


(cos 0+ 7 sin 6)” = cos n6 +7 sin nO. (9) 


This may also be verified for small values of n by actual multi- 
plication and then proved by mathematical induction for n equal 
to any positive integer. It is also true when m is negative or 
fractional, but we will not go into this now. 

27. Hyperbolic functions. From analogy with the sine and cosine 
as given in (6), § 26, we may define two new functions, called the 
hyperbolic sine and the hyperbolic cosine, as follows: 


e= —e-* 
sinh. = woe 
cosh x = ——5— 

Other hyperbolic functions are then defined by the equations 

sinh x 
tanhiz = ; 

cosh x 

Fog i 
Ruatoie tani (2) 

sech « = Aoehae 

cosech x = TERM 
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The series expansions for sinh x and cosh x are then, from (1), 
% 3 9° 2k +1 (3) 
sinhe=etotat +eegpit a 
| ne 2k 
fatten ri ayn bari, RENE (4) 


The hyperbolic sine and cosine are connected with the trigono- 

metric sine and cosine by the relations 

siniz=isinhz, cos 7x = cosh z, (5) 
which may be proved by replacing x by iz either in the formulas 
(6), § 26, or in the series (2) and (8), § 26. 

It is clear that the hyperbolic functions must satisfy relations 
similar to those for the trigonometric functions. These may be 
derived directly from the definitions (1) or by substituting from 
(5) in the usual formulas of elementary trigonometry. We have, 
for example, cosh? x — sinh? x = 1, 

1 — tanh? x = sech? z, 
coth? x — 1 = cosech? z, 
sinh (x + y) = sinh x cosh y + cosh x sinh y, 
cosh (x + y) = cosh x cosh y + sinh z sinh y, 
we 
— sinh x = cosh z, 


dx 


os cosh x = sinh 2, (6) 


dx 

d 2 
— tanh x = sech* x, 
da 


and others, some of which will be found in the list of exercises for 


the student. 
The inverse hyperbolic functions are defined by the equations 


y=sinh'x when x=sinhy, 
y=cosh-!x when x=coshy, (7) 
y=tanh'x* when x=tanhy, 
and similar forms for the other three functions. 
From the equation ey — e-¥ 
t= Sinn = 
: 2 
we get e°4¥ —2rev=1; 
whence ev =xet+Vr24 a 
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where only the positive sign of the radical is taken, since e” is 
always positive. Hence 


y =sinh-! x = log (ec +V2?+ 1). (8) 
In the same manner it may be proved that 
cosh! x = + log (4 + V2? — 1), (9) 
aI 1+ to 
tanh! z == lo 
ani 2 9 log 7 (10) 
from the equation x = sinh y 
we get dx = cosh y dy; 
whence ay = a = 21 ey 
dx coshy ~W1+sinh2y’ 
that is, cs sinh z = s abl. 


cL = 
dx V1 + x2 
where the plus sign is taken for the radical when < is real. since, 
from (1), cosh y is always positive. 
Similarly, we may prove that 


LES nes GP es 
ae cosh™ 4 = + Maman (12) 
d 1 
se iy 13 
ie tanh7! ag Gee: (18) 
From the last three formulas follow the formulas of integration : 
f — = sinh“ ©, (14) 
+a 
(ss = cosh"! (15) 
x2 — a 
[aaj on (16) 
28. Dominant functions. Let 
f(x) = a0 + a1 + aon? +--- (1) 
be a function defined by a power series, and let 
(x) = Ao + Aix + Agu? +--- (2) 


be a second function defined by another power series in which the 
coefficients A, are all positive and such that 


Ay > Adan). (3) 
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Then the function (x) is said to dominate the function f(x) in 
the region of convergence of the two series. 

For a given f(x) there are an infinite number of dominant rine 
tions. A simple one may be found as follows: 

Let r be any positive number in the region of convergence of (1). 
Since (1) converges absolutely for z= 7, there is some positive 
number M which no term can equal or exceed in absolute value ; 


that is, Kees < M. (4) 
Consider the function 


o(0) =a Mtort Sete. (5) 


This series converges when |x| < r and, by (4), 
M 
eee iA 
; 


Hence ¢(x) is a dominant function in the region (— 7, r). 

29. Conditionally convergent series. We have been concerned in 
the previous sections entirely with absolutely convergent series. 
It has been noted, however, that a series may converge even when 
it does not converge absolutely. Such a series is called condition- 
ally convergent. For example, consider the series 


Lo eS a ee ee (1) 
The sum of the absolute values of the term of (1) is the harmonic 
series (§17), which is known to diverge. Hence (1) does not 


converge absolutely. However, it does converge as it stands. To 
show this let us plot on a number scale successive values of 


Lees Le lael ih 
n=l—-- -—-— shel — I 
s at 3 ras ta) Fe 


The appearance of the graph (Fig. 27) may be compared to the 
swing of a pendulum, every s with an odd subscript corresponding 
to a swing to the right, every s with 23 <6, Ss 
an even subscript corresponding to O it 5 ty 
a swing to the left. Every swing in : 
one direction is less than the previous 
swing in the other direction, since the numbers added or sub- 
tracted are growing smaller. Hence so, increases with n but 
remains less than 1, and therefore so, approaches a limit L.* 


RiGs aK 


* See footnote on page 39. 
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Similarly, so, +1 is growing smaller, but is always greater than 4. 
Hence sen+41 approaches a limit L’. But 
il 
Pree ih 
so that Lim|s,+1 —s,|= 0 and therefore L = L’. 
The series (1) is a special case of a general type of series of 
importance for which we have the theorem 


| Son41 — 82n | = 


If in a series of alternately positive and negative terms each term 
as less in absolute value than the preceding term, and the absolute 
value of the terms approaches zero as a limit as the number of terms 
increases without limit, the series converges. 


We have 
Cor te et ee Tt th acute sya) 
in which the a’s are positive numbers with 


Guat <0, and Lama, — 0. 


n> © 


The proof that this series converges may be given on the lines 
on which the convergence of (1) was proved. 

It should be noticed that the limit approached by the sum 
of m terms of a conditionally convergent series may depend upon 
the order in which the terms are arranged. Suppose A is any 
arbitrarily assumed number, which for convenience we take as 
positive, and let us arrange the terms as follows. Take at first 
just enough of the positive terms in the order in which they 
appear in (2) so that their sum exceeds A; then just enough of 
the negative terms so that the sum of all the terms taken shall 
be less than A; then just enough positive terms so that the sum 
of all the terms taken shall again be greater than A; and so on. 
In this way s, is alternately greater and less than A, and it is 
easy to see, since the terms are decreasing in absolute value, that 
S, approaches A as a limit. 

The limit of the sum of » terms of an absolutely convergent 
series, however, does not depend upon the order in which the 
terms are taken. 

To prove this let 


do + di td2t+az3+---+Gn+--> (3) 
be a series of positive numbers and let 
bo + bi + bo + b3++°++0n +e: (4) 
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be the same series with the terms in different order, but so thai 
each term of (3) is found somewhere in (4) and each term of (4) 
is found somewhere in (3). 

Let s,,’ be the sum of the first m terms in (4). Then » may 
be taken so large in (3) that all the terms in s,,’ are found in 
the n terms of (3). Hence 

Bes <a eeA 
where A is the limit of the sum of the terms of (8). 

Hence s,,’ approaches a limit which is equal to or less than A. 

In the same way the limit of s,, may be shown to be equal to or 
less than the limit of the sum of the terms of (4). 

Hence (3) and (4) converge to the same limit. 

Since an absolutely convergent series may be considered as the 
difference of two series of positive terms, the theorem follows. 


EXERCISES 


Determine the convergence or divergence of the following series: 


Dh Sot) Bee's | 1 
l=+t=+—+:-:: 
5 as 10 Le Corer 
Bi lace gn Pe i ey n(n + 1)(n + 2) 
gel Go eee jee 
a 92 33 nn 
1 1 1 1 
4, —— + — + — 
ico og} By oxs n(n + 1) 
1 1 1 1 
SS Se See 
ioe ead eaGEn (2n—1)2n 
1 1 1 1 
Oh SSP Ser SS ar : 
24 A Ge Cee 
2 ee gn-t 
%71+-+-——+ ata 
By BY oly Bins) 6 [> « Sane 
a1 ee 
TET ain 
3 4 5 n+2 
9. — + ——-+--:- A  . Sesh 
Dy eS. aves Se 
1 il 1 1 
VO eee ee 
hosy dye Bohn CoCo ; 
93 33 n? 
11.1 +—+—-+:--4-—+ 


EXERCISES 


++. Lope 
5} 3 FS 
ate gtgat tat 
1 1 
tse teen? 3 aasta 
Des Re 92n-1 
Ene gang Ea ay 
1 
6 tetest ctmeoat 
2 3 n 
Vests Se a ' 
1 1 1 
seer 4ce | Semen 
tot s+ 7 
0.2 Sta ot +o + 


4 n+1 
Se Te rs n : 
21 aba Tea y + SF Beene aah 
x? on? ; ge k+l 
22 a ap at =faxt  @EED! 
1 b 22 n—l1 
a3) = = meer grit. 
Gane a 
2? 3° 2 mls. 
24 Lititg  higg Sp 
3 2 Suu n—1i 
25 Dr otha tReet 
—1 n(n—1)--:(n—k+1) , 
26. 1+ ne + MOOD) yey... 4 MET ah 
| yee es co 
.-+—-+=- + +-:- 
ad gt g3t ost DAs 
x 12? 12 % eee 1 3 y2n-l 
pee gt a Be 
fiat ks Pan Oe ajysetdses Ba et a8 on 
ee ee ee toe gen el 


Gee teas 
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30. Show that Qo +tditdet:::+adn,+::° 
converges if Lim Vv d, <1 and diverges if Lim Vv OR ee I 


AS n> 0 
31. Show that 
Uo(x) + Ui(%) + U2(%) +>? + Un(e) +-°°, 
where uo(x), U1(x), «++, U(x) are functions of (x), is uniformly con- 
vergent in a region (a, b) if a convergent series of positive numbers 


Mo + Mi+ M2+---+M,+--- 
can be found such that ae) | <M; 
for all values of x in the interval. 


32. If Oh) SP Op ae Oram So 52 Gin, 5282 9 
is an absolutely convergent series, prove that 
aq sinz+aesin2x«+--:-+a,sinnxr+-:-:- 


is uniformly convergent in the interval (0, 2 7). 


33. Prove that 
2 


47 re as 
Gp te dl ee Bg 6 HE 
1x? \i- 2)? Caos 
is not uniformly convergent in any interval which includes x = 0. 
34. Prove that any series 
U(x) + U2(%) + +--+ Un(%) +--- 
of continuous functions wu;(x) which is uniformly convergent in an 
interval (a, b) defines a continuous function in the interval. 

35. Show that any series of continuous functions which converges 
uniformly in the interval (a, b) may be integrated term by term be- 
tween limits which lie in that interval. 

36. Show that any series of continuous functions may be differentiated 
term by term if the resulting series is one of continuous functions which 
converges uniformly. 


Show by consideration of R that the following series really repre- 
sent the function and determine the region of convergence: 


2 n 
S%ce? Sd pei ee 
2! n! 


Gd | i 


BBs C08 2 ee oy ane 
2 43 
39. log (1 ee 
cola) =e Se 
2 
40. lta) = 14 np a 


2! 


41. =] —77+74-— 7° +..., 


142° 
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Obtain expansions of the following functions by integration of a 
series and determine the region of convergence: 


c ax 


42. sin? 2=/{ ————. 48. tan} <= 
iia 8. tan oe 


dx 
1+ 2? 


44. log (4 + V1 + 22) = a= 
x 


Obtain series expansions for the following integrals and determine 
the region of convergence: 


x 2 x 
NS. || = ahp 46.{ cos x? dz. pe 
i ih a 47. f ae dx. 


Find by combinations of elementary series already obtained expan- 
sions of the following functions: 


48.-tan c= see 52 Ske 
: ~ cos £ Nis? 
. esing 
49. sec xr = . ee 
cos x 54, efO8z =e: ecosz—1 
tan r 
50. cot =". lee aie 
sin x 56nes. a: 
Dlenes SCC Le 57. log (1+ sin 2). 
? : e+e, ey — e-¥ 
58. Show that sin (x + zy) = See, sin x +2 COs x. 
59. Show that ; 
: ev+te¥ .e¢¥—e-¥ , 
ee eas —sin x. 


60. From formula (9), § 26, assuming that the real and imaginary 
parts of two equal complex quantities are equal, derive the formulas 


Conor 6 
(n—1)\(n— _ 

aha Dn See 8) eos" 46 sinté — -- , 

4! 

De ~ ia eos”-°@ sin? 6 +.---, 

61. Apply the method of Ex. 60 to find cos 36 and sin 30. 

62. Apply the method of Ex. 60 to find cos 56 and sin 58. 

63. Prove formulas (6), § 27. 

64. Prove formulas (9) and (10), § 27. 

65. Prove formulas (12) and (13), § 27. 

66. Construct the graphs of sinh x, cosh x, tanh x. 

67. Find formulas for sinh 2 x and cosh 2 2. 


cos”~?6 sin? @ 


sin n§ = n cos”—!0 sin 0 — 
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x 
68. Find formulas for sinh 5 and cosh —: 


ie 
69. Prove that 
sinh (x + iy) = sinh x cos y + 7 cosh z sin y, 
cosh (x + zy) = cosh x cos y + 7 sinh z sin y. 
70. Show that if a) = 0 in (1), § 28, the function 


ei 


jee 
r 


is a dominant function. 
71. Show that in (1), § 28, 


tah < Mae 


fee 
7 
72. Show that the series 
1 1 il il 
1— + — vee (—1)"-1 —=4+ 
V2. V3 ayia Vn 


converges conditionally but not absolutely. 
73. Show that the series 
cee Me ita t ST 


sin © 4 
where u, = 
n—-l)t & 


converges. 
74. Cauchy’s integral test. If the terms of a series 
C5 O27 GOS aos at Oe ns 


are all positive and decreasing, and if a constantly decreesing function 
f(x) can be found such that f(n) = a,, show that the series converges if 


R 
the integral ik f(x)dx approaches a definite limit as R —-> oo and diverges 
if it does not. 

75. Apply Cauchy’s integral test to the series 
1 ut i! 
2(log 2)? 3(log 2)” n(log 2)” " 


76. Apply Cauchy’s integral test to the series 
cot~! 1+ cot—!2+4+ cot-134+.-.-., 
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30. Functions of two or more variables. A quantity f(z, y) isa 
function of two variables if the value of f is determined by the 
values of x and y. The values of x and y may be represented in 
the usual way, as codrdinates of a point on a plane. Then to 
every point of the plane is associated a value of f, and we may 
speak of the value of f at a point (x, y) as a convenient way of 
saying the value of f for the number-pair (x, y). This manner of 
speaking may have a physical meaning; as, for example, if f is 
the intensity of illumination or electric potential at each point of 
the plane. The method is useful, however, when there is no 
physical meaning of the function and it is simply an abstract 
function. 

The function f(x, y) is continuous at a point (a, 6) for which 
it is defined if Lim f(z, y) = f(a, b) (1) 


Loa 
yr>b 


independently of the manner in which «x approaches a and y 
approaches b. 
As an example of a discontinuity, consider 


ao? — y? 

eet ) 

f@, y) =73 siege (2) 

The function is not defined by (2) for x = 0, y= 0. It is in order, 

therefore, to complete the definition of f(x, y) by assigning to it a 

definite value A for z=0, y=0. It is not possible, however, so 

to choose A that f(z, y) is continuous at (0, 0). For let (2, y) 

approach (0, 0) along the ae line y= mx; then along this 
line =m? 
f(a, y) = : ry 


and by changing m the function on the right may be given any 
value whatever. Hence f(x, y) will not approach A for all ways 
in which rx 0 and y— 0. Hence f(z, y) is not continuous 
Stat0 70). y 
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The definition of continuity may be more explicitly given as 
follows: Let € be any assigned positive number no matter how 
small; then if f(a, y) is continuous at (a, 6), it is possible to find a 


number 6 so that lfath, b+k) —f(a, b)|<e 


for all values of h and k for which |h| < 6, |k| < 6. 

Graphically this means that it is possible to surround (a, 6) by a 
square of side 2 6 (Fig. 28) so that for all points in the square the 
difference between f(x, y) and f(a, b) 
is less than e. 

A quantity f(z, y, z) is a function 
of three variables x, y, 2 when its 
value is determined by these vari- 
ables. We may interpret (x, y, 2) as 
coordinates of a point in space and 
speak of the value of f at a point. 
Then f(x, y, 2) is continuous at a point 
(a, b, c) for which it is defined if 

im f(G@ey, 2) — (0,20, ©) 
as (2, y, z) approaches (a, 6, c) in any manner whatever. More 


exactly: If € is any small positive number, f(x, y, z) is continuous 
at (a, b, c) if we can find another small number 6 so that 

|f(a +h, b+k, c+ l) JG, b, c)|< € 
for all values of h, k, and J for which |h| < 6, |k| < 6, |l| < 6. 

Geometrically this means that we may surround the point 
(a, b, c) with a cube of side 2 6 such that the difference between 
f(x, y, 2) and f(a, b, c) for all points in the cube is less than e. 

Similar definitions hold for a function of four or more variables. 

If f is a function of any number of variables continuous at 
each point of a given region, theorems I-IV of § 2 remain true, 
with the word “interval” interpreted as meaning a square in 
two dimensions, a cube in three dimensions, and so on. 

31. Partial derivatives. Given f(x, y) we may hold y constant 
and allow x to vary, thus reducing f to a function of x only, which 
may have a derivative defined and computed in the usual way. 
This derivative is called the partial derivative of f with respect 


to x and is denoted by the symbol of f, or of or (2). Thus, by 
y 


definition, ne Pdi i : . 
: x+th, y) — f(z, 
faa = (F) = tim SER iey oul. Qa 


y h-0 
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Again, by holding x constant we make f a function of y alone, 
the derivative of which is the partial derivative of f with respect 
to y, a ye f@ fens — f(x,y) 

Lim i ’ : 
a oy =(¢)- k>0 2) 

The theorem of the mean obviously holds for each of the par- 
tial derivatives; that is, using the form (8) of § 6, 

Fa+h, y) =f@, y) + hfe + ih, y), O0< <1) 6) 
Fe, y +k) =f, y) + hfy(e, y+ O2k), (0< 62 <1) (4) 
and, by combining these two, 
fath, yt+k) =f, y) + hfau+ ih, y) + kfy(a +h, y+ O2k). (5) 


If f(x, y) has partial derivatives for each point of a domain, those 
derivatives are themselves functions of x and y and may have par- 
tial derivatives, which are ae second partial derivatives of the 


of 0 | 0 (=) 0 (=) 5 
h then — —(—), —(—]), —(—); 
function. We have then - = ( 2), By ( a ee Cea CP 
but, as we shall show presently, if f(z, y) and its derivatives 
a and on are continuous, the order of differentiation is imma- 
x 


terial, so that the second partial derivatives are three in number, 
expressed ee the symbols 


s)he 
i Ox pa eee? 

of of om 
oy (ae) Ox = (F)= Ox Oy Sew (6) 


aa ea) ae 


Similarly, the third partial derivatives of f(z, y) are four in 
number ; ae 


Ox a(53)= = 


CO LGy 0 ( aE @? (2) - of 7 
oy a) ox Oy) Ox?\dy/ Ox? dy 
8 cel af : ? ae ioe 

aaa ~ Oy \éx dy! dy? \0x/ Ox by? 

0 Zt) = 0? 

ee OR 
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pt+q 
—=-- signifies the result of differentiating 
Ox? oy! 

f(z, y) p times with respect to x, and q times with respect to y, 
the order of differentiation being immaterial. The extension to 
any number of variables is obvious. 

Similarly, we have partial derivatives of any orders of a func- 
tion of any number of variables. 

32. Order of differentiation. It remains to prove the statement 
that the order of differentiation is in general immaterial. We 
shall denote alae) by fye and ae) by f., and shall first prove 
that if f has derivatives f,, fy, fy2, and fz, which are continuous at 
the point (a, 6), then aa TER (1) 


For that purpose consider the expression 


yeas b+k) —fa, b+k) —fath, 6) +f, ) (2) 


So, in general, 


hk 
and in the first place let 
Fa+h, y) —f@, y) = F(x, y). (3) 
Then f= Motte” (4) 


By hypothesis f(x, y) is continuous and has continuous deriva- 
tives, so that F(x, y) has the same properties. Hence we may 
apply the theorem of the mean to (4) and have 

es F(a, b+ 0:k) _ fyla +h,b+ 0k) —f,(a, b+ 01k) 
h h , 

By our hypothesis we may apply the theorem of the mean 

again to (5) and have 


(5) 


I=fry(a+ Ooh, b+ Ak). (0 < 61, O2 < 1) (6) 

Again, let us place f(x, y+ k) — f(x, y) = ®(, y). (7) 

Then (2) gives ip eet ) (8) 
Applying the theorem of the mean, we have 

ae P,(a+ Oh, b) _ fea + Osh, b+ k) — f(a + Osh, b) . (9) 


k k 
and, after again applying the theorem of the mean, 
I =fy.(a + Osh, b+ 04k). (0 < 63, 04 < 1) CLG) 
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From (6) and (10) 
fey(a + Ooh, b+ 61k) = fyx(a + Osh, b +- O4k). (11) 
Now let h—0, k— 0. Since by hypothesis Jey and f,< are 
continuous at (a, b), we have, from (11), 
San Gs b) a f yn ( Q; b), (12) 
which was to be proved. 
From this result the statement that the order of differentiation 
is immaterial for any number of differentiations or variables read- 


ily follows, of course with the proper assumptions as to continuity 
of the functions involved. For example, since 


Gite) ~ Za an) 
of 


ox 


e(fZ)=24(2); 
dy 6x\Ox) Ox dy\ox)’ 


we have, by replacing f by 


and again, interchanging the order of two differentiations, 


~2(2)-2 2 (2) 

ox Oy\dx] Ox Ox \Oy 
3 3 3 

aa Cees FEO 


33. Differentiation of composite functions. We shall consider in 
this section a function of any number of variables 2, y, z,--- 
when «x, y, 2, ete. are functions of other independent variables 
hey Si ae 

The number of variables in each set is immaterial. For defi- 
niteness, however, we shall consider 


F(a, y) 
and fix our attention on some one of the independent variables, 
say t. If tis given an increment Af, then x, y, and f receive incre- 
ments Az, Ay, Af, and 
Af = f(x + Az, y+ Ay) —f@, y) 
mee A ern ef Ag: (J) 
ox OY 


which is obtained from (5), § 31, by writing h = Az, k = Ay and 
noting that the coefficients of h and k differ by infinitesima's 
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from f, and f,, respectively, under the hypothesis that these 


functions are continuous. 
Divide (1) by At and take the limit as At > 0. 
If t is the only independent variable, 
Afey df sae Ad a 
Jy Ha ee eae 
and we have Oo Sy 
dt oxdt oy dt 
If, however, there are other independent variables besides ¢, 
Ne Of ee Ly 
Rae eee 
Of of ox , of oy 
and we have Bt = oe OE ay Ot 


If we differentiate (2) with respect to t, we have 
jase Car of d?x (2) of d*y 
dt 


di dt\éx/ dt | ox d® dy) dt ' dy dt? 


(2) 


(4) 


Now A is a function of x and y, and therefore (2) may be applied, 


Ox of 
with f replaced by a Then we have 


ON = Of or O7F ay 
dt an) Ox? dt ' Ox Oy dt 

Ne Of ide of dy 
a(s)-aen wi oy? dt 
Substituting in (4), we have 
Of of ge > OF dedy | OF 4 af dx , of dy 
dt? dx?\dt Ox Oy dt dt ' dy? dx dt? ' dy dt? 


Similarly, 


(5) 


Similarly, starting with (8) we get, when x and y depend upon 


s and ft, 
oe o°f (=) 9 O7f Ox oy , OF (2) Of Ox , Of o’y 
at? dx? \ at 6x by ot at ' dy?\ Ot] * Ox OP | Oy a 
EC Of Ox Ox Of & oy . Ox oy ie oy oy 
and = + ~~ 4+-—>)4+-5 
Os Ot Ox? Os Ot Ox dy\Os Ct Ot ) Oy? Os Ot 
of Oe ot Oy, 
0x 0s ot Oy Os Ot 
Obviously (7) reduces to (6) if s =. 


(6) 
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In a similar manner expressions for the third and higher deriva- 
tives may be found. 


We shall consider special cases of importance with changes in 
notation. 


Case I. f(u), where u = G(x). 
Here formulas (2) and (5) take the following forms: 


d 
Sap ®, 


d*u 


oF = ru) (is + Fw) SS. 


CasE II. f(w), where u= (zx, y). 
We have, from (8), (5), (6), and (7), 


Baru e Fa pe 
aC (2 p00 2 
PE em, 
on Oy?” bn ay 1 ” aa 
a 


r= i") (2 me) +i 


As an example, let it be required to show that f(x? + y?) sat- 


isfies the equation y a t= 0. We place u=2x?+y”. Then 
f(x? + y”) = f(u) and, from the equations given above, 


a = 2 xf’(u), i =2yf'(u); 


whence the «he result follows. 

CASE III. f(u, v), where u= ¢1(x), v= G2(2). 

Formulas (2) and (4) may be written with a change of x to u, 
tov, and ¢ to x: 

Case IV. f(u, v), where w= (2, y), v=W(z, y). af af 

Formula (3) with a slight change of notation gives us ae and — a 
at af f la (7) gi : . 
formula (6) gives —> An and By?’ and formula (7) gives Dn Oy 


Cc 
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‘As an example, consider f(x —y, y— 2) and place u=2— y, 
»=y—x. Hence, from (2), 


Caged Cea Ok 
dc Ou Ov 
Ch ee), 
oy ~~ Ou av’ 


from which it appears that f(z — y, y— <x), no matter what the 
form of f, satisfies the equation 


Again, consider z = fi(x + at) + fe(x — at) and place u = x + at, 
vy=x—at. Applying (6) we have 


ra) 22 d*f, d d’fa 


dx? du? ' dv? 
a Ph, od Le 
ot? Oli 
whence it appears that z satisfies the equation 
On geo 
oe” a? 


CasE V. An important application of Case IV occurs when we 
have a function f(z, y) in which we wish to replace x and y by 
polar codrdinates r and 6, where 


t= eos 0, y= 7'sin- 0. (8) 
Then f becomes a function of r and @ and, by (8), 
Of _ Of ox of Cy. ~ Of of 


Or be br Oy Oe ee 6, 
af __ Of Oe Of Cy tases een aC ea 
a0 On) Tiny Coe ea oe 
By solving these equations we obtain 
Li a es g— of Su st 
Ox or 06 or (10) 
0 
oe of apes Of cos cos 0 


oy or 06 or 
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These last equations may also be obtained directly from (8), 
written in the form 
Of S0f-Or' oF 00) of a of 


Y 
dx Or du ' 000u Or ety? 00x? + y? 
of afar ofae af y ee (11 


dey ye — = 


dy Or dy 0 dy OrVga pe Om +y 
ar ar 86 88 


where to get f) Any ny ae 
eae ox Oy Ox oy 


we write r=Ve+y, 6=tan 4. 
x 
Again, by use of (6), we may get 
a oe 0 
Br? = pqe 0? os?6 + 2 eX cos sin 0+ SF sin? 6, 
o2 C2 2 
—_ 7 SS sin? — a7 2» - cos @ sin 8+ r? CF cos? 
af af 
a tla ey aie 6, 
a of 2 4 Of wy 
Ox? Or? ae? +? Or 00 (x? + y?)? 00? (x? + y?)? 
Agee 9 F xy 
Or (a? + y?)? “20 (x? + 2)? 
eas A 
dy? Ore a2 + y? Or 06 (x2 + y2)? 062 (#2 + y?)2 
Gf Wat ee foie 


or (a +47)? 80 a + 4%)? 
In this way we verify the important relation 
Ce Lael eile: (12) 


Ox? oy? or roe? | 5 or 
34. Euler’s theorem on homogeneous functions. A function f(x, y) 
is said to be homogeneous of the nth degree in x and y if the mul- 
tiplication of x and y each by a factor \ multiplies the function by 
”; if, symbolically, fra, Ay) = AFH, Y). (1) 


Thus «7 —32y+4y” is homogeneous of the pene degree, 


Va? + y? is homogeneous of the first degree, and — 


—38y 4 
»é” are 
each homogeneous of the zero-th degree. y 
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Euler’s theorem in its simplest form is as follows: Jf f(a, y) 1s a 
homogeneous function of the nth degree, then 
7) 
oo yo anf. 2) 
To prove this differentiate i with respect to \. We have, 
placing u = Ax, v= dy, and applying (2), § 33, 
pel of os 
= nr" -!f, 3 
te age ae 8) 


This is true for all values of \. It is therefore true when \ = 1. 
Substituting \ = 1 in (3) gives (2), which was to be proved. 
Differentiate (3) again with respect to \. We have 


Sata ee 


2 
and, placing \ = 1, («= re y 9 =) f=n(n-—1y)f. (4) 
So by successive differentiations we have 
k 
(ePt+yZ)fanm—D--@—k+1y. 


These results may obviously be obtained for any number of 
variables, so a we have as the general form of Euler’s theorem 


a k 
i ar raaa sy ae eae J Janu (w= k+ De. (6) 
35. Directional derivative. Let P (Fig. 29) be any point of the 
plane at which f(x, y) is defined and y Tv 
‘has partial derivatives a and un 
Ox oy 


Draw any curve PS through P, take 
Q any point on PS near to P, and 
let PQ = As, where s is the length of 
the curve. Let Az and Ay be the 
increments of x and y corresponding > 
to As, and let Af be the change in f Ue 


as (x, y) moves from P to Q. Then Lim i is the rate of change 
of f along the curve PS. Also aie? 
Ave. ede Ay 


: dy 
Lim — = — = cosa Lim ee el ra 
As-—n As ds : As-0 As ds : 


DIRECTIONAL DERIVATIVE 15 


where @ is the angle which PT, the tangent to PS at P, makes 
with a line parallel to OX. But from (2), § 33, 


af fda af dy af, of : 
ds dxds ' dyds ox oy me: . 
It appears that if the point P is fixed and therefore a and — 


Ox oy 
are fixed, the value of depends on the angle @ and not on the 


equation of the curve PS. Hence (1) is called the directional 
dertvative of f in the direction a. 

As @ changes, P being fixed, the directional derivative changes. 
Therefore we may write 


@ cos a+ of sin a = F(a). 
Ox oy 3 
When a = 0 we have FO):= oz, 
T w\_ of 
and when a = 5 we have r(Z)= By 
Chats, a and a are the rates of change of f parallel to OX 


and OY respectively. 
The directional derivative is zero when 


of Ue AS 
F(a) ge By sina = 0s 
of 
Ly 
i =——. 2 
that is, when tan a of (2) 
oy 


This determines two values of a, a; and a;+7, differing 
by 180°. Between these two values there must be, by Rolle’s 
theorem, at least one value of a, say a, for which F(a) has its 
maximum value and 


of ie 
F’ (az) Sapp eee ee = ; 
of 
whence tan a2 = cy (3) 
of 
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An easy substitution from (8) in (1) gives 


«| Oy, (ay 
F(a2) = \(Z) =F a . (4) 
From (2) and (8) it follows that 
tan a; tan a2 = — 1, 


and therefore the directions a, and qe are at right angles to each 
other. 

We may interpret these results geometrically still further. Let 
us Imagine that we have marked on the plane of (x, y) those points 
for which f(x, y) has a constant value c. By connecting such 
points we have a plot of the equation 

fia, y) =e 
which will be in general a continuous curve. 
Let the same thing be done for the equations 
f(x, y) = (Hy, f{@; y) —— Ce. 

The plane is then covered with a set of curves called contour lines, 
along any one of which f(z, y) has a constant value. Thus, for 
f(x, y) = 2? + y’ the contour lines are concentric circles x? + y? = c¢, 
and for f(x, y) = xy the contour lines are the equilateral hyperbolas 
ay =c. The expression “‘contour lines”’ is borrowed from a topo- 
graphical map, where such lines give the projections on the plane 
of the map of points at which the height 
above sea level is constant. Along a con- 
tour line the rate of change of f is zero. 
Hence the angle a; determined by (2) gives 
the direction of the contour line. 

Suppose now we take two contour lines, 
and let the difference between the values 
of f on the two lines be Af. Draw a curve 
PN (Fig. 30) perpendicular to both lines and any curve PS mak- 
ing an angle ¢ = SPN with PN. Let PN = An and let PS = As. 


Then, by § 18, An= Ascos¢+ «, 


where ¢ is an infinitesimal of higher order than As. Now Af is 
the same, whether taken along PN or PS. Hence 


Sf _ Af 
; ee: df df 
and in the limit gers od. (5) 
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Gi sedi, 


This shows that — < —, and therefore i is the maximum rate 
ds= du dn 
of change of f at the point P. Therefore the direction of PN is 


the angle a2 given in (8). 


if df 
A Sa 
s special cases of (5) an dno (6) 
OF ray 
by ie sin a, (7) 
ay (=) as Gal 
and therefore ( a 4 aie aay (8) 


: t hoe 4 
which agrees with (4). The quantity “ is called the gradient of f. 
To sum up: be 
The gradient of a function of x and y is the maximum rate of 
change of the function at a point. It takes place in a direction normal 
neon ze) *(n) 
to a contour line and is equal to \ ( An Oy ie 


The extension to a function of three variables f(x, y, z) is obvi- 
ous. We construct in space the contour surfaces 
i (z; Y; ra) —1C; 
along each of which fis constant. We may use Fig. 30, interpreting 
PN and PS as drawn between two such surfaces, PN being normal 
to both. Then, as before, df df 


i ae in ®) 
showing that — is the maximum rate of change. Special cases 
dn 
of (9) are of df 
Eg ier oe 
of af 
Ca EME sat 10 
oy dn pone tO) 
af df 
jadi 


where a, 8, y are the angles made by PN with the axes of z, y, 
and z respectively. Then 


Boag) ea) = Ga? 
(3 + oy Bs dz/ — \dn mh) 
since cos? a + cos” B + cos? y = 1.* 


* The student to whom this relation is not familiar will find a demonstration in § 45. 


78 PARTIAL DIFFERENTIATION 


The gradient of a function of three variables is the maximum rate 
of change of the function at a point. It takes place in a direction 
perpendicular to the contour surfaces and is equal to 


of al - : 
(Ze) + (ay) + (Ge): 

36. The first differential. Considering a function of two vari- 
ables f(x, y), let x take an increment Ax = h and y an increment 
Ay=k. Then f takes an increment Af, where 


0 0 
af= Fast F ay +edet €2 Ay, (1) 


as has been shown in § 33. 

The third term here is in general an infinitesimal of higher 
order than the first term, and the fourth term is in general of 
higher order than the second, but there is no means of comparing 
Az and Ay as infinitesimals. 

However, we shall take the first two terms of (1) and call them 
the differential of f, writing 

mC, of 
af ss Az + a Ay. (2) 

We now complete the definition of df by saying that if x and y 

are independent variables, 


ie = Aa dy = Ay. (3) 
Then (2) takes the form 
of of 


I Meets a (4) 
Expression (4) is called the total differential of f(z, y). 

The methods and results of this section may obviously be ex- 
tended to functions of any number of variables. For example, 
for f(x, y, 2) of of of 

=—de+— — dz. 
hi An Phe a AY cles dz (5) 

This definition has been based upon the assumption that x 
and y are independent variables. We need to examine the cases 
in which this is not true. 

We consider first the case in which 


x=dilt), y= dot), 
so that f(x, y) = F(t). 
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Here ¢ is the independent variable. Hence, by § 14, 
dt= At, dx= ¢yi'(t)dt, dy=¢2'(t)dt, dF=F’(t)dt. (6) 
But, by (2), § 38, F’(t) = a EY, Dees, a ye (t). 


Multiplying through i dt aid ae (6), we have 
(1 0h ee d+ dy 


which is the same form as a 

Again, let us suppose that x and y are functions of three inde- 
pendent variables u, v, w. Then f is a function of these same 
variables. From (5), since wu, v, and w are independent, 


0 
ao ever @) 
= a4 4H ay 4 a 
dy SY au + ay + a (8) 
pe ee ea, 5 
Hh oe of ey 
But, from (8), § 33, Ou oxdu dy ow 


OF OF C2. Of oy 


Ov = Ox Ov oy Ov’ 
af _ af be | of by 


dw ox dw by dw 
Substituting in = we have 


df = oS au +S at S ae )+ (ot au tLe + <4 aw); 
oy \Ou 
of of 
whence, by (7) and (8), df= a da +a dy, 


oy 
again the same result as before. 
It is clear that the results obtained are independent of the 
number of variables involved, and we have the following theorem : 
I. The differential of a function f(x, y, 2, +--+) 18 always 


of of of 


ag eta, lage et 


whether x, Y, Z,° ++ are ee ee or not. 
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We shall next prove the following theorem : 


Il. If f(a, y, 2, *- +) =, where c is a constant, then df = 0. 


The relation f(x, y, z, - - -) = cannot exist when 7, y, Z,--- are 
independent variables unless it is an identity. We will therefore 
suppose that x, y, z,--- are functions of independent variables 
u, v1, W,-++. By substitution f becomes a function of u, v, w,---, 
which is necessarily an identity, and, by I, 


df = Siu +fa42 


But since wu, v, w,--- are independent variables, u may be 
changed without changing any of the others or the value of f. 
Therefore 4G, 0, es Se 


f(ut+ Au, V5 U0 -) == (G 
and fut Au, 0, w,---) —f(u, o, w,---) =0; 
Oh SES TS) ioe 
OU au>o Au 


In a similar manner oh =, ie =0, -->, 


Ov Ow 
and hence df = 0. Therefore, by I, 


df= Fae Fy +2 


It is important that the student should understand just what 
is meant. Consider, for example, 
fa, y, z2=e?+y? +2? =a?, 
which defines a sphere in space. Here zx, y, and z cannot be inde- 
pendent variables, and evidently 


of of 
Sy os ie 
oy y #0, ag oe FO. 


But x, y, z can be expressed in terms of two independent vari- 
ables wu and v, where 


dw+- 


whence 


dz+- 


r=acosusinvy, y=asinusiny, z=acosv. - 
Then 
f(x, y, 2) = (a cos u sin v)? + (a sin w sin v)? + (a cos 0)? = a? 
is an identity, and 2 = of ==i()) 


Ov 
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Hence ZT w+ av =0 
ou 
for all values of du and dv, and 
et at t+ - dy cae ae = 0 


for all values of 7 s dz ev, are consistent with the given 
equation. 


II. If by any means we have found that 


f= XAG dx, + X2dx2 + Ns DOI oe 


then X;= ae where the partial derivative is to be taken under the 
i 


assumption that all variables except x; are constant. 


The proof is simple. If all variables except x; are constant, all 
differentials dz, =0 except for k=71, and the above equation 


becomes df = X; dx; 
beeen 
whence A; = aaa, 


It does not follow, however, that any expression such as 
Xi dx, + Xodr2+---4+ X, dx, 


which may be written down is equal to the differential of some 
function. In this connection we will prove the following theorem : 


IV. The necessary and sufficient condition that an expression 
Mdx+ N dy, 


where M and N are functions of x and y, should be the exact differ- 
ential of some function f(x, y) is that M and N chould satisfy the 


equation OM ON 
oy ~ On ty 
Suppose, first, that M dx + N dy is an exact differential, so that 
we have df = Mdxr+N dy. 
of Os 
Then NOE Bae INf oy’ 
‘ aM __@f _ aN 
a dy dx ody Ox 


so that condition (10) is necessary, 
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Again, let us assume that (10) is satisfied and we wish to show 
that a function f(z, y) may be found so that 


Be eae 


on” oy 
To do this we may first integrate M dx, regard y as constant, 
and have 
fu Of = O04): 
We now write f(x,y) =¢@,y) +), (11) 


where y(y) is a function of y only, and we shall show that it is pos- 
sible to determine y so that f is the function required. From (11), 


Of _ Cin 
aM, Fae tv w) 
which must equal N ab 
Hence VYy=N- Bie (2) 


This equation will be absurd unless the right side is free of z, 
since the left side is free of x by hypothesis. The condition for 
this is that the partial derivative with respect to x should be zero ; 


that is, that 
ON _ ey a =<| : fu as| eeM 
Ox ox dy Oylox Oy” 
which is exactly (10). Then (12) will determine y(y) and 
(11) will determine f. Hence the condition (10) is sufficient. 
Extending this to three variables, we have the theorem : 
V. The necessary and sufficient condition that 
Pdx+Qdy+ Rdz 
should be an exact differential is that P,Q, and R satisfy the equations 


OPEC 0 OR 
ap _@@, 0Q_ OR OR _ oP. ae 


oy Ox 02 Oy Ox Oz 


In the first place, if 
Pdx+Qdy+ Rdz=df, 
oe of of of 
tl P= se Be ie 
oe Ox’ oy a 02’ 


whence equations (13) immediately follow. 


=== 
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Again, let the conditions (13) be satisfied. Then, by theorem IV, 
P dx + Q dy = dd, 


where ¢ is a function of x, y, z and z is to be regarded as constant. 
We form the function 


F(x, Y, Z) = $(@, y, z) + V(2) (14) 
and shall show that y can be determined so that f is the required 
function. From (14), cai = Pp, Uh = Q, and we must have 

Ox oy 
of 0d eee 
Oz Oz ti Hes og 
so that y'(z) = R- a (15) 


This equation is a contradiction unless 


EEN ME (ON OSS LE, 
Ox Oxdz Ox O2z\éx on “oz 
PRE SE DS Cais) 202100 
Oy Oyoz oy dz\oy OY 02: Oe 


But these are just the conditions (18). Hence (15) determines 
yv(z) and (14) gives the required f. 

It is to be noticed that it is possible to have in applied mathe- 
matics expressions of the type 


dw = M du+ N dz, 


expressing relations between infinitesimal increments dw, du,and dv, 
where M and N do not satisfy the condition (10). Then w is not a 
function of u and 2, the partial derivatives of which are M and N. 
For example, if H is the heat, U the energy, p the pressure, and »v 
the volume of a gas, a small amount of heat dH added to the gas 
causes an increase dU in the energy and does an amount of work 
dv in expanding the gas, and we have 


dH =dU+pdv. 


The right-hand side of this equation does not satisfy (10), since 
p is not constant. Therefore H is not a function of v and U in the 
sense that it is determined when v and U are given. In fact, the 
amount of heat in a gas depends not merely on its present state 
but on the manner in which that state has been reached. 
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Again, suppose a force with components X and Y applied to a 
particle. Denote by dW the infinitesimal amount of work done 
by displacing the particle from (x, y) to («+ dz, y+dy). It is 
easily shown that dW x dey ad, 


but it does not follow that W is a function of x and y. In fact, 


that this may be so it is necessary and sufficient that the force 
should be such that ax ay 
Cy Ox 
These equations are satisfied by many of the common forces. 
Such forces are called conservative. But other forces, of which 
friction is an example, do not satisfy the condition. 
These statements do not contradict theorem III, since it is 


there assumed that f is a function known to exist. 
37. Higher differentials. We have 


df =F de + ay: (1) 
whence d(df) = a(Z Yan + ¢ + a de + (2 ay + 2 —— (2) 
From (1), replacing f by ot or oe we have 
az) a - ear Ox ao dy, 
2 
ats) a - - - 
Substituting these values in (2), we have 
ap = TF ant 4 2 28 de dy + Fay? + 2 ep a? (3) 


Ox Oy 


Equation (3) does not define dx and d?y. If x and y are func- 
tions of other variables, say r and s, then an equation similar to 
(3) would give d?x and d?y but leave d?r and d?s undetermined. 
It is therefore necessary to define the differentials of the inde- 
pendent variables, which we shall do as in § 15; namely, 


All differentials of the independent variables higher than the first 
are taken as zero. 
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Hence in (3), if x and y are independent variables, the last two 
terms disappear; but if x and y are functions of other variables, 
these terms must be retained. 


Expressions for d"f (n>2) are readily formed in the same way. 
38. Taylor’s series. We wish to extend the results of §7 to 
f(x, y) under the assumption that at (a, 6) the function f(z, y) is 
continuous and has continuous partial derivatives. Let us place 
x=at+ht,y=b-+ kt, 
where a, b, h, and k are constant and ¢t is a variable. Then 
F(x, y) =f(a + ht, b+ kt) = F(t). (1) 
Then, by Maclaurin’s theorem, 
t hs 
f@, y= FO) +P OE+ FO) +--+ FO) [+R (2) 
By (2) and (5) of § 33 we have 
Pee opel ped. =(n2 pe =) 
PO aha tke = (ho tke Mp 
Pr") = Mra Mae alten: al 


where the meaning of the symbols on the right of these equations 
is obvious. Similarly, 


i. ia a of |, Of 
Jie Ox? Ox Byes oys 
“(ozen2yh 
ue @..a\ 
pr(t = ( Lope o's 3 
So, in general O= lh Aa + By (3) 


This may be proved by showing by direct differentiation that 
if (3) is true for any value n = k, it is true forn=k-+1. Then, 
since (3) is certainly true for n = 3, it is always true. 


0 ON? 
Therefore F™(0) = (i —+k =) Ve 
0 


where the subscript indicates that the values t= 0, or =a, y= b. 
are to be substituted after differentiating. 
Substituting in (2), we may write 
0 


PO =FO + (AL + k= alee +40 (n Zee 2V +R. 
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This is true for all values of t. Place =1. Then, from (1) and 
the last result, we have 


4) oO 
fle, w) =Jla-t h, b+) = f(a, 6) +(h ote) 


+a (tet+he Py i+ +a (h 2 +h Sith (4) 


2! 
This result may be written in another form by placing h = x — a, 
k=y—b6. 
It is easy to show from § 7 that 
il ,) ) ie 1 
= ———_ — -_ f —— ; 5 
ene: ©) 


where the subscripts indicate that we are to substitute x = —&, y= 7 
wherea <E<a+th,b<yn <b+k. 
In a similar manner we may show that 


f(a, y,2=fath o+k, c+) 


=H) t(ho +k HIS \te. 6) 


We have seen that a given function f(x, y) may be expanded 
into a Taylor’s series with remainder R. If all the deriva- 
tives of f(x, y) exist for a given point (x, y) and if R—0O as 
m increases without limit, the series becomes an infinite series 
representing f(x, y). 

Conversely, a series 


ay + ax + dey + age? + agzy + azsy?+--- (7) 


defines a function f(x, y) for all values of x and y for which it 
converges. The definitions of convergence and absolute con- 
vergence as given in § 20 stand. It is not difficult to show by 
methods analogous to those in § 20 that if (1) converges for 
= 21, y= yi, it converges absolutely for any value of x, y such 
that -R<x<R,—S <y<S. The region of convergence is 
then a rectangle in the (x, y) plane such that for any point within 
it—R<x<R,—S <y<S. It is also possible to show that 
the series converges uniformly inside any rectangle which lies in 
the region of convergence and hence defines a continuous func- 
tion of x and y. Also, the partial derivatives of f(x, y) may be 
obtained by differentiating the series term by term. 
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Hence ao=f(0, 0), a = (2), a2 = (F), 


1h He, 38 
20ers) 2 2Ne Oyj ® 22 a 


The idea of a dominant function (§ 28) may also be applied to 
a function of two or more variables. Thus the function 


P(x, Y) = Aoo + Arow + Anry +--+ + Ajpxty* +--- (8) 
dominates the function 
f(x, y) = Go + diet + aniy+--- + aspcty” AS Sox: (9) 
if (8) is a convergent series in which A,, is positive and 
Ain >|dez|. 


If (9) is known to converge for x =r, y = p, where r and p are 
positive, a dominant function is easily found. There is then a 
number M so that 


lain |rip* < M. (10) 
We place (0, ) = — =u (2) (4). (11) 
Coe ar lea 
if 
M 
By (10), | in| < ripe 


so that (11) dominates (9). 
Another dominant function may be found by placing 


M 


P(x, y) = ae 
ead 
=uta(2+4)4--4u(Z+8)' 4... (12) 


The term containing xy” in (12) will be found in the expansion 


of u(2+4) , wheren=1+k. It is 
, 


K n(n —1)---(n—k+1) (2) "(4 
Me Ie ’ 


k! ip p 
and therefore, in the notation of (8), 
n(n —1)---(n—k+1) 
Aip=M wa (13) 
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Now the binomial coefficient which occurs in (18) is always 


greater than unity, so that uM 
Aix = r 7? 

rp 

whence, by (10), Ain >|Gix| 


and (13) dominates (9). 


EXERCISES 


Find the first and second partial derivatives of these functions: 
ae) po 


2 2 
y 


; 4.e¥sin-(x—y). 
if #7 — 


1. log (x? + y”). 2. tan 


2 
Verify & = ae a for the following functions: 
ees 6. log Va?+y*. 7. sin-4. 8, e* sin Yy. 
Cy £ 
1 : 
9. f= aap sin (x? + y”), prove that y & —2x i =0. 
: of. of 
10. If f = y? + 2 ye”, prove that x” agi ee oa, 
y 
ih, i yp = Vx? — 4? y? a 2 prove that x araeey < Fie 
7] 
2, 2 
12. If f = log (w? + y?) + tant © =, prove that os : ere = = 
7] 
2 
13. If V = e*® cos (a log r), prove that —— a + eer + Z Cee 0. 
Or? Oe eee 
5 2 2 
14. If f= tan (y + ax) + (y — az)?, prove that ; : = aoe 
x y 
15. If z =i(2) prove that oes pts 0. 
G Ox oy 
Oz Oz 
16. If z=f(xy), prove that TEs — Te =((): 
x 
Vel = 2 Oz x? dz 
liz=y? +2 f(- - + log y) » prove that — =2y———. 
oy Yy Ox 
18. t= 26(4)+ v(2) sow that x? 2 Oe A 2 
2 x Ox? Ox Oy oy? 
19. Itz = $e + iy) + Ye — iy), prove that 2 + a Pash, 


20. If w= f(x, y) and y = F(z), find 
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21. Ifz= f(x, y) and x = e”, y = e”, prove that 
072 072 02 02 OP 
ayn es a8 renee es te $y ee boSios 
Ox? Z oy? haere Ouz Ov? 
22. If z=f(x, y) and x =e” cosv, y =e” sin », prove that 
0z Oz 


ai = ry Gam 0?2 + (x 2 2 
Bu dv ay? oe) Ds 5 Pe Geaeney 
23. If c=e” secu, y=e” tan u, and ¢= ¢(z, y), prove that 
2b §=0db 026 , 02d 2 
)=a + $8) coo 
Ox Oy 


cos u 
& Ov ou me i as Oy? 
24. 1f V is a function of x and y, and x+y=2e' cos ¢, x— 


— Dy: prove that 
0?V 


=2iesing G= 
Cy ee 

Sper ers ed 

OU? é¢? ” Oe Oy 


25. Given x= e" cos v, y =e” sin 2, 
tives of V with respect to x and y. 
ats 


26. Given x = e” cos 2, y = e” sin v, prove that 
av ae = 
Die = ON Ou? Ov? 
-- SOV tev 0?V 
» prove that a? _ = ‘ 
Ov toy" Ou Ov 


27. Given x =u+2, y = —— 
28. Given x = 7 cosh 0, y =r sinh 0, prove that 
eV 2 50PV Ve eV VOY 
6c Oy Or 7? 00? FOF 
29. If <=f(u, v) and y= ¢(u, v) are two functions which satisfy the 


equations of 0g of a 
du ov eststéi 
and V is any function of x and y, prove that 
CV OV (OV OVNI ONY (ol 
( = ia a) i 


Ouz av? — \ dx? 
30. fu=— , find the contour lines and the direction and magni- 
£ 


tude of the gradient 
31. If an electric potential V is given by V = log Vx? + y’, find the 


direction and magnitude of the maximum rate of change of V 
32. Find the direction and magnitude of the gradient of a potential 


V (x — 
= lheye VS ers at the point (0, a). 
V(2+a)?+y? 
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33. Find the direction and magnitude of the gradient of 
u=e-Ysinx+ =e sin 3 x at the point @ 0). 


34. Show that in polar codrdinates the rate of change of a function f 


of 


1 
along a radius vector is a and normal to a vector it is — Be. 
7 


35. Show that in polar codrdinates the directional derivative is 


a cos y+ — a sin y, where y is the angle made by the direction con- 


sidered with the radius from the origin. 
36. Show that in polar codrdinates the gradient is 


Ge ale 


37. Show that the sum of the squares of the directional derivative in 
any two mutually perpendicular directions is constant and equal to the 
square of the gradient. 

38. If y= d(x) is any curve, eae oe the directional derivative along 
this curve is of 


at yO 


V1+ $/*(2) 
Show that the following differentials are exact, and find a function 
of which each is the differential : 
39. Ce ot eee y —x —1)dy. 
1+y? 1 ans ee 


40. dx — y dy. 
2 
ede (- y ) 
41. ————. + | —- 1 + ——— } dy. 
Va? + y? V x? + y? 


Se eo 

Gat a? + y? 

43. (22y? ~ 2?)x dx + (x72? + 27)y dy + (a?y? — 2? + y? — 1)z dz. 
44. (y+tz—b—c)dxt+ @+4—c—a)dyt+ («t+y—a-— d)dz. 
45. (yt22rtytzjdxe+ e+xuj2y+2+ x)dy 
+(e@+y)\(22e+a4+4+ y)dz. 


46. (-5)ae+ (-- = Jay 4 (= - 2a. 
Were 2 ye x 2 


47. Show that a force directed toward the origin and inversely pro- 
portional to the square of the distance from the origin is conservative. 

48. Show that a force directed toward a center and equal to any func- 
tion of the distance from the center is conservative. 


42. 


CHAPTER IV 


IMPLICIT FUNCTIONS 


39. Ono equation, two variables. We are accustomed to say, 
somewhat roughly, that an equation 


F(@, y) = 0 (1) 


defines y as an implicit function of x and is equivalent to the 
equation y = f(z) 


We shall proceed to inquire just what this means, to examine 
the hypothesis underlying the statement, and to put the state- 
ment in a more scientific form. 

In the most elementary cases equation (1) can be solved t¢ 


obtain y. For example, 
t i g? + y? — a? = 0 


gives y= Va? —2?; 


but a little reflection shows that as soon as equation (1) becomes 
complicated such an elementary solution is impossible. We need 
to show, then, that y in (1) satisfies the definition of a function in 
the sense that a value of x assumed in (1) determines a value of y. 
This statement, however, is by no means self-evident. We shall 
proceed to prove it in the case in which the solution may be 
expressed as a power series. We shall assume that equation (1) 
may be satisfied by x = xo, y = yo, and that 


ee 


Y¥=Y%o 
Without loss of generality we may take 1 = 0, yo=0, as this 
amounts merely to a change of codrdinates. We also assume 
that f(x, y) may be expanded into a series, so that we may put 


f(x, y) = bio + bory + boox? + buxy + bo2y? +--+, (2) 
where the term doo is omitted since, by hypothesis, f(0, 0) = 0. 
Equation (1) becomes 


biox + bory + boox? + buxy + booy? +---=0. (3) 
91 
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Now 001 = (2) - and since, by hypothesis, this is not zero, we 
Y/o 


may divide through by it and, after transposition, have, from (3), 
Y = Mot + aoox? + anrzy + do2y? ++ >>. (4) 
This means that we have transformed equation (1) into the form 
y = F(x, y), 
where F(x, y) is defined by the series in (4). 
In (4) let us substitute the series with undetermined coefficients 
Yy = Cx + cox? + c3u8 +--+. (5) 
By equating coefficients of like powers of x in the result the 
coefficients c; are easily determined. For the first three we have 
C1 = A10, 
C2 = A290 + A111 + Ao2c1”, 
€3 = A30 + Gaiei + di2é1” + dozer? + a11C2 + 2 Ao2e1C2. 
The series (5) then formally satisfies the equation. It remains 
to prove that (5) converges for sufficiently small values of z. 


The series (4) is, by hypothesis, convergent. Then, with the 


notation of § 38, the function 
My 


M 
pee eae ay oF 


dominates F(x, y). That is, #(”, y) may be expanded into a series 
with positive coefficients 


(x, Y) = Ayox + Aoot? + Any + Aooy? +---, (6) 
where Aan, > \Gig': (7) 
If we solve the equation y= (2, y) (8) 
by a series expansion y= Cy + Cox? +--- (9) 


in the same manner in which we have solved (1), the coefficients 
C; are obtained from (6) by the same formulas by which the coeffi- 
cients of c; in (5) are obtained from (4), and it is evident, therefore, 


that Ci > ell. 


Hence the series (5) converges if (9) does. But the series (9) 
may be obtained by solving (8) as a quadratic equation in y and 
expanding the result by the binomial theorem. The resulting 
series is known to converge for sufficiently small values of x and 
can be no other than (9). Hence the series (5) converges. 
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The existence of the function y of x having thus been proved, 
its derivatives may be found by use of the theorems of § 36. For 
we have by that section 


ae te rape I (10) 
of 
dy Ox 

pid nal oe ps 1 

whence a il (11) 
oy 


Higher derivatives may be found by differentiating (11), or if 


we divide (10) by dz and denote a y’, we have 


Te ido 
Ox a oy 0 
Then differentiating successively with respect to x and placing 
” d’y yr d*y . 
= Wipe y= agrees etc., we have the equations 
oy o*f oF of 
2 / ail SEPY ee I ee ; 
ue ay 2 ot oa + by ¥ 0 
of Of Of 2B) o*f 
— / 3 12 gua ay 5 AE BAN? 
Pe De oy = ax aye! + ya Y = ay? YY 
0? 0 
eR hyn 
Ox Oy oy 


In this way we may find the derivatives y’, y’’, y’’’, ete., pro- 
vided the partial derivatives of f(x, y) exist, since in all cases the 
coefficient of each of the derivatives y’, y’’, y’” in the equation in 

ao : 
which it first appears is a which has been assumed not to van- 
ish. In this way we may write down series (5) without following 
the method of the text. ; 

40. One equation, more than two variables. The equation 


f(x, y, 2) =90 (1) 
defines any one of the variables, say z, as a function of the other 
two, x and y; namely, at ira, (2) 

0 
provided a =.0, 
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Proof of this statement and its exact formulation are similar to 
those of § 39 and will not be repeated. 
If we apply theorems I and II, § 86, we have 


Se a lt | 
Meme ea parva 3 yale (8) 
If in (3) we place y = constant, then dy = 0, and we have 
of 
dz Ox 
aaa " 
Oz 


where the symbol on the left is used as less ambiguous than a 


since the variable which is held constant in the differentiation is 
explicitly given as a subscript. 
Similarly, by placing x = constant, dx = 0, we have 


of 
()--F 6 


of 


Ox 
From (4), (5), and (6) we get the interesting relation 


fale le? (7) 


which is sometimes written 

oz uy __ 

Ox Oy 02 8) 

Equation (8) is an example of the fact that the student should 

not use 0z, 0x, etc. as symbols for differentials which may be 
canceled. To do this in (8) leads to an absurd result. The less 
ambiguous equation (7) would hardly lend itself to this false 
cancellation. 
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The equation f(a, Y, ZU, v,-+-)=0 (9) 


defines any one of the variables as a function of the others, pro- 
vided the derivative of f with respect to the variable chosen 
does not vanish. The usual hypothesis as to continuity must be 
made, and the proof of the theorem is analogous to that given 
in § 89. 

From (9) we have 


In (10) we may place all differentials except any two equal to 
zero. For example, let dy # 0 and du 0, but all others be equal 
to zero. 


Then fydyt+f, du=0; 
CU hes 
whence ix ae ra 


5 Ae lat 0 
where all variables except the two occurring in the symbol - are 
held constant. i“ 

41. Two equations, four variables. Two equations 


Px saal, 0) =_0, (1) 

GE ye?) 10; (2) 
define u and v as functions of x and y, provided 

PG, —= 1 Gy 0. (8) 


This statement assumes that there is a set of values (Xo, Yo, Uo, Vo) 
which satisfy equations (1) and (2) in the neighborhood of which 
F and G are continuous with continuous first derivatives and for 
which the condition (3) is satisfied. Then w and v are defined as 
functions of x and y in the neighborhood of (0, Yo, Uo, Vo). 

To prove this consider equation (1). By virtue of (3), Fy, 
and F, cannot both be zero. Let us for definiteness assume that 
F,+#0. Then, by § 39, (1) defines » as a function of (a, y, u); 


namely, OS p 2; Yy, u). (4) 

From (1), F,dx+ F,dy+ F, du + F, dv = 0, (5) 
(2) __ Fe. 
whence Ba, er 
0 Fy 

that is, by =e = 6) 
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Substitute from (4) in (2). Then G becomes a function of 2, y, 
and 4,90 tabs Gia yy a, 0) = Bia, y) Ue 0, (7) 
which by § 39 defines uw as a function of x and yif H, #0. But 


dH =dG=G,dx+G,dy+G, du + G, dv 
= G, dx + G, dy + G, du + G(r du + by dy + , du) 
= (G, + Godz)dz + (Gy + Goby) dy + (Gy, + God,)du; 


whence, by theorem III, § 36, 
F Gy Sa =} FG, (8) 


Ay = Gy a Grou — F, , 
the last reduction being made by (6). Hence the condition that 
H,, #0 is the condition (8). 

This condition being fulfilled, (7) defines w~ as a function of x 
and y, and then (4) gives v as a function of x and y, and the 
statement is proved. 

The statement having been proved, the partial derivatives of 
u and v are best found by using the principles of § 36, as follows: 
From (1) and (2), by I, § 36, 


F,dx+ F,dy+ F,du+ F,dv=0, (9) 
G, dz + G, dy + G, du+ G, dv = 0. (10) 


These equations may be solved for dw and dv in terms of dz 
and dy, thus: 


FG» es EG, 
2 Eee eS ee ee 
EG ae FG, 


It is to be noticed that the denominator in (11) and (12) is 
just the expression which by hypothesis does not vanish. Should 
it vanish, equations (9) and (10) cannot be solved for du and dv. 

: Aeae Ou [(du\ du dv ov 

The partial derivatives a z), ae oe ay 
read off as the coefficients of dx and dy in (11) and (12) by use 
ofall, s 36: 

A special case of importance occurs when equations (1) and (2) 
take the form 

LOU n), (13) 


y= (u, »), (14) 


ean then be 


‘ 4 
, oe en wee, B 


Fate A ge Rin 
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where the connection with (1) and (2) is shown by placing 
F=x— o(u, »), G=y—y(u, v). Then the condition that (1) 
and (2) may be solved for u and 2 is 

PW» Ge Pu #0. (15) 

From (13) and (14) we form 

dz = o, du+ , do, 
dy = yp, du+y,dv; 
Gp OS dy dy 


whence = , 
vy = ———_——_ ; 
PW» ge dy u 
du y 
whence we find es) = —__"__, 17 
dx y duly x ou ( ) 
fbx, ; du dv dv 
and similar expressions for | — }» | —}, | — }- 
dy/« \dx/y \dy/z au 
Now ee may be written, when no ambiguity is caused, as Px 
7) 


CD Sega panic | 
ee al ba bo 


The relation (17) shows emphatically that “ is not the 


heh Ox 
reciprocal of —- 


ou 
42. Three equations, six variables. Consider the equations 
F(z, y, 2, u,v, w) = 0, (1) 
G(x, y, 2, U, v, w) = 9, (2) 
H(a, Y, 2, U,V, W) = 0. (3) 


By § 40, equation (1) defines w as a function of 2, y, z, u, v, pro- 
vided F,, # 0, and we have 


F,dx+F,dy+F,dz+ F,du+ F,dv+ Fy dw = 0. (4) 

If the value of w is substituted in (2) and (3), we have two equa- 

tions which may be treated as in § 41 and solved for wu and 2 in 

terms of x, y, and z, provided the condition of § 41 is satisfied. 
This condition is 


ow ow Ow Ow 
=— (ieee fos v Ob Se uU ae Oy 
(6. + Ge oe) (He +H A (c eG ral +H ke 
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where Ge and a are to be obtained from (4). This gives 
ub v 


yHy — GywH G,Hy — Gulw 
GyHly = Gully | Gully ~ Gull 


* Fy Fy 
aps se GH, sy (5) 
or, in determinant form, ‘ 
1 Sem Beenie 
= |G. Gy Gy | #0. (6) 
© Eig, pn Ep 


We have obtained this result on the hypothesis that F,, + 0. 
The same result is obtained, as the student may verify, if we 
assume either that F,,#0 or that F,+#0. If all three of the 
derivatives F,,, F,, F, are zero, condition (5) is certainly not 
satisfied. Hence we have the result that the original equations 
determine wu, v, and w as functions of x, y, and z, provided (5) 
is satisfied. 

The partial derivatives of wu, v, and w with respect to x, y, and z 
are most readily found by considering, together with (4), the 
equations 


G,dx+ G,dy+ G,dz+ G,du+ G, dv + G, dw = 0, (7) 
H,dx+ H,dy+ H,dz+ H,du+ H,dv+ H,dw=0, (8) 


solving (4), (7), and (8) for du, dv, dw, and applying III, § 36. 
A special case of importance occurs when the original equations 
are in the form 
x= h(u, v, w), 


y=wY(u, 2, w), (9) 
@ = x(u, v, Ww), 


and our work shows that these may be solved for u, v, w if 


Oy Os Or 
Yu Wo Vol #0. 
Rare perce 


43. The general case. If we have n variables connected by p 
equations (n = p), there are in general  — p independent vari- 
ables which may be taken at pleasure. The remaining p variables 
are functions of the others. The derivatives may be found by 
applying to each equation theorems I and II of § 36, solving for 
the differentials of the functions, and applying theorem III of § 36. 
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As noted in the words “in general”’ there may be exceptions to the 
existence of the functions. These exceptions will be characterized 
by the vanishing of certain combinations of derivatives, while at 
the same time the solution for the differentials becomes impossible. 
If n < p the equations will be in general contradictory. 

We shall not take the space to prove these statements. The 
general method of proof is sufficiently evident from the simpler 
cases already handled. 

44, Jacobians. Return to the equations 


== OW, 0). (1) 
y =u, 2), (2) 

of § 41. 
The expression uly — Pus (3} 


which figures there, is called the Jacobian, or functional deter. 
minant, of x and y with respect to w and 2, and is variousl; 
expressed by the symbols 


TED GED 
(a, y) O(a, y) | Ou dv _ 0% Oy Ox Oy (4) 
(u,v) O(u,v) | ey oy Ou dv Ov Ou 

ou ov 


We have proved in § 41 the theorem 


I. The necessary and sufficient condition that equations (1) and (2) 
should be solvable for u and v 1s that the Jacobian (4) should not vanish. 


We shall now show that if the Jacobian vanishes, there is a func- 
tional relation between x and y. If all the derivatives ¢,, ., Yu, W 
are zero, equations (1) and (2) reduce to the trivial case x = con- 
stant, y = constant. We may therefore assume that at least one 
of them (for definiteness say ¢,) does not vanish. 

Then (1) defines v as a function of x and u, and 

dt = ob, du + ¢$, dv; 
il u 
Piette dy = = de — 2 du, (5) 


Pv Pr 


Then from (2), with » expressed as a function of x and u, 


dy = mes - da ~ £* du) 


(6) 
py 
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By hypothesis the coefficient of du in (6) vanishes. Hence if y 


0 Aa 
is expressed as a function of u and 2, Bee 0, and y is independent 


: ou 
of w and a function of x only. : 
Conversely, let us assume that in (1) there is a functional 


relation between x and y; namely, 


F(x, y) = 0. (7) 
Then F,dx+ F,dy=0; (8) 
whence (F@u Se FyW,)du oe (Fy =e Fyw,)dv = 0. (9) 


The last equation is true for all values of the independent vari- 
ables wu and v. Hence 


FidutFWu=90, Fedo t Fy =0; (10) 

whence Pub» — bru = 0. (11) 
Therefore we have proved the following theorem : 

II. The necessary and sufficient condition that a functional rela- 


O(x, Y) 


tion should exist between x and y vn (1) 1s that the Jacobian Bnet) 


should vanish. 
As a simple illustration of these theorems consider the equations 
x=au+bv+e, 
y=futgut+h. 

The functional determinant then becomes ag — bf. Now if 
ag — bf #0, the equations can be solved for uw and »v. But if 
ag — bf = 0, the equations cannot be solved. In fact, in this case 

gx — by = cg — bh, 


a functional relation between x and y. 
As a second example, consider 


x=u+ov+1, 
y= ur +2 uy +7? + 2, 
L,Y\ 1 i oe 
une (24) = 2u+2v 2u+20 =. 


and the equations cannot be solved for u and ». Obviously 
OU) = (x a hs =~ 2, 
so that there is a functional relation between x and y. 
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The following property of the Jacobian is important; namely, 


(24) (2?) = a (12) 
U, v L,Y 


Writing the left-hand member in determinant form and com- 
bining by the law of multiplication of determinants,* we have 


|ou Ou ou ov ou ov 
Corey ere fi buat boa Pu ay t Po By 
Vu Wel | dv Ov| ou Ov ou ov 
ab ad 
_| On oy abt faa 
Wve ia Oa Lie ai 
|x dy 


In a similar manner it may be proved that 
scree el ae 
ty &, 7 7 


Again, if we have, as in (9), § 42, 


L— Os, 0,00), (14) 
y¥=W(u, v, wv), (15) 
= x (u, v, W), (16) 
gu Oy dw 

the determinant Vu Vo Ww LG) 
Xu Xv Xw 


is called the Jacobian of x, y, and z with respect to wu, v, and w 
and is expressed by the symbol 


(2 4 _ Of, Y, 2) 


u,v, w/ O(u, v, w) te) 


The results of § 42 may then be expressed by the theorem 


III. The necessary and sufficient condition that (14), (15), (16) 
may be solved for u, v, w is that the Jacobian of x, y, and z with 
respect to u, v, and w shall not vanish. 


* Students to whom determinants are unfamiliar may verify this by actual multiplica- 
i : is a symbol for the expression abz — agby. 
2 % 


tion, using simply the definition that 
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Suppose now the Jacobian does vanish. If all the derivatives 
du dw» dy» vanish, equation (14) reduces to the trivial case 
x= constant. We shall therefore assume that at least one of 
these derivatives does not vanish and shall take ¢,, 4 0 for defi- 
niteness. Then (14) may be solved for w, and the result be substi- 
tuted in (15) and (16). By the same process which obtained (5), 
§ 42, we see that the Jacobian of y and z with respect to u and v 
from these equations is 1 

Pw 
which vanishes by hypothesis. Hence, by the earlier part of this 
section, there is a functional relation between y and z. This 
relation obviously may, and usually does, contain x, which in 


this work has. been considered merely as a parameter. 
Conversely, let a functional relation 


F(x, y, 2) =0 (19) 
exist between x, y, and z of (14), (15), (16). This relation exists 


for all values of the independent variables u, v, w, and therefore 
the partial derivatives of F with respect to u, v, and w vanish. 


U, v, W 


Hence 
ae Oz 
ta, sera a ri 
Ox 
Peet, hs pF =, 
Ox oy Oz 
es tea. 


By a well-known theorem of algebra this equation can exist 
when and only when the determinant of the coefficients of F,, F,, 
and F, vanishes. But this determinant is the Jacobian. Hence 


IV. The necessary and sufficient condition that a functional rela- 
tion should exist between x, y, and z ts that the Jacobian of x, y, and z 
with respect to u, v, and w should vanish. 


EXERCISES 
F ad” 
Fin = from each of the following equations: 
l2t+yi= a, 4. log (x? + y?) — tan7! ¥—9, 
oe 
2. Uy a; 5. cos (x + y) + cos (x — y) = 1. 


8. e+ ev = ert G67 te 
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7. If f(z, y) = 0, prove that 


(2) 9 OL a a, a (aby 
d°y _ = Ox? \Oy Ox Oy Ox Oy Ox. 


dx? ee 
oy 
Find & from each of the following equations: 


a? y? ge 


Oe SPE aoe 10.2? +y? + 22—y3=0, 
92+y+2= kryz. 11, sin' 2 + log (2? + y? + 27) =0. 
12, lf (x, y, 2, 2%) = 0, prove that 

Bu Ox Oy Be _ 

Ox Oy Oz Ou 


where each partial derivative is found on the hypothesis that all vari- 
ables except the two involved are constant. 


TSE (ze, yf, 2,2) = 0, prove that 
du x 
Ox Ou 


where each partial derivative is found as in Ex. 12. 


=1, 


14. If f(x, y, z, uv) = 0, prove that 
Ox Oy Oz _ 


Oy Oz Ox 


where each partial derivative is found on the hypothesis that all vari. 
ables except the two involved are constant. 


, 


15. Given that an equation f(v, p, t) = 0 connects the volume, pres- 
1/dv\ . ; 
sure, and temperature of a gas, that ap = (3) is the coefficient of 
dp\ . Le ae 
expansion, and that E, = — (2) is the modulus of elasticity, prove 
t 


that a,E;, is equal to the rate of increase of pressure with respect to 
the temperature if the volume is constant. 


16. Given x =r cosh 0, y =r sinh 0, prove that 
dx\ _ (dr 
aia 
hare 
dr /e dy) x 
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17. Given u = log Vx? + y?, v=tan"! o prove that 
2) 2) C2) 2) 
dx], \du/y \dy/~\du/» 
18. If u= (2, y), v= H(z, y), prove that 
(8) (2) (#) (Ea 
dx/y\du/y» \dx/y\dv 
19. If u = d(x, y), v= (a, y), prove that 
Caheyha ee 
dx], \du/» dx/,,\dv 
20. If f(u, v) =0,u=le+ my + nz,v=2? + y? +2’, prove that 


02 Oz 
a — too — ae 0. 
(ly — mx) + (ny — mz) - + (lz — nx) By 


2 
QLAltiG,; v= 05a = 2 w= ee prove that 
as a 


0 Oz 
2 2y— 
F at Yay Zz 
22. If f(x? — y?, y? — z”) = 0, prove that 
Oz 02 
YyzZ — + 22 — = xy. 
ie: Ox oY 
ORY Ibi if (2: *) = 0, prove that 
ee Oz 0z 
27a ae 
24. Givenu? +0? +23 -—3y=0,u?4+07+y?+22r7=0, find ($*) 
Uy 


25. Given at A anata tee 
dy 


26. Show that F(x, y, z) = 0, G(x, y, 2) = 0 define x and y as functions 
of z, and prove that 


dx: dy: dz= F,G, — FG,: FG, — F,G,: FG, — F,Gz. 


27.If c=¢d(u, v), y=VW(u, 0), 2=x(u, v), show that in general 
2=f(x, y) and prove that 


Ge alee 
dx 
28. Given «=r cosh 0, y=r sinh 9, find eS =) te) in terms of r, 


of of 


9 58 
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29. Given 2 = (*—# 2), show that 2 = +9 = 0. 
y 0 oy 
so. Ite=s(> + ty i), show that 2 <2 ig alle a 
Ox oy 


31. Givenz+tytutv=a,et+y?t+u?+v?=d?, find ($) 
Usy 


32. Given x? + y? + u? — v? = 0, zy + uv = 0, find (=). 
Ly 


33. Given f(x + y —z, x? — y? + 2”) = 0, find (2). 


y 
34. Given u = $1(2, y, 2), 0 = h2(a, y, 2), W = $3(2, y, z), and assum- 


ing (22 ) # 0, show that : (& v, “) 


2 L,Y, z 
das 23) 
Y, @ 
35. If Z=ax+ yp(a) + F(a), 0O=%+ yd'(a) + F’(a), prove that 


22 02 =( 02 y 
Ox? Oy? \dx by ; 


no matter what the functions ¢(a@) and F(a) are. 


Ly — d(@)/ y — $(&) Oz Oz 


SO Drove Chaves NO 
(a) (a) (a) bey Ox Oy oes 


matter what the function ¢(q) is. 


36. If z= 


37. Given z= a+ y¢(z) and u= ¢(z) and taking x, y as the inde- 
wee variables, show that 


Cu : ee 2), on"u 22] ‘ aa 
- “= $2), SS alo ao ei [b(2)] 
38. Show that a necessary condition for a maximum or a minimum 
value of f(x, y), where x and y are independent variables, is that ue = (0). 
of se 


a = (0. Generalize for any number of variables. 
y 

39. Show that the values of x, y which give f(x, y) a maximum or a 
minimum value, if such exists when x, y are connected by the relation 
(x, y) =0, may be found by considering the function f(x, y) + A(x, Y) 
as in Ex. 38 and determining )\ so as to satisfy the condition $(x, y) = 0. 


40. Show that the maximum and minimum values of u = 2? + y?, 
where ax? + 2 hxy + by? = 1, are 
(a+ b)+Via—b)? + 4h? 
2 (ab — h?) 


CHAPTER V 


APPLICATIONS TO GEOMETRY 


45. Element of arc. From a fixed origin O three axes OX, OY, OZ 
are drawn mutually at right angles determining three mutually 
perpendicular planes. The codrdinates (x, y, z) of a point P are 
the three perpendicular distances from these planes to P, a 
distance being positive if measured in 
the direction of the corresponding axis 
and negative if measured in the oppo- 
site direction. 

From P (Fig. 31) let lines of infini- 
tesimal lengths dx, dy, dz be drawn 
parallel to the axes, thus determining 
a point Q with codrdinates 

(x + dx, y + dy, z+ dz). 
Let ds be the length of the infini- 
tesimal line PQ. Then we have 


ds? =.dx" + dy? + dz7, (1) 

as is readily seen. This defines the element of are. 
The direction of PQ is determined by the angles it makes with 
dx, dy, dz respectively. Let these angles be a, 6, y respectively. 


It is apparent from the figure that R 
dx dy 2 
COS Cae cos B= COBY = 7m (2) 5 


These are the direction cosines of PQ. From 
(2) and (1) it follows that 
cos” a + cos”? 8B + cos? y = 1. (3) [? 

It is obvious that a direction is completely 
fixed by the ratios dz : dy : dz. E eieecs 

Let two directions PQ and PR (Fig.32) be determined by 
dx :dy:dz and 6x: dy: 6z respectively, and let @ be the angle 
bet them. 
between them. Then dx bx, dy by, dz 82 


= ae Be oe 
—s ds ds ds és ds 6s @) 
106 
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This follows from the formula of trigonometry, 
RQ° = PQ” + PR® —2 PQ- PR cos 6, 
where 
PQ” = ds? = dx? + dy? + dz, PR” = 6s? = 64? + by? + 522, 
RQ” = (de — 5x)? + (dy — by)? + (dz — 62)?. 


From (4) it follows that the necessary and sufficient condition 
that two directions dx: dy:dz and 6x: dy:6z should be orthogo- 


nal is dx dx + dy dy + dz dz = 0. (5) 
Let the point P so vary as to describe a curve defined by the 
equations t=O; “Y=fst), z= fs), (6) 


where ¢ is an independent variable and the functions are con- 
tinuous and differentiable. Let P(x, y, z) (Fig. 33) be a point 
corresponding to a certain value of t, and T 

Q the point obtained by giving to ¢ an 
increment At= dt. The codrdinates of Q 
are then («+ Az, y+ Ay, z+ Az). 

Draw the chord PQ. The direction of 
this chord is determined by the ratios 
Az: Ay: Az. Let At— 0; then the 
ratios Ax: Ay: Az approach the limiting p 
ratios dx:dy:dz. The straight line PT “ 
with this direction is the tangent to the 
curve at P by definition, since it is the FIG. 33 
limit line approached by a secant through 
two points on the curve as the two points approach coincidence. 

The point (x + dz, y+ dy, z+ dz) is then a point on the tan- 
gent line; but, except for infinitesimals of higher order than 
dx, dy, and dz, its codrdinates agree with those of Q@. The expres- 
sion (1) then rigorously defines the length of an infinitesimal 
tangent. However, the length of the curve is to be taken as 


s= [Varta tae (7) 


This agrees with the definition of the length of a curve as the 
limit of the sum of the lengths of chords, since Vdx2 + dy? + dz? 
differs from VAx? + Ay? + Az?, the length of a chord, by infini- 
tesimals of higher order, and therefore, by § 18, the integral (7) 
is the length of the curve. 
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We may therefore apply our formulas (1), (2), (3), (4) to curves 
and, in Fig. 31, regard PQ either as an infinitesimal arc or as a 
tangent line or as a chord. 

46. Straight line. Let the point P in Fig. 31, § 45, traverse a 
straight line. It is evident that the angles a, 8, y are constant. 
We have then as differential equations for a straight line 


dx dy dz 
— = = = Il; 1 
ds i, gen dae ) 


where lJ, m, and n are three constants (the direction cosines of the 
line) satisfying the condition 


P+ m+n? =1. (2) 
In‘egrating (1) we have, as equations of a straight line, 
x=Is+ x, y= ms + Yo, Z= ns + 2%. (3) 


Here xo, Yo, 20 are constants of integration and are obviously 
the codrdinates of the point from which s is measured, which may 
be any point of the line. 

From (8) we obtain 

t—% Y—Yo %— % 

Se (4) 
as equations of a line not containing s, but where J, m, » are 
bound by conditions (2). We may, however, replace 1, m, n by 
any three numbers A, B, C such that 

Rt SAB - CG: (5) 

Then (4) becomes 


7 Ss Se (6) 


and A, B, C are subject to no conditions. 


Conversely, if (6) is given we may obtain 1:m:n from (5). 
Then, by (2), 


A B C 
VAEPPR +O | VAR” 6 VAP EO 
From (6) and (5) also 
dx:dy:dz=A:B:C=I:m:n. (8) 
That is, the direction of a straight line may be fixed by the ratios 


of any three numbers A:B:C. The direction cosines of the line 
are then found by (7). 


pate) 
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From (8) of this section and (5), § 45, it follows that the neces- 
sary and sufficient condition that two lines with directions 
A;: Bi: C; and Ag: Be: C2 should be perpendicular is 


A;A2+ Bi B2+ CiCe= 0. (9) 
47. Surfaces. Consider the equation 
F(x, y, 2) = 0. (1) 


By § 40 this defines one of the variables as a function of the other 
two. The geometric locus of (1) is therefore a two-dimensional 
extent which by definition is a surface, whether the equation is sat- 
isfied by real or by imaginary values of the variables. For example, 
the equation etyteti=0 


is said to define a surface, though no point is real. 

If one of the variables is absent from (1) so that, for example, 
it becomes F(a, y) = 0, (2) 
it still defines a two-dimensional extent, since y is a function of 
x, whereas z may vary at pleasure. In fact, if z is placed equal to 
zero, (2) defines a curve in the XOY plane; but as z varies, 
that curve is moved parallel to OZ, and the complete locus of (2) 
is a cylinder. 

Finally, if only one of the variables is present in (1) so that, 
for example, it becomes F(x) =0, (3) 


it still defines a two-dimensional extent, since y and z may vary 
at pleasure. In fact, (8) defines certain values of x, and the com- 
plete locus of (3) consists of all those points for which x has one 
or another of these values. Evidently these points lie on planes 
parallel to ZOY. 

Hence equation (1) always represents a surface. On the sur- 
face (1) draw any curve with equations 


t=fit), y=fo), 2=fall). (4) 


These values of x, y, z placed in (1) must reduce it to identity 


in t. Hence rh 0, and therefore 
ner OF OF 
— az +— — dz=0, 5 
A? fae pees (5) 


where dx: dy:dz are subject only to the condition of being the 
direction of some curve on the surface. Otherwise expressed, 
dx: dy: dz is any direction on the surface. 
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OLA OE 
Consider any point P on the surface. At that point Be oF and 


ot have definite values and may be used to fix the direction of a 


a 
line PN (Fig. 34). That is, we may construct N 


F OF OF 
from P directions 6x : dy: dz = LE HES SE 


Ox Oy Oz 
Then, from (5), §45, the line PN is orthogo- 
nal to all directions on the surface. This 
line is called the normal to the surface, and 
we repeat explicitly that the direction of the 
5 OE! GIP Ose : 
normal to a surface is eae Fig. 34 
Ox Oy Oz 
48. Planes. It is obvious that the necessary and sufficient con- 
dition that a surface should be a plane, or a set of parallel planes, 
is that the normals at all points,should be parallel. In that case 
we have 
= OF OF OF 
—=)A, —=AB, —=NX, 1 
Ox oy Oz O) 
where A, B, C are constants and 4 an unknown factor. 
The simplest solution of (1) is 


F=Axz+ By + Cz. 
To obtain the general solution we substitute 
u=Ax-+ By+ Cz. 


Then CRD) F(s, Ys et) 
OF OF oz A 
whence —+——=)A (- “)= 
Pn ee ae C 0, 
OF | OF oz B 
— +— — =AB+2C{ — *)= 
oy v Oz Oy = o( e 
so that the surface satisfying (1) has the equation 
Pa) =0, 
which solves into one or more equations u = constant or 
Ax + By+Cz+D=0. (2) 


This is a surface whose normals are parallel, and since it is in- 
tersected in only one point by any straight line not lying entirely 
on it, it is a plane. 
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Conversely, if (2) is given with any value of the coefficients, 
(1) follows. Hence 


The necessary and sufficient condition that a surface should be a 
plane is that its equation should be of the form 
Ax+ By+Cz+D=0. 
Then A: B:C fix the direction of any normal to the plane. 


If (241, yi, 21) are the codrdinates of a point on a plane, they will 

satisfy (2). Subtracting the resulting equation from (2), we have 

A(x — am) + BY — m1) + Cz—a)=0 (3) 

as the equation of a plane through a fixed point perpendicular to 
a fixed direction or to a fixed straight line. 

By (6), § 46, the equations of the normal to (2) through the 

point (#1, yi, 21) are 
AG Abs (1) hl (i fe3\ 

=~ *=-*. (4) 

Applying this to the surface (1), § 47, we define the tangent 

plane to the surface at a point as the plane perpendicular to the 

normal to the surface at the point. Its equation is, therefore, by (8), 


(F) @- n) +(S ee wt(F =) @— a) =0; (5) 


and the equations of the normal are 
L—-%1 YY 4— 74 (6) 


(se), Ga). Ge) 


OF 
where (=) ete. represent the value of — etc. when x=%1, 
Ox. 1 Ox 


I 


Y=Y1, = %. 
A plane is determined by three points not in the same straight 
line. Let (21, y1, 21), (2, Y2, 22), and (x3, ys, %3) be three such 


points. 
Since the plane passes through (21, y1, 21), its equation must be 
of the form 4 (7 — a:) + By— 41) + C@- 1) =0. (7) 


But the points (xe, y2, 22) and (x3, yz, #3) must also lie on the 
plane. Hence A, B, C in (7) must satisfy the equations 
A(x2 = 21) + Biy2 sme Yi) = C(é2 a 21) = 0, (8) 
A(x3 — 41) + B(y3 — yi) + C(@s — %1) = 9. 
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If the ratios A: B:C are found from (8) and substituted in (7), 
the result is the equation of a plane through three points. In 
determinant notation the result is 

Y—-M YY 2-42 
Voy AB Wey Gil Ss =10; (9) 
Wao UR Yi RAG 


49. Behavior of a surface near a point. If the equation (1) of § 47 
contains z, it may be put in the form 
and obviously any surface may be so expressed by proper choice 
of the z-axis. For convenience we shall use the common notation 
eT ee by =i? si Oy ——~—«” 
The direction of the normal to (1) is, by § 47, p:q:—1. The 
equation of the tangent plane at (a, b, c) is 
z—c=p(e—a)+qy—9), (3) 


and the equations of the normal line are 


COS ey 0 eee 


(4) 


p 7 eee 
where in (3) and (4) » and q are to be computed for the point 
(a, b, ¢). 

We expand the function f(x, y) in the neighborhood of 7 = a, 
y = b by Taylor’s theorem and have, since c = f(a, b), 


z=c+p(e—a)+q(y—b)+4[r@—a)? 
+2s(x—a)(y—b)+t(y—b)*]+R. (5) 


The right-hand member gives the distance from the plane XOY 
to the surface; call it z2. On the other hand, the value of z in 
(3) gives the distance from XOY to the tangent plane; call it z. 
Then 22 — 2% is the distance between the surface and its tangent 
plane, and 


Za — 2 = $[r(x—a)? +2 s(e@—a)(y—b) +t(y—b)2]+ R. (6) 
We shall study the sign of the expression (6); for if it is always 
of the same sign, the surface is on the same side of the tangent 


plane, and if its sign changes, the surface is sometimes on one 
side of the plane and sometimes on the other side. 
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On the XOY plane draw a circle (Fig. 35) with M(a, 6) as a 
center. Take P any point inside the circle. Let p be the distance 
MP and let @ be the angle made by MP 
with MX’ parallel to OX. Then 


op 
Teg A pas a 
y—b=psin 0. (a,6) 
In fact, (p, 0) are polar codrdinates 
with the origin M. Substituting in (6), 
we have Fig. 35 


3 
za — 21 = 4% p’[r cos?0+2scosésinO+t sin?@] +R’, (7) 


since R is cubic in x — a and y — b. 
The coefficient of p? is zero when 6 satisfies the equation 


rcos?6+2scos @sin 6+¢tsin?6=0; (8) 
= N\/e2 — 
that is, when tan 6 = ee eae e (9) 


t 


CasE I. rt —s? > 0. The values of tan 6 in (9) are imaginary. 
Therefore (8) has no real roots, and the coefficient of p” in (7) 
has always the same sign; namely, the sign of r or of ¢ (r and 1 
have the same sign, since ri > s*). It follows that within the 
circle we have drawn there is some finite quantity m such that 


|r cos?6 + 2s sin 6 cos6+¢tsin?6| > m. 


Within the same circle, R’, in formula (7), must be finite from 
the nature of the remainder R. Hence there is a number M such 


that |R'|< M. 
38m 
If we now take p so that p < S15 we have 
3|r cos?@ + 2s sin 0 cos 6+ ¢sin?6| 
DO a ear ast n> 5 ee ae 
| R’| 
3 2 

that is, bees = £ |r cos*é + 28 sin 8 cos 6 + t sin?6], 


and therefore the sign of z2 — 21 in (7) is the same as the sign of 
its first term. Hence 


If rt —s? > 0, the surface lies entirely on one side of tts tangent 
plane and lies above it if r and t are positive and below it if r and t 
are negative. 
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The word “‘above” in the foregoing theorem means in the 


positive direction of OZ. 
Suppose, now, that the origin is transformed to the point 


(a, b, c) and the tangent plane is taken at the plane XOY. The 
equation of the surface is then 
z= 4(rx? +2 sry + ty’) + R, 

where R involves terms of the third and higher degrees in x and y. 
Suppose the surface is cut by a plane z= e. The section is the 
EUS rx? + 2 sey + ty? =2 6, (10) 
neglecting the terms in R. Since rt — s” > 0, the curve (10) is an 
ellipse. Hence 

When rt —s? > 0, the section made by a plane parallel to the 
tangent plane is approximately an ellipse. 


For this reason the point is called an 


elliptic point (Fig. 86). The ellipse 
re? 1 Ose tye eu 
similar to (10), is called the ¢ndicatriz. ons 
CasE II. rt—s? <0. The values of 
6 in (9) are real. Call them a, and az. 
Then the coefficient of p? in (7) is 
3 1r(cos 6 — cot a sin #)(cos 6 — cot az sin 6). (11) 
The real lines 6= a; and 96= ay (Fig. 87) divide the plane 
into four portions within which the expression (11) is alternately 
plus and minus. y 
Consider a point P with codrdinates pe p= 
(p, 0). Then, from (7), x 


Z 


Fic. 36 


3 
Z2—-m=4% p’At _ Ri, (2) 
where 
A=rcos’6,+ 2s cos 6, sin 6; +¢ sin? 4. Fic. 37 
As p — 0 the sign of the first term of (12) determines the sign of 


the z2— 2. But the sign of A depends upon the section of the 
plane in which P lies. Hence 


If ri—s? < 0, the surface lies partly on one side of the tangent 
plane and partly on the other side (Fig. 38). 


SSS eee 


wee 


aedieieskes tested 
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Let the origin be transformed to the point (a, 6, c), and the 
tangent plane be taken as the plane of XOY. Then the equation 


of the surface is Z 
z= 4(rx? + 2 sxy + ty”) + R. D 7) 
= Tf 
The section by z= € is approximately 
rz? + 2 sry + ty? =2.€, Fic. 38 


which is a hyperbola, since rt — s* < 0. Hence 


If rt —s” < 0, the section made by a plane parallel to the tangent 
plane is approximately a hyperbola. 

The point is therefore a hyperbolic point. The curve 

rx? + 2 sxy + ty? =1 
is the indicatrix. 

Cask III. rt —s?=0. The coefficient of p? in (7) is a perfect 
square, and the roots of (8) are equal. Neither of the arguments 
made in I and II is valid. The case is ambiguous, and the surface 
may be either on one side of the tangent plane or on the other. 
Examples will show this. 

Take first Z= 2". 


Here the origin is the point (a, b, c). The tangent plane is 
z= (0, and r=2, s=0, t=0. Since z is always positive, the 
surface lies on one side of the tangent plane. 

Take, secondly, te 

Here r=s=t=0. Since z is positive or negative according as 
x is positive or negative, the surface lies on both sides of the tan- 
gent plane. 

Finally, consider z=2?—82y?+2y'. 


If we follow the procedure used in Case II and place 


==) CORIO. 
‘ =p osin0, 
wehave z=p7(cos?0—3 pcos @sin?@-+ 2 p’sin*6). (18) 


For any given value of @ the value of p may be taken so small 
that the magnitude of the first term exceeds numerically the value 
of the second term. In fact, we have only to take 

1 1| cosé 


Es 2| sin? 6 


cos 0 


8 sin? 0 
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Consequently for any value of 6 the value of z in (18) is posi- 
tive for sufficiently small values of p. This may easily be mistaken 
for a proof that the surface is always above the xy-plane in the 
neighborhood of the origin. That this is not so may be seen 


by writing the equation of the surface y 
in the form “a 
+ 
z= (r—2y")\@—y’) - 
+ 

and drawing the curves (Fig. 39) O = x 

x—-2y?=0 and xr—y’=0. ea or 

Then it is easily seen that fur points Fic. 39 


in the regions marked + in the figure 
zis positive and for points marked — in the figure z is negative. 
On the other hand, any straight line through O crosses a + region 
before reaching the origin. 

If rt — s? = 0, the section of the surface made by a plane parallel 
to the tangent plane consists approximately of two parallel lines. 

These being a special case of a parabola, the point is called a 
parabolic point. 

50. Maxima and minima. The function f(x, y) has a maximum 
value for x =a, y= b if 


Saath, b+k) < f(a, 6) (1) 

for all values of h and k sufficiently small. Similarly, f(x, y) has a 
minimum value for =a, y= 6 if 

Fath, b+k)> fa, ) (2) 

for all values of h and k sufficiently small. If we represent the 
function graphically by the surface 

sees y) (3) 

we may at once apply the results of the previous section. In the 

first place it is evident that if z has a maximum or a minimum 


value c when x = a, y=), the tangent plane of the surface must 
be parallel to the XOY plane. Hence it is necessary that 


0, —=0. (4) 


Further, it appears that if the point (a, 6, c) is an elliptic point, 
z has a maximum or a minimum value according as the surface is 
below or above its tangent plane; if (a, , c) isa hyperbolic point, 


MAXIMA AND MINIMA ; iby 


z has neither a maximum nor a minimum value. If (a, 6, c)isa 
parabolic point, the question is doubtful. We may accordingly 
make the following statement : 


In order that f(x, y) should have a maximum or a minimum value 
for x =a, y = b, it is necessary that for these values 


9, H 


an a =i) 
; peels haan Os EN 
If, in addition, a aa — a > 0, f(x, y) has a maximum 
C2 02 2 
value when and bi <0 and a minimum value when ua 
arf Ee oy Ox 
and Oy? 0) 

Cleon o*f ‘ . F 

If oe oy? (~ a <0, then f(x, y) has certainly neither a 


maximum nor a minimum. 


af of ef y , 
ihe ian Ce 0, the matter is doubtful. 
Suppose, now, that we have a function of any number of 
variables 


eS Y, @, °° =). 

The geometric interpretation is now inconvenient even with 
the assumption of a space of four or more dimensions. Moreover, 
the necessary and sufficient conditions for a maximum or a 
minimum value are complicated. It is easy, however, to give 
necessary conditions. For if f(x, y, z,---) is to be a maximum 
no matter how 2, y, z,--- vary, it must be a maximum when 
one alone of these quantities varies. But the necessary condition 
that a function of a single variable should have a maximum or 
a minimum value is that its derivative should be zero. This 
is a well-known theorem of the elementary calculus and has 
been essentially proved in this text in §5. Hence the neces- 
sary conditions that f(x, y, z,---) should have a maximum or a 
minimum value are 

Des Gin Cees (5) 
Ont” Cy Oz 
In applied problems it is usually sufficient to solve equations (5) 


and then determine from the nature of the problem whether the 
solution gives a maximum or a minimum value of f, or neither. 
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51. Curves. We have already noted that the equations 


x =a); 
y = falt), (1) 
z= fa(t), 


where ¢ is an arbitrary variable, define a one-dimensional extent 
of points (x, y, 2) which by definition form a curve. We shall 
assume that the functions involved in (1) are continuous and have 
derivatives. 

The direction of the curve and the direction of the tangent line 
at any point have been shown to be dz: dy:dz. Hence the equa- 
tions of the tangent line at (a, y, z) are 


a ml bisa eu, (2) 
da dy dz 

It is customary to speak of (x, y, z) and (x + dz, y + dy, z+ dz) 
as consecutive points on the curve. This is the language of infini- 
tesimals, since, strictly speaking, the point (x + dx, y + dy, z + dz) 
is on the tangent line and not on the curve. 

Associated with the curve at each point is a definite plane called 
the osculating plane. This we may conveniently obtain through 
the notion of three consecutive points on a curve. Let (x, yi, 21) 
be a point of the curve corresponding to t = h, and let (a, y, z) be 
a point corresponding tot =t4-+h. Then, by Taylor’s series, 


2 
x= a, thfi'(t) + = f"(h) {raat (3) 


{n (8) take h=dt. Then if we regard only infinitesimals of 
the first order, we have, from (3), 
Ue ae, 
and if we consider infinitesimals of the second order, we have 
e=%+dr+4 d?x. 

Treating y and z in the same way, we have three points, pom 
Pa, "1, a), Q(x + da, oH +dy, ~+dz), Ria, +dxz+4 dx, 
yi + dy + 4 d’y, z + dz+ 4 dz), each of which lies on the SRS 
except ae infinitesimals of a certain order, and which we eall 


consecutive points of the curve. 
Any plane through P has the equation (§ 48) 


A(x — #1) + By 1) + C@— 1) = 0. (4) 
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If, in addition, it passes through Q and R, we have 
Adx+Bdy+Cdz=0, 
Ad@x+ Bd7y+Cdz=0. 
If A: B:C are found from (5) and substituted in (4), we have 
(dy d?z — d?y dz)(x — a1) + (dz d?x — d?z dx)(y — y1) 
+ (dx d’y — dx dy)(¢—%)=0, (6) 


(5) 


or, in determinant form, 


= 0, (7) 


as the equation of the osculating plane. 

The length of the curve s may be taken as the independent 
variable in the defining equations (1). For s is defined as a 
function of ¢ by the integral 


t 
s =) Vdx? + dy? + dz?, 
to 


and, conversely, ¢ is a function of s and may be replaced by s. 
When that is done we shall write 


wee ,__ dy eanOe 
tye Fork ame is ©) 
2 d*y dz 
"— ——, =>? = 2 
S eaceee ge as 2 
Then Co ee 
from which lal! + y’y” + 22’ = 0. 


At any point P (Fig. 40) we have three 
mutually perpendicular lines of importance. 
The first is the tangent line PT the direction 
cosines of which are 


Gt i= 50 SZ - (12) 
The second is the line PB normal to the oscu- 


lating plane. It is called the binormal to the 
curve. By (6), its direction cosines are given by 


isnins- ne eye Sy ee 8! 
: a’y!! Le aly! (13) 


G 
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If we form the identity 
(yz vw yz)? = (2/3 pas glee!) + (a'y"’ nae xy’)? 

— (a’? at yl”? + 2!) (a!’? as y!” + Bia) ae (a’ar!” yy"! +22")? 
and apply (10) and (11), we have, from (18), 

ya" — ye 
le SaaS 

Se ee! 

xy” — aly’ 


22 = aa 
\ [op ) 12 =f y!2 oe gi!2 


The third line is the line PN lying in the osculating plane and 
perpendicular to the tangent line. It is called the principal 
normal. If ls, m3, n3 are its direction cosines, then, since it is 
perpendicular to both PT and PB, we have 

Isx’ + msy’ + n32’ = 0, 
Is(y’2”" is ye) -E ms3(2/a"" we FAS aa n3(a'y”’ _— ap) = 0. 
If the solution of these equations is simplified by the aid of 
(10) and eur we have lg3:m3ing= 2": yl :2"'s (15) 
a" 

\ [yp!'2 + ee + ze 
yy" 

a att 

The lines PB and PN determine a plane, the normal plane. 
Any line through P in this plane is a normal to the curve. 


We have been handling curves as defined by equations of type 
(1). It is evident, however, that two equations of the form 


f(&, y, 2) = 0, 
F(a, Y; 2) —— 0, 


also define a curve as the locus of points the codrdinates of which 
satisfy both equations. This may be looked at in two ways: In 
the first place, each of the equations (17) taken alone defines a 
surface, and the points common to both surfaces lie on their curve 


(14) 


whence p= 
m3 = (16) 


n3 


(17) 
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of intersection; on the other hand, equations (17) are, by the 
theory of implicit functions, equivalent to the equations 


y= (x), 

z= (2), a 
or, what is the same thing, to the three equations 

Ae hs 

y= (0), (19) 

z= y(t), 


which are of type (1). Conversely, any equations of type (1) are 
equivalent to two equations of type (17). 

52. Curvature and torsion. As a point P moves along a curve 
the direction of the tangent line changes and the osculating plane 
changes its orientation. The change of direction gives rise to the 
idea of curvature, and the change in the osculating plane to the 
idea of torsion. 

To determine these we begin by deriving an expression for the 
angle between a line and another line very near it. Let l, m, n 
be the direction cosines of a straight line, so that 

P4m? +n? = 1, (1) 
and let 1+ Al, m+ Am, n+ An be the direction cosines of the 
line when slightly displaced, so that 

(1+ Al)? + (m+ Am)? + (n+ An)? =1; (2) 
whence, from (1), 
21AlL+2mAm+2nAn-4 (Al)? + (Am)? + (An)? =0. (8) 
By (4), § 45, if A@ is the angle between these two lines, 
cos A@ = 1? + 1Al+ m?+mAm-+n? +n An 
= 1—4{(Al)? + (Am)? + (An)?}. (4) 

But cos Ad = 1—4(A6)’, except for infinitesimals of higher 

order, and hence, except for infinitesimals of higher order, 
(A6)? = (Al)? + (Am)? + (An)?. 

Hence if 1, m, m are functions of an independent variable ¢ and 

we divide by At and pass to the limit, we have 


dp? (dl\?_, /dm\? (any 
=) =(5) +(q) eae 


, in differential form, 
a; do? = dl? + dm? + dn’. (5) 
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The curvature of a curve may be defined as the rate of change 
of the direction of a curve with respect to its length. More pre- 
cisely, if A@ is the angle between two tangents at points differing 
by As, then A6 dé 


curvature = Lim aur (6) 
This may be computed from (5) by the aid of (12), § 51, and 
we have curvature = V2'’2 + y!”? + 2”, 
The radius of curvature p is the reciprocal of the curvature ; 
whence 1 
a rere (7) 
Using this result in (14) and (16), § 51, we have 
b= lief? plied = li VE  fMhzeh 
2= ply’2” —y"2’), m2= px" —2"x'), (8) 


ma = p(t'y’ — £"'y'), 
and is== pt Me pl, ia pe 4 (9) 
and from (12), § 51, and (9), just found, 


lL,’ == ai mM’ 2S Sf) ny’ —— a (10) 


The torsion may be defined roughly as the rate of change of the 
position of the osculating plane with respect to the length of the 
curve. More precisely, if A@ is the angle between two binormals, 
at points differing by As, then 


: Aé dé 
iH i= ILA) —— 
orsion im 7, AP 
The radius of torsion 7 is defined as the reciprocal of the torsion, 
so that, by (5), a 
1_ q (ae ee eae (11) 
T ds ds ds 


The direct calculation of this expression is tedious. We shall 
proceed indirectly as follows: The direction cosines of tangent, 
binormal, and principal normal satisfy the six equations 


L?+m?+m?=1, (12) 
lo? + mo” + no” = 1, (13) 
l3? + m3? + ns” = 1, (14) 
lle + mime + nin2 = 0, (15) 
Iol3 + M2m3 + nen3 = 0, (16) 


Ish + mgmi + n3n = 0, (17) 
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each of the first three being the fundamental relation for direction 
cosines, and each of the last three the condition for perpendicularity. 
Take (18) and (15) and differentiate with respect to s. We have 
le'lg + m2'm2 + Ne’n2 = 0, (18) 
lo’ly + mem, + ne'n = 0, (19) 
where equation (19) has been simplified by the aid of (10) and (16). 
From (18) and (19) we have 

lo’ 5 Mo’ 5 No’ = M2N1 — MN2 : Nol, = Mle 5 lom, = my. (20) 

But from (16) and (17) we also get 
lz: Ms 23 = M2M1 — MN2 : Nel, — Mle :lemy —lyme2. (21) 


Hence Io’ : Me! 5 No! = ls 5 MOBS SC (22) 
and therefore, by (11), 
ls = Ty’, m3 = TM2', n3 = TN2’. (23) 


Take now equations (8) and differentiate with respect to s, 
paying attention to (23). We have 


l 
<= p'(y’2” oa y"'2') a ply’2'”" —_ y''2') 
fasts - 1B ou ply’z'” 89 yz), 


M3 f 
ee p_ mo a p(z’a!”’ Tak Ge aye 
ua Nee 


/ 
n3 = p_ Ne a (CES —_ pel aTEy, 
jo ams 


Multiply these equations in order by /3, m3, n3, respectively, 
add, and reduce by (14), (16), and (9). We have 
iL Trl tt WWlppl 
= Pika bee (ie as yz) ab y''(2 gl! — 2!'y ) 
T + Paek oa iAl ee gy’) ] 


x! y' / 
=—p" gt!’ y"’ gl! ; (24) 
] ot! yl"! git! | 


We have come out apparently with a negative sign, but as the 
sign of the determinant is not given, the sign of the torsion is not 
apparent from (24). Asa matter of fact, it is possible so to deter- 
mine the positive directions of the three principal lines that the 

_sign of the torsion determines whether the osculating plane has a 
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right-hand turning or a left-hand turning as it progresses along 
the curve, but this is a matter of detail into which we shall not go. 
58. Curvilinear coérdinates. The three equations 


x = fi(u, v), 
y = feu, »), (1) 
z= fa(u, 0), 


where u and v are independent variables, in general define a surface. 

; seas Nees ret oh 
For unless all three of the Jacobians J ( 4), J (24), and J (22) 
vanish, two of the equations may be solved for wu and », and the 
result substituted in the remaining equation. There results an 
equation of the form F(x, y, 2) =0. (2) 


A particular form of equations (1) is 
Le, 
b=); (3) 
z= flu, 2), 


which is obviously equivalent to 


z= f(x, y), (4) 

already discussed. 
If in (1) we place v = c, we have a curve lying on the surface, 
since u is now the only variable. Similarly, «= constant gives a 


Fiac. 42 


curve lying on the surface. The surface is then covered by two fami- 
lies of curves. To each point P (Fig. 41) correspond two values 
of w and 2, and (u, v) are curvilinear codrdinates on the surface. 

Consider, for example, a sphere with center at O and radius a 
(Fig. 42). Let the axis of z intersect the sphere at N and let P be 
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any point of the sphere. From P draw the line PS perpendicular 
to ON, the line PM perpendicular to the plane XOY, and the 
line OP =a. Let (r, 6) be the polar codrdinates of M on the 
plane XOY; that is, r=OM and 6= XOM. Let the angle 
POS be called @. 


Then OM = asin ¢, 

x = OM cos 6=a cos 6 sin ¢, 
y = OM sin 0= asin @ sin @, 
z=acos ¢d. 

The angles (0, ¢) are then curvilinear codrdinates on the 
sphere. The curves @= constant are great circles through N, 
meridians. The lines @ = constant are small circles parallel to 
XOY, circles of latitude. In fact, 6 and ¢ are precisely analo- 
gous to the longitude and co-latitude of points on the earth’s 
surface. 

If in the equation for the element of arc in space, 

ds? = dx? + dy? + dz’, 
we substitute the values of dx, dy, dz taken from (1), we find, as 
the element of are on the surface, 


ds? = E du? + 2 F du dv + G dv’, (5) 


ox\? (oy? (2) 
where jokes (=) ar (=) ae Du)? 


ou Ou , Ou Ou , on On 


~ Bu ov | Ou dv | Oudv 
ox\? (oy? (2) 
o=(F)+(B)+ Ov) 

If du: dv and 6u:6v are two directions on the surface corre- 
sponding to dx: dy:dz and 6x: dy: 6z, respectively, in space, and 
6 is the angle between these directions, then, by (4), § 45, 

__ da du + dy by + dz 62 
“s ds 6s 


E du 6u + F(du 6v + dv 6u) + G dv ov 
~ VB du2+2 F du dv +G dv? VE bu? +2 F du du+G bv? 


os 0 


(6) 
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In particular, let w be the angle between the codrdinate curves 
«= c (for which du = 0) and »=e (for which 6y=0). Then (6) 
hes F 6u dv F 

(COMO) =. SS = Ss (7) 
VG dv2 VE 6u2, VEG 


wh ( in = SSS = 8 
enc sin w Sine (8) 


From (7) it follows that the necessary and sufficient condition that 
the coordinate system be orthogonal 1s that 
VE 

Consider the infinitesimal figure PQRS 
(Fig. 48) bounded by four coérdinate lines. 
By (5), 

PQ=VEdu, PS=VG do. 


Treating this figure as equivalent to a parallelogram, except for 
infinitesimals of higher order than du or dv, we have 


Area PQRS = PQ: PS - sin w = VEG — F? du dv. 


This we call the element of area dS and write 


dS = VEG — F? du do. (9) 
A special case of (1) is obtained when we have 
Ch On 
y = fou, »), (10) 
CAs 


where uw and v are curvilinear codrdinates in the plane. All results 


hold. In particular, if we place u = 7, v = 6, and write 
LaF COSI) 
sine Gg, 
we have the usual polar coérdinates, and (5) becomes 
ds? = dr? + r? dé? 
and (9) becomes dS =r dr dé. 


Let cos a, cos 8, cos y be the direction cosines of the normal 
to (1) at a point (w, v). Then, since the normal is perpendicular 


Se 


DERE 
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both to the curve u = constant and to the curve » 
= constant, 
have, by (5), § 45, eee 


Ox oy Oz 
Cosa “1-7 COS T= cosy = 0, 


Ou 
Ox oy Oz 
Ap Cosa T 7 cos B+ = cos y= 0; 
whence cosa@:cos $:cos y= 1(@*):9(24):9(2), 
U, Vv U, v U,V 


The student may verify by direct expansion that 


PG PA)” 


; > 1 Y, 2 
Hence we have cosa= Caags a) a *) 
ut 22 
ETT (2 ) ee 
cos Y = eerie J (24 
VEG — F? ,v 
Again, let us place x = fi(u, v, w), 
y = f2(u, », w), (12) 
z=fs(u, v, w), 
where u, v, and w are independent variables and where 
i (22=) +0. (13) 
U,V, W 
Then equations (12) can be solved for 
Uu= ilZ, Y, 2), 
N= Dot, Y, 2)5 (14) 
w= d3@, ¥, 2). 


Then we have three families of surfaces u = C1, 0 = C2, W = C3, 
the intersection of which determines a point with Cartesian codr- 
dinates (x, y, z) or curvilinear codrdinates (u, v, w). The planes 
r= C1, Y= C2, 2= Cz, constructed for varying values of ¢1, ¢2, ¢s, 
divide space into rectangular parallelepipeds. In the same man- 
ner, except for exceptional points, the space is divided into Six- 
faced cells by the surfaces u =i, 0 = C2,w = cz constructed for 
varying values of ¢1, C2, C3. 
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The element of are in curvilinear codrdinates may be found 
by obtaining dx, dy, dz from (12) and substituting in 
ds? = dx? + dy? + dz’, (15) 
but we have no need of writing out the general form which results. 
To find the element of volume we begin by drawing from 


P(x, y, 2) (Fig. 44) three straight lines to Q(~ + dz, y + dy, z+ az), 
Riat+ oz, y+ oy, 2+6z), and S(x+Az, y+ Ay, z+ Az) and 


constructing on these as edges a parallele- 
piped. Then, if @ is the angle between PQ 
and PR, the area of PRQ is PQ- PR sin 6; | 


and if @ is the angle between PS and the ‘ 
normal to the plane PRQ, the length of the 
perpendicular from S to the plane PRQ is Wy 
PS cos @. Hence the volume of the paral- 
lelepiped is Q 
PQ: PR-PSsin 6 cos ¢. P Fic, 44 

The value of this may be worked out by the formulas of § 45 
and found to be 

+ (dy 6z — dy dz)Ax + (dz dx — 6z dx) Ay + (dx by — 6a dy) Az, 


or, in determinant form, 


de dy dz 
“EOL OY 021, (16) 
Bey “Aye ke 


where the double sign is to be so chosen as to make the expres- 
sion positive. In this formula the lengths of the sides may be 
as large as we please, and the formula is exact. Let us now, in 
place of the straight-line figure, place a six-sided figure bounded 
by surfaces of our curvilinear-coérdinate system, formed by tak- 
ing four points P(u, v, w), Q(u+du, v, w), R(u, v+ dv, w), and 
S(u, v, w+ dw) and passing codrdinate surfaces through these. 
Then, for the point Q, 


ox oy 0z 
ic — ype el aCe 
x om du, dy om dus nae oo du; 
Ox oy Oz 
f Ife 6 , SS d 5 = = — 
or fy Dy oe oy Ap dv, 62 An dv; 


Anders.) ci a dw, Ay= oy dw 
Ww L 
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and we take the definition of the element of volume to be that 
obtained from (16) by substituting these values. We have 


ax Oy be 
Ou Ou ou 
Ox Oy Oz 

aV=+/— — — 

Vet Ea oe a, du dv dw (17) 
Ge Oy Oz 
Ow ow dw 


L,Y, @ 


=+ (She) ay dv dw. 


? 2. 


This definition seems to be based on the assumption that the 
volume of the curved figure differs from that of the straight- 
line figure by an infinitesimal of higher order than the one 
taken. Its real justification lies in the fact that it is possible 
to prove with perfect rigor that the volume of a finite solid com- 
puted by it is a number independent of the codrdinate system 
used, where it is to be noted that 


dV = dz dy dz (18) 


is a special case of (17) obtained by placing u= 27, v=y, w =z. 
Two systems of curvilinear codrdinates are in common use. 


The first are the cylindrical codrdinates Z 
(r, 6, z) (Fig. 45), where 

p= COS} 

y=rsin 6, (19) 

v=o 


These are equivalent to taking polar 
coordinates on the plane XOY and leav- 
ing the z codrdinate unchanged. The 
coordinate surfaces are r=c, concentric Fie, 45 
cylinders with OZ as axis; 6=c, planes 
through OZ; and z=c, planes perpendicular to OZ. In cylin- 
drical codrdinates we have 


ds? = dr? + r? d6? + dz? (20) 
and dV =r dé dr dz. (21) 
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The second set of curvilinear codrdinates in common use are 
polar, or spherical, codrdinates (r, 6, %) (Fig. 46), by which 
x=rsin ¢ cos 8, 
y=rsin ¢ sin 0, (22) 
=7 COS. 

The coordinate surfaces are r= C, 
spheres with center at O; 6=c, planes 
through OZ; and $= c, circular cones 
with OZ as an axis. In polar codrdinates 
we have 

ds® = dr? +r? sin?¢ d@? +r? dd? (23) 
and dV=r*sin ¢drdéd¢. (24) 


EXERCISES 


1. If Ay: By: C, and Az: Bz: Ce fix the directions of two straight 
lines and A3: Bz: Cs fix the direction of a line perpendicular to them, 
prove ae 

A3: + C3 = BiCe — BoC, : Cy Ag — C2A1 : AyBeo — Az2By. 

2. Find ae direction of the curve x= e', y=e~, z= V2 at the 
point for which ¢ = 0. 

3. Show that the curve «=a cost, y=a sin t, z= kt makes a con- 
stant angle with the direction parallel to OZ. 

4. Show that the locus of points whose coérdinates satisfy simul- 
taneously the equations f(z, y, z) = 0, g(x, y, 2) = 0, has in general a 
definite direction at each point of space, and determine the direction. 

5. Find the tangent plane to the paraboloid z= ax? + by? at the 
point (1, Yi, 21). 

6. Find the tangent plane to the ellipsoid = — rece ; s+! —=1 at the 
point (1, Yi, 21). f 

te ious ieee the plane lx + my + nz = p is tangent to the ellipsoid 
e+e . 5+ slip = Val + Din? + on, 

8. Prove that the plane lx + my + nz=pis tangent to the para- 
bl? + am? 

4 abn 

9. Find the cosine of the angle between the normal to an ellipsoid and 
the straight line drawn from the center to the point of contact, and prove 


boloid ax? + by? =z if p= — 


that it is equal to = where p is the distance of the tangent plane from 


the center and r is the distance of the point of contact from the center. 
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10. Find the angle between the line drawn from the origin to the 


point (a, a, a) of the surface xyz = a® and the normal of the surface at 
the point. 


11. Find the angle of intersection of the spheres x? + y? + 22 = a? 
and (x — 6)? + y?7 + 22 =c?. 

12. Derive the condition that two surfaces f(z, y, z)=0 and 
o(x, y, 2) =0 intersect at right angles. 


13. Find the point in the plane ax + by + cz + d = 0 which is nearest 
the origin. 


14. Find the points on the surface xyz = a*® which are nearest the 
origin. 

15. Find a point in a triangle such that the sum of the squares of its 
distances from the three vertices is a minimum. 


16. Of all rectangular parallelepipeds inscribed in an ellipsoid, find 
that which has the greatest volume. 


17. Find the point inside a plane triangle from which the sum of the 
squares of the perpendiculars to the three sides isa minimum. (Express 
the answer in terms of K, the area of the triangle; a, b, c, the lengths of 
the three sides; and x, y, z, the three perpendiculars on the sides.) 


18. Show that the necessary conditions for the maximum and mini. 
mum values of f(x, y), where x and y are connected by an equation 
F(x, y) = 0, is that x and y should satisfy the two equations 


F(z, y) =0, 
afar af ar _ 
Oz Oy Oy bx 


19. Find the lengths of the shortest and longest lines from the origin 
to the conic ax? + 2 hxy + by? =c. Find also the direction of these 
lines (axes of the conic). 

20. Determine x, y, and z so that «?y%z" shall be a maximum if 
xct+y+z=N, where p, q, 1, and WN are constants. 

21. Show that the necessary conditions for a maximum or a mini- 


mum value of f(z, y, z), where x, y, and z are connected by the con- 
dition F(z, y, 2) =0, is that z, y, and z should satisfy the three equations 


F(x, y, 2) =9, 
afar of oF 
Ox Oz O20n ’ 
Of OF of OF 
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22. Prove that any two linear equations 
Awe + By + Ciz + Di = 90, 
Aor + Boy + Coz + D2 =0, 
define a straight line, and show that its direction is given by 
B,C2 — B2C, : CyAg — C2Ai : Ai Be — A2Bi. 


23. Consider the helix, or screw curve, 


zx=a cos 0, 
y= o sin’ 0, 
=O 


Show that it winds around a cylinder, and find the equations of its three 
principal lines and of its osculating plane. 

24. Find the angle at which the helix (Ex. 23) cuts the elements of 
the cylinder on which it lies. 

25. Consider the conical helix 


Tia COSnts 
PSU Mave 
B= ikts 


Show that it winds around a cone, and find the equations of its three 
principal lines and of its osculating plane. 


26. Find the angle at which the conical helix (Ex. 25) cuts the ele- 
ments of the cone on which it lies. 


27. Show that if the osculating plane of a curve is the same at all 
points the curve lies in that plane, and conversely. 


28. Find the radii of curvature and of torsion of the helix. 
29. Find the radius of curvature of the conical helix at the origin. 


In each of the following examples find the Cartesian equation of 
the surface, the nature of the coordinate curves, the element of are, and 
the element of area: 


30. <= u COs 2, 33. =a cos, 
y = usin 2, 4) = (0 Sinws 
rs (Mh. (ast) 

Sl — 2 cosa, 34. x =a sin u cos 2, 
y=u sin v, y =b sin u sin », 
B= he B= 6(SOS) Me 

32. © = au COS V, 35. x = u cos 2, 

y = bu sin », y = usin 2, 


Z= CU. Cae 
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36. Show that any surface of revolution may be given the equations 


T= TCOsOs 
y=T sin 0; 
z=f(r), 


where r is the distance from OZ of a point on the surface, and z =f (x) 
is the curve revolved to form the surface. Find the codrdinate curves 
and the elements of length and area. 


37. Let the points (x, y) of a plane be made to correspond to the 
points (¢, @) of a sphere of radius a by the equations 


c= ko, 
y =k sech-\(sin @). 


This is Mercator’s projection, much used in map-making. Show that 
meridians of longitude and circles of latitude on the sphere become 
straight lines on the plane. Show that if ds is the element of arc on the 
plane and ds’ the element of arc on the sphere, then 


k 


— , 


asin d 


Show that angles are preserved (that is, the angle between any two 
curves on the sphere is the same as the angle between their correspond- 
ing curves on the plane), but that distances are magnified in a variable 
manner, the magnification becoming greater the farther one goes from 
the equator. 


38. Let a sphere be mapped on a plane by the equations 
Y) 


=k tan = cos 6. 
x a 5 


y=k tan § sin 6, 


This is stereographic projection. Show that angles are preserved and 
distances magnified in a varying manner. Find the curves correspond- 
ing to meridians and circles of latitude. 


39. A loxodrome is a curve which cuts meridians on a sphere at a 
constant angle. Show that it becomes a straight line in Mercator’s 
projection (Ex. 37) and a logarithmic spiral in stereographic projection 
(Ex. 38). 

40. Show as a generalization of Exs. 37-38 that if a surface with 
coérdinates (wu, v) is mapped upon a surface with codrdinates (w’, v’) so 
that ds? = \ ds’2, where \ is a function of u’ and v’, angles will be 
preserved. 


CHAPTER VI 
THE DEFINITE INTEGRAL 


54. Definition. The concept of the definite integral is obtained 
as follows: 

In the interval a = x = 0b (Fig. 47) assume at pleasure n 
points 2% =, X1, Le, 3, °° *, Xn_-1, Where X;41 > 2;, thus dividing 
(a, b) into m smaller intervals. In téé é 
each of these intervals take a value 1? 8 
of «= &,, where v;_1 = &; = x, and 
form the sum Fic. 47 

4=n—1 
> fEi+1) 41 — @s) = FE) (er — a) + f(&)(@2 — 1) +--+ 
ae +f(En)(b—%n-1). (1) 


Now let n increase indefinitely while each of the » intervals 
Xi; 41— 2X; approaches zero. If the sum (1) approaches a limit 
which is independent of the choice of x; or of £;, that limit is 
called the definite in- 4 
tegral of f(x) between a 
and b and is denoted by 


ff fear. 


In the next section a 
proof of the existence of 
the limit will be given 
under certain condi- 
tions. Here it may be 
made graphically plau- 
sible that the limit exists 
if f(x) is continuous and a and 6b finite. For if f(x) is expressed 
by a graph, we have a figure like Fig. 48. The sum (1) repre- 
sents the sum of the rectangles of the figure, and it seems 
obvious that the limit of the sum is the area bounded by the 
curve, the axis of x, and the ordinates =a and x= b. 
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au, %, v, x 


a S00, bots £4 @, £,0,€,a,E,0, 6,0 


Fig. 48 
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Also, if f(x) has a finite number of finite discontinuities, but a 
and 6 are finite, as in Fig. 49, the area and the integral seem 
to exist. The student may accept y 
these graphical arguments or read 
the next section. 

55. Existence proof. Let f(x) be 
a function which does not become 
infinite in the interval (a, 6), Mi41 
the largest value of f(x) in the inter- 
val (%:, %i41), and m;4, the smallest XxX 
value of f(x) in the same interval. 9| 7% b 
Form the two sums: Fic, 49 


i Mi (a1 — a) + Mo(x2 — 21) + - . * My (0. = 2n=1), (1) 
S =m (X1 — A) + Mo(%2 — 41) ++ +++ Mn(b — Ln-1). (2) 
Then S115. 


Now let each of the divisions x;, x; .1 be subdivided into smaller 
intervals and let the sums S’ and s’ be formed as before. We wish 
to show that yics 


Sans: 


To show this suppose that the points y;, yo,---, y, be chosen 
between x; and 2;,:1, as sketched in UA USE: 
F ig. 50. x, 

Then, in place of the term Mj41 ("i 41—%:) Fic. 50 
of (1), in S’ there appear k + 1 terms, 


M’\(y1 — £1) + M’2(y2 — yi) He +> + Mc 41 (@i41 — Ye). (8) 


But unless f(x) is constant in the interval (x;, 7;+41) some of the 
quantities M,’ are less than M;41, the points y1, yz, - + -, yx being 
taken at pleasure. Hence the sum of the terms (8) is less than 
M41 (4:41 — 2;), and therefore S’ < S. Similarly, s’ > s. Hence 
as the subdivision is carried farther and farther, S constantly de- 
creases and s constantly increases. There would be an exceptior 
only in the trivial case in which f(x) is constant between x = ¢ 
and 2 = 0, 

Let us return to the sums S and s. It is evident that no sum s 
ean exceed M(b —a) where M is the maximum value of f(x) in 
the interval (a, b). Hence all the sums s which can be formed 
have an upper limiting value J. 

Similarly S cannot be less than m(b — a) where m is the mini- 


¢ 
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mum value of f(x) in the interval (a, b) and hence S has a lower 
limiting value J’. ; 

Take S” and s” sums similar to (1) and (2) with the points 
ax; replaced by other points x;’’, and let S’” and s’”’ be two auxiliary 
sums where both the points z; and the points 2,’’ are used. Then 
S’’’, s’” are sums formed by dividing the intervals used in forming 
S, sand 8”, s’’. Therefore, as before, disregarding the case where 
f(x) is constant, 

REM ze fo ge > s; SE a iS yes SS gs’ 
and hence, since s’” < S’”’, we have 
ARCA BL Ge ey SU 
This shows that any sum s is less than any sum S and therefore 
Is!'. 
Now if f(x) is continuous in the interval (a, b), then from IV, § 2, 
we can take all the intervals x;,1 — x; so small that 
Misi — Misi < € 
for all the intervals at the same time. Then 
S—8< €2(#i41—2%;) < €(b—aa). 

But SE es (8 =) or) ee 
and, since the terms on the right of this equation are all positive, 
each must be less than e(b — a). But I’ —J isa constant. There- 
fore S—I' < e(b—a), I'—I=0, I—s < €(b — a), whence 

limes = him s =7- 

We have proved the existence of the limit of the sum (1) when 
f(x) is continuous and the interval (a, b) is finite. Let us now 
suppose that f(x) has a finite number k of points of finite dis- 
continuity such as are pictured in Fig. 49. 

Let the interval (a, b) be divided in any manner, and let the sum 
of the lengths of the intervals in which the points of discontinuity 
lie be J. If the intervals are small enough, only one point of dis- 
continuity will lie in any one interval. In these k intervals let 
the difference between the largest and the smallest value of f(x) 
be B. The sum of the lengths of the intervals in which there is 
no point of discontinuity is b — a —l, and the difference between 
M;.1 and m;,1 in each of these intervals may be made less than 
e by taking the intervals sufficiently small. 

Hence, using S and s in the same sense as before, 


S—s<eb—a—l)+ Bl. 
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Now both ¢€ and / approach zero as the division is made smaller, 

and therefore : ’ 
Lim S = Lim s. 

We have limited ourselves to a finite number of discontinuities. 
As a matter of fact, the reasoning applies to an infinite number 
provided 10. A discussion of this case would necessitate a 
treatment of point sets, which we shall not give. 

We have proved that S and s approach the same limit under 
the hypotheses made. It is obvious that the sum (1), § 54, is 
intermediate in value between S and s and approaches the same 
limit. 

We have now the following theorem: 

If f(x) ts a function continuous in the finite interval (a, b), with 
at most a finite number of finite discontinuities, the definite integral 


Jf f(x)dx exists. 


56. Properties of definite integrals. As immediate consequences 
of the definition of the definite integral we have the following 


formulas: b b 
f d@deaef ferae, (1) 
b b b 
if [A@) +f@lde=f A@dr+[ fm, © 
ree ic. 3) 
= xX, 
f f@ x : ie 


f eode = [Fenda + f peor, (4) 


f ‘igre = AGI, SE a 


In proving (3) we have to notice that to interchange the limits 
a and 0 is to change the sign of each factor x; 41 — x; of (1), § 54. 
In (4) the order of magnitude of the quantities a, b, c is imma- 
terial by virtue of (3). It is of course understood that f(x) has 
the properties required in § 55. 

To prove (5) we shall assume that f(x) is continuous and not 
constant and shall let M be its maximum value and im its mini- 
mum value in the interval (a, 0). If f(&:41) is replaced by M in 
each term of (1), § 54, the sum becomes M(b — a), which is larger 
than the sum as written. Also, if f(£;,1) is replaced by m, the sum 
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becomes m(b — a), which is evidently smaller than the sum as 
written. This is independent of the number of small intervals 
of (a, b). Hence b 
m(b — a) < f fade < M(b—a); 


whence f sear = w(b — a), 


where pu is some number between m and M. But by II, § 2, since 
f(x) is continuous in the interval (a, b), f(x) takes the value yu for 
some value & of x in the interval. Hence (5) follows. Graphically 
this formula says that the area under 
the curve y = f(x) between x = a and 
x= b is equal to that of a rectangle 
with base b — a and altitude equal to 
the height of some point of the curve 
(Fig. 51). This is obviously not neces- 
sarily true if f(x) is discontinuous. 

57. Evaluation of a definite integral. 
Let f(x) be a continuous function in 
the interval (a, b). Take x, any value 
in that interval. Then, since the integral is fully defined when 
the limits a and ~x are given, and that value depends upon the 
limits, we have, by the definition of a function, 


iG f(o)de = $(2). 
ath 


Then $(@+h)—$(@) = f(x)dx — fede 


Fie. 51 


a 
= f(a)dx 


=hft), @ <&<x+h) 


where the transformations have been made by the formulas of 
the previous section. 
Our result shows that $(x) is a continuous function, since 


Tim [oe + h) — $@)]=0. 


Also Lim eet t= oe) 


h-0 


d 
that is, iF (x) = f(a). (1) 


= Lim f(@) = fle); 


aia 
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If, now, F(x) is any function whose derivative is f(x), then, by 
III, § 6, d(x) = F(x) + C, and we have 


[Sede = Fe) +. 


If «=a, then, by the definition of the integral, the value of 
the integral is 0. Hence C=— F(a). Using this value of C in 
our last formula and placing the upper limit x equal to b, we have 


finally b 
f fede = Fo — FO). (2) 


58. Simpson’s rule. When the integral cannot be evaluated in 
elementary functions, recourse is sometimes had to approximate 
integration. The most obvious thing is to expand into a series 
and integrate term by term. From this method we may develop 
a rule known as Szmpson’s rule. Let 

f(x) = a0 + a(x — a) + ae(a— a)? 4+ a3(e@—a)* +R, (1) 
and let us integrate between a and a+h, omitting the remain- 
der R. Then, approximately, 

ath ah” doh? ash* 


, f(a)da = aoh + ~~ + 3 i 


Let y; be the value of f(x) when x = a, y2 the value of f(x) when 


(2) 


pe at>> and y3 the value of f(x) when x=a+h (Fig. 52). 


Then, approximately, 


Dah cash? 


Ya— tot t15+ a+ ae 

Ys = do + ah + ash? + ash? ; 
and from (2) it is easy to verify that, 
approximately, 


ath 


h 
f(x)dx = 6 (yi + 4 yo + ys). (3) 


This is merely approximate, since we have omitted R in (1), 
but the error made is of the order of h® and is negligible for small 
values of h. 

Consider now the integral 


Ht Fest 
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where 6 (Fig. 53) is too far from a for (8) to be applied-to ad- 
vantage. Let the interval (a, b) be divided into 2 n equal parts 


ne 


ax he 
eg Gh = = eine 
2n n 


of such parts. 

The integral may be com- 
puted approximately by (8) for 
the intervals 


(a, a+h), 
(a+h, Gb 2h)ae, ine 
and theresultsadded. We obtain Fic. 53 


b he 
f fede ==" it det Bet stat 2b 
+4 Yon + Y2n41)- (4) 


This is Simpson’s rule for the approximate value of an integral. 
It may be applied to computing an area where the ordinates may 
be measured from a carefully drawn diagram or computed from 
the equation of the curve. 

59. Change of variables. Given 


iF fear, 


let it be required to place x = ¢(t), where x = a when t = é and 
*x=bwhent=t,. A direct substitution gives 


| f FLd()I4’ Wat, 
but this needs justification. For 
b 
f F@de = Lim DIE — 2) = Lim DHE)Ae,, 


and dx; is the principal part of Az; The principal part of Az;, 
however, may be substituted for Az; by theorem II, § 12. The 
final work is therefore correct. 

The proof of II, § 12, demands that the infinitesimals be all 
positive or all negative, but it is usually possible to split the 
interval (a, 6) into regions in which the infinitesimals are always 
positive or always negative so as to apply the theorem. 
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60. Differentiation of a definite integral. The discussion of § 57 
shows that the definite integral is a function of its upper limit b 
and of its lower limit a. Also, if f(x) is a continuous function of x 
when x = a or x = b, from (2), § 57, 


Te pa a 
ae f(x)dx = f(b), ao 4 f(x)dx = — f(a). (1) 


Suppose, now, that a and b are constant, but that f(x) involves 
a parameter a which is constant in the integration but may vary 
to form different integrals; then, by definition of a function, 


b 
ff ade = (a9. (2) 


We shail show that in general (a) may be differentiated by 
differentiating under the integral sign; thus, 


dp (-*0f(x, a) 
an =f Se dx. (3) 


To prove this and, at the same time, to determine conditions 
under which the formula is true, we proceed as follows: 
From (2) and the formulas of § 56 we have 


b b 
ee ig la) are dr fe a+ Aadde— ub f(x, ade 
b 
= i een hayes.) 


Graphically ¢(a) is the area ABDC (Fig. 54) and A®d is the 
area CDFE. If f(z, ~) is a continuous function of x and a when 
a =x = band a lies between two values, say ao and aj, then, bv 
§ 30, we may take Aa so small that y 


ete) == I(t, ))| re 


for all values of x in the interval 
(a, b). Graphically this means that 
the width of the strip CDFE is 
less than ¢ for all points between A O| A 
and B. Therefore, from (4), Fic. 54 


|Ag| < eb —a), 


and ¢(a) is a continuous function. 


F y=f (watAa) 
Bee (a,a) 
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Ag <j a+ Aa) — f(a, a) 
From (4), 5 ot ene dx. (5) 
Now if os exists gs is ei then (5) is 

Ad _ ie 

Aa i a 1 os iS) 


The last integral in (6) is less in absolute value than 7(b — a) if 
: hin 
7 is larger than any value of ¢ in the interval (a, b). If - is con: 


tinuous, the value of 7 may be made as small as we please by 
taking ¢ sufficiently small. Hence, taking the limit as Aa— 0 
in (6), we have dp dof 


da aap 


which is formula (8). 
Now let us suppose that we have 


b 
fe fla, ade = $(a), (7) 


where a and b are functions of a which take increments Aa and 
Ab, respectively, when a@ is increased by Aa. 


b+ Ab 
Then ¢(a+ Aa) =| f(x,a+ Aw)dx 
a b 
2 a fe Aer af ice dente 
os b+ Ab x 
a in fie, a+ Aande, 
a b 
and Ad =[- f(a, a+ Aa)dx + | [f(x,a+ Aa) — f(x, a)]|dx 


ea 
+f ‘ f(x, a+ Aa)dz. (8) 


Graphically Ag is represented in Fig. 55 by the unshaded 
border of the area denoted by ¢(a), and the three integrals in 
(8) give the areas of the strips HAHG, CDIH, and BFJI respec- 
tively. We may apply (5), § 56, to the first and last integrals of 
(8) and have 


b 
Ab == Aahene Aa if f(a, & + Aa) — f(x, a) dx 
+ Abf(&, a+ Aa). 
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Dividing by Aa, letting Aa —> 0, noticing that £;—>a and 
£2 —> b, and using the result (3), we have 
ime o 


Of db da 
. eae A tS, OO came) a (9) 


: y= f(natAe) $ 
y=f(na) lis bs 
eosacta ae SOSA sexe! 
qe 
Xx i- 
Fic. 55 Fig. 56 
As an illustration take ; 
a 
If a=0, (a) =0. 
If a#0, (a) = tant. 


The function is not continuous at the point x = 0,a=0, 


x? + a 
and the function ¢(a@) has a discontinuity when a= 0. In fact, 


o(a) approaches + 2 according as @ is positive or negative. The 


graph of the function is shown in Fig. 56. 
If we differentiate under the integral sign in (10), we have 


, Se OP x y i 
oe 0 (27 +a’)? oe |- x? + == 1+ a?’ 
which is true for all values of a except a = 0. 

The principle of differentiating under the integral sign may 
sometimes be used to evaluate a definite integral. For example, 


take = 
(a) =i log(1—2acosx+ a?)dz. (11) 
0 


do | ™ —2eosx+2a 
da J) 1—2acosx+a?’ 


ie 1—a? 
EnX ee eee 
ado I 1—2acosz+a?’ « 


2 pele =| tan; naa yes 5) : 
a a l-—a 2 0 
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As x varies for 0 to 7, pane tan © varies through positive values 


l-a Ys 
1 
from 0 to 0 when —1 <a < 1, and ani 


tan : varies through 
l-—a 2 


negative values from 0 to — © whena < —lora>1l. 
Hence 


jtan-*(; a 5) ce, Grew h Tad cc cae hi 
f 1—a Ps 


and |tan-"(F** tan 3) | =—$ when a<—lora>l. 
l-a Za 0 a 


Therefore 
Goa 6 when —1 <a <l, 
da 
and EN ls when a <—1 or a>l; 
da a 
whence @=C, when —1l<a<l, 
and og=T7loga?+Cz when a<—1 ora>l. 
We may determine C; by placing a= 0 in (11). Then C; = 0. 
Hence = ¢=0 when —1 <a <1. (12) 


To determine C2 in the same manner we should need to sub- 
stitute in (11) a value of aw greater numerically than 1. This is 
not convenient. Instead, we will place 


a= 5 where— 1 <6 3 Tien: 


o(a) = f [log (1—2 8 cos « + 6") 
Y — log B?]dx 
= — log B? ("dx [by (12)] 
0 
=— 7 log 6” 
=tloga®? when a<—1 
ora>il. (18) 


Therefore Cz = 0. 

The definition of ¢(a@) is now complete. Its graph is shown 
in Fig, 57. 

The foregoing discussion does not apply when a= +1, since 
the conditions for differentiability are not met. We shall see later 
(Example 2, § 65) that in this case ¢(a) = 0, so that the function 
is continuous fora=+1. 
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61. Integration under the integral sign. The possibility of differ- 
entiating under the integral sign leads conversely to the possi- 
bility of integration. Let 


6 
o(a) =f fle, adn, (1) 


where a and 6 are constants. Multiply by da and integrate with 
respect to a between ao and a. Then 


J eeiaa = [da fF, a)dx, (2) 


where the integrations on the right are to be carried out from 
right to left. 
On the other hand, consider 


(a) = ifs a ye ema. (8) 


We wish to show that (8) and (2) are the same. We differen- 
tiate (3) with respect to a. By the previous section the differen- 
tiation on the right may be carried out under the integral sign, 


d by (1), § 60, & 
and by (1), § Iie ada = f(a, a): 


Hence, from (3), 


b 
(a) =f fla, addr = o(0). (4) 
Then ifs o (a)da = He nde 
or P(a) =[ ¢(a)da, (5) 


since, from (3), (ao) = 0. Hence, by replacing the two members 
of equation (5) by their respective values as given in (3) and (2), 


he J a ih fle, ade: =f dof Ile, ade, i 


as was to be proved. 

This may be considered either as proving the method of inte- 
grating under the integral sign or as showing the possibility of 
interchanging the order of repeated integration. 

For example, consider 


1 i 
ae = i 1) 
fe da: aa (a+1> 0) 
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Multiply by da and integrate between a and b. Then 


b+1 
fda f aax= | a Oey arte 


But, by (6), the left-hand side of this equation is equal to 


AO ae 
fa [oe da= aE, f 
0 logz 


as b 
and therefore ue ae an = log i 
0 log a 


62. Infinite limit. It is possible to consider definite integrals 
with the upper limit infinity if we place by definition 


oe) b 
[Sede = Lim f fopar. (1) 


The proof of the existence of the integral now breaks down, 
and there is no guaranty that the limit in (1) actually exists. 
When it does, we say that the integral (1) converges. It is impor- 
tant to know something of the conditions under which this takes 
place. 

If it is possible to evaluate the definite integral by the formula 


[ i@dr= FO) — F@, 


where F(x) is an elementary function which may be explicitly 
found, the convergence of the integral (1) may be determined by 
examining the behavior of F(b) as b increases indefinitely. For 
example, consider 


de 
ae 
or : > dx 
If k = 1, this integral is if oa log b; 
if 

; inks dae alba” 1 
fk#1,it {5 Rcd ecco 
a ae igh Tie 


As b > ©, log b> © and b!-*-—> 00 if k < 1, while b!-* > 0 if 
k > 1. Hence we have the following theorem : 


JE aes integral i =; converges if k > 1 and becomes infinite if 
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We may now prove the following theorem: 


II, When the integral i) f(x)dx can be written in the form 


a ps EB 


then (1) if b(x) ts less in absolute value than a finite number M for 
sufficeently large values of x, and k > 1, the integral converges; 
(2) af (x) ts greater in absolute value than a positive number m for 
sufficiently large values of x, and k = 1, the integral does not converge. 


To prove this let us write 


f fede =f feorae + [fede 


then if if f(x)dx converges, it is necessary and sufficient that 


a 


| it oe < e for sufficiently large /. Consider, then, the first 


part of the ple given above. We have 


ace) Or dy pious 
\d = i Fes ; 
and by ee i hah. a this can be made less than any 
quantity e. 


On the other hand, under the second part of the theorem 
(ee) (oe) ee) d: 
ib GOGH = a oO ae] >m = 
l yp mp os 


where the last integral increases beyond any limit. 
As examples consider the following, all of which are integrals 
which cannot be evaluated by elementary means. 


Eerie) se 
xample 1. Ai ae a 


If we take $(x) = 


it is evident that as x — ©, (x) re and hence (2) is finite as 
Th : 
x —> 0, and, for sufficiently large x, d(x) < i or some other quantity 


; © D(x 
chosen at pleasure. The integral is a oO ae, and consequently 


converges. 
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Example 2. i e-* dz. 
Take $(x) =x?e-*. Then Lim x2e-* = 0 ($10); and, for sufficiently 


large values of x, $(x) <1. The integraij is ip ae dx, which 
converges. od 


© sin £ 


an 


Example 3. if 


No conclusion can be drawn from the theorem for this integral. 
If we place $(x) =sin x, the absolute value of (x) is always less 
than 1. But k=1, and therefore the first part of the theorem does 
not apply. On the other hand, there is no positive quantity m < (x) 
for all large values of x, and therefore the second part of the theorem 
does not apply. 


The third example shows that the theorem we have given 
is not sufficient to determine the convergence of all integrals, 
but its range of applicability is large. The convergence of the 
integral in Example 3 may be established in another way. If we 


graph the function y = a the graph consists of portions alter- 


nately above and below the axis of x, and it is evident that the 
integral may be written 


“sin 2 
ik : dx =u —U2+U3—Ugt--:, (2) 
0 
where w; is the absolute value of the integral 
em Voie 
i aa. . 
(k-—1)r x 


Ihe : : ; 
Now as — is constantly decreasing without limit, it is evident 
that 


Una <u, and Lim u,=0. 


k-> © 


By § 29 the series (2) converges. 
63. Differentiation and integration of an integral with an infinite 
limit. The question naturally arises, When is 


a al anode (1) 


a continuous function of a and when may it be differentiated 
under the integral sign? We shall not endeavor to give a 
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complete answer to this question, but will give certain rules which 
are sometimes applicable. We shall assume that f(a, @) ska 
continuous function of x and q@ for any value of z between a 
and o and for any value of @ in an interval (ao, a). 

Let us write {1) in the form 


wie T(x, a)dx =). f(x, a)dx +f fc, a)dx, (2) 


where lis a large but finite quantity. If, now, e being any as- 
signed positive quantity, it is possible to choose J so that 


[ s0, ajdxl|<e 


for all values of @ in the interval (ao, a1), then (1) is said to 
converge uniformly in the interval (ao, ai). We may then prove 
that (1) is a continuous function of a. For we have 


(3) 


Nes ft IpCaerte A coy flac VERE f ie ae Ne 


— {fe a)dx. 


By hypothesis we may so choose / that each of the last integrals 


is less absolutely than 5 We may then ae Aa so that 


If(@, «+ Aa) — fle, a)|< 34> 
since, by hypothesis, f(x, a) is a continuous function. 
Then |Ag|< ¢, 


and hence (1) is a continuous function of a. 

To differentiate (1) we shall also assume that f.(x, a) is a con- 
tinuous function of x and a for all values of x in the interval 
(a, ©) and for all values of @ in the interval (ao, a1), and that 


the integral af fa(x, a)dx converges uniformly. 
a 


Let us divide the interval (a, 0) into subintervals (a+n—1, 
a+), where n= 1, 2, 3, ---, and write 


a eri ede a): 
a+n-1 
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Then, by § 60, 
Now i f(x, ada => wo), (43 
and the term by term Airerenraton of the series (4) gives 
Paras: ® 


The series (5) is uniformly convergent because of the hypothesis 


that i oe dx is uniformly convergent. Hence, by Ex. 36, 
he a 


p. 62, ap fC ne) 
# I f(a, ade = i de. (6} 


In order to apply the theorem it is necessary to be able to deter- 
mine whether the integrals involved converge uniformly or not. 
This may often be done by finding a positive function ¢(x) such 


aie: (x) = f(a, a) (7) 
for all values of x in the interval (J, ©) and for all values of a@ in 
the interval (ao, a). Then if 


[emer 


converges, the integral f f(x, a)dx converges uniformly. This 
l 


is obvious from the relation 


if f(a, a)da alt o(x)dx < €, 


where ¢ can be as small as we please by taking / sufficiently great. 
As an example, consider 


i RS ALE Gh (0 < ao < a) (8) 
0 ee 
Here f(x, a) = eS JACQ) = — 2 sine, 


and f and f. satisfy the conditions of being continuous functions 
of x and aif a > Oand 0 < x < I, where is any positive number 
no matter how large. We may write 

e*snx xe “sin x 


x a? 
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Now Lim xe~** = 0. Therefore for sufficiently large values of 


r>o 
au, ee~** < xe~** <1; and since | sin x|=1, we have 


oe (0 < ao < a) 


ne 


ve “sin & 
ve? 


ee . 
Then as the function ¢(x) of (7) and condition (7) is met, 


and therefore (8) defines a continuous function of a. 


xe ** sin x 


? 
42 


Again, by writing e **sinz= 


we see that for sufficiently large values of a, |e-**sin x| < e, and 
ss 


hence f.(x, a) meets the required conditions. Therefore formula 
(6) holds for the integral (8). 

An integral with an infinite limit may be integrated under the 
integral sign if the condition of uniform convergence is met by 
the integrals involved. This is proved as in § 61. 

64. Infinite integrand. In our discussion of the definite integral 
thus far it has been necessary that f(x) should remain finite in the 
interval of integration. It is the purpose of this section to examine 
certain cases In which f(x) becomes infinite at one or more points. 
It will be sufficient to examine the case in which f(x) becomes 
infinite at the upper limit x= 0b. For if f(x) becomes infinite 
when x =a, that limit may be made the upper limit by changing 
the sign of the integral (§ 56); if f(x) becomes infinite at any 
intermediate point c, we may use (4), §56, and examine each 
integral separately. 

If, then, f(b)—> ©, we define the integral by the formula 


ff teas = Lim [syae, (1) 


When the limit exists, the integral is said to converge. 
When the integral may be evaluated by the formula 


ff fear = FO) — FO), 


the convergence may be examined by considering the behavior of 
F(b—e€) ase—O0. For example, 


a Sook Nay fa att. 3 ee Gs 
af = Lim f ———— = Lim sin“! ise 
0 Va2 — 2? «70/0 Va? — x? «+0 a 
c 
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ete d th «. dz 
gain, consider 7 O-a ae 

If k = 1, this becomes 


b—e 
i ai = — log e+ log (b—a); 
a b—2x 


b-« dx (b— a)“ a 
ae ah (=i an 


From these results the following theorem is at once evident: 


b 
I. The integral Ab beers converges if k <1 and diverges if 
a (b ae x) : 
k= 1: 
From this we may deduce the following theorem : 


b 
II. When the integral i f(x)dx can be written in the form 


> (x) 
l= ne 
then (1) af, for values of x ees near b, o(x) is less in absolute 
value than a number M, and k <1, the integral converges; (2) tf, 
for values of x sufficiently near b, p(x) is greater in absolute value 
than a positive number m, and k = 1, the integral diverges. 


1 
For example, the integral i fae Se may be 
0 V(1—2?)(1 — kx?) 
written ans ie where $(x) = ae ee Nat: and 
0 V1 V+ 2) (1 — k2x2) 
‘ee dx 


therefore converges. The integral SS 
evidently diverges. oA) NLS ee) 

By repeating in essence the proof in the previous section we 
may show that an integral with infinite integrand f(b) may be 
differentiated or integrated under the integral sign provided the 
functions f(r, w) and f.(z, a) are continuous and that the con- 
ditions for uniform convergence are met; that is, 


fie. ne \< 7 and foaler 


for all values of a between ap and a when 1 is chosen sufficiently 
near b, and 7 is any assumed positive quantity. 


EXAMPLES 153 


65. Certain definite integrals. We shall discuss in this section 
certain definite integrals of importance by means of certain spe- 
cial devices. 


Example 1. JS "ede. This integral has been shown to converge. 
b b 
Let p= a? 5) Sur ° 
je age Jove dy (1) 


We may use either y or x in writing the integral, since the form of the 
function and the limits only are essential. Then 


ia "9-2? der f Sede i; : ip "e+ da dy, (2) 


where the double integral is taken ever x 
the square CACB (Fig. 58). 

Since all the terms of the sum in (2) 
are positive, the value of J? is greater 
than would be the same sum taken over 
the quadrant of a circle of radius OB = b 
and less than the sum taken over a 
quadrant of radius 


OC = bv/2. 


exe 
x=b 
In summing over the quadrants we Fia. 58 
may use polar coérdinates and have ; 
2 B —r? 2 3 ove a7 . 
innke rdédr <I ai e-" r dé dr; 
whence 7 (ese? ee [= ae =e) (8) 


Now let b —> ©. By definition J approaches i “e-* dz, and the first 


a 
and last members of the inequality (8) approach re Therefore 
gh ce he 1\/q, (4) 


Example 2. if 3 log sin x dr. The function log sin x becomes infinite 
: od 1 : 
when x = 0; but we may write log sin z= » where $(x) = x2log sinz, 
ay 
and show by § 10 that Lim (x) =0. Therefore, by § 64, the integral 
converges. oe 


T 


ws us 1 
Let u =f. log sin x dz =|? log cos y dy. (u Sen *) (5) 
We may replace y by x in the last integral of (5). Then 
Qu ie [log sin x + log cos x]dx = {log sin 2 x dx — { log 270056) 
0 0 0 
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Integrating the last integral of (6) and placing 2 x = z in the next to 
the last integral, we have 


2u +2 log 2== flog sin 2 dz 


= 3 J? log sin z dz + bf log sin z dz. (7) 
Z 


In the next to the last integral of (7) we place z = x and in the last 


integral we place z = > +y and use (5). Then 


T i 1! 
2 —log 2=-— =U; 
Wit 5 Ae Filo ma 


whence “= 5 log 2. (8) 


This result enables us to complete the discussion of (11), § 60. For 
if we place ~w = 1 we have 


(1) = flog 2(1 — cos x)dx = “log (4 sin? 5) az 


=log 4 "de + 2 "log sin 5 dx 


18 


=m log 4+4 flog sin y dy (u= 


= log 4+ 4(—4 log 2) =o. 


dx. (a > 0) 


Ge 17 
Example 3. { eee 


x 


We have seen that this integral defines a continuous function of a 
and that it may be differentiated under the integral sign. Then 


«0 e-* gin 7 


o(a) = i ot 
d'(a) = — i wena sin x dx 
=— 1 . 
1+a? 
Therefore @=-—tanta+cC. 


? 


Nowas a-—->o, o(a)—0, and therefore C = 


nla 


whence o(a) = cot! a = tan" a 
a 
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Example 4. , eeeee ade, 
£ 


This integral arises from Example 3 when a= 0. The evaluation of 
Example 3 depends, however, upon the assumption that a0. We 
cannot place a = 0 in Example 3, therefore, without first showing that 
$(a) is a continuous function of a. This we may do as follows. We 
write , 

f oe** sin x 
x 


ONS fh ——- dee. 


We have already shown that ¢(q@) and $(0) converge. In fact, we 
have, as in Example 8, § 62, 


p(a) = dx. 


P(a) = m1 (a) — U2(a) + U3(@) — > ++ bUn(a) F--s, 
P(0) = m1 (0) — we(0) + u3(0) —--- 4 un(0) F---, 


where the limits of integration for uz(a@) and u;(0) are the same. Let 
e be any assigned positive number. We may take a finite number of 
terms n so that the remainder after n terms in each of these series is 


less than Then 
(a) — $(0) = [ur (@) — m1 (0)] = [u2(@) — u2(0)] + = 
oe [tg (X= "tp (0), 
where |7|< = Now each of the functions u;(a@) is a continuous 
function when a = 0. Hence we may take a so small that each of the 


terms | uz.(a@) — ux(0)| < = Then 


|p(a) — dO) <6 


which shows that $(a) is continuous at a = 0. 


osin 4 : 1 T 
Therefore ip aaa dx = Lim (tan -) = me 


i a0 


Example 5. J ~e-2e dee, 


Place ax = y. Then, by Example 1, 


fe eo de== Cee 
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Example 6. J “sin c2dx and i) "cos x? da. 


To obtain these integrals we shall use certain properties of complex 
numbers, thus anticipating Chapter XV. This chapter may be con- 
sulted in advance or the reading of this example may be postponed. 


By (5), § 26, oF 1608 2 — 1 Bin ee 
We shall therefore study 
ioe) * foo) oo 
ae = 2dr —7 . 2q 7 
1 ec dx f, cose AB if, sin x* dx 


which can be shown to converge by showing, as in Example 3, § 62, that 
each of the two integrals on the right converges. 


Cha Vr 
By Example 5, Cir = . 
: : fh Vi 
Now —= -» as may he verified by squaring both sides of the 
wie 1+2 
2 1-1 


equation, and = 
Z 1+2 


V2 
Hence J, 008 x? dx — if sin coe oe — ai (1 —1); 


and therefore, by equating real and imaginary parts, 
ee) 9 a (Sere 2 AE 
if cos x dx =f sin x dt = 5 aa 


66. Multiple integrals. Let a region R (Fig. 59) be given in the 
xy-plane, and let it be dividedinto y 
rectangles by lines 
iit Pied Co id VE begga oa 3) 
and = Yu. (eo= 0, Le 2) 


Most of these rectangles lie inside 
the region R, but at the boundary 
some will project out of the region. 
Consider any rectangle, with di- 
mensions %;41—%; and Yri1— Yr, 
which lies either wholly or partly 
in R and let (&;, 7;,) be any point in 
this rectangle and also in R if the rectangle extends outside of R. 

Let f(x, y) be a function which is continuous in the region R. 
‘Then it may be shown that the sum 


i=nk=m 


& 2G: Nk) (Xi 41 — Li) (Yur — YR) 


Fic. 59 
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approaches a limit as n and m increase indefinitely and each of 
the differences x;,; — x; and yz41 — y, approaches zero. We shall 
omit the proof, which proceeds on lines analogous to those used 
in § 55. This limit is expressed by 


ie Wad y)de dy, (1) 


(R) 

and the function f(x, y) is said to be summed over the region R. 

It is assumed that the student is familiar, from his study of 
elementary calculus, with illustra-  y 

tions of the use of double integrals. 

In the foregoing discussion the 


where any line parallel to OY meets 
the boundary curve in two points for 
which the values of y are y; = fi (x) 
and y2 = fo(x), and the extreme values of x are x =a and x=), 
the integral may be evaluated by the formula 


ff tees nae ay = [ae f “Fee, way; 2) 


(It) 


or in case a line parallel to OX meets the boundary curve in two 
points x = 2, 4 = %2, and the extreme values of y arey=c, y= d, 


eon [se y)dx dy =[w {“te, y)dzx. (3) 


(R) 

In case the area over which the integration takes place is a 
rectangle bounded by the lines r=a, x=), y=c, y=d, for- 
mulas (2) and (8) yield the result 


faa f Hee, dy = [ dy f fe,9 yd (4) 


which embodies the principle of interchange of the order of 
integration. 

Formula (4) is always valid if the limits a, b, c, d are finite and 
f(z, y) is continuous in the rectangle. Without formal proof this 
statement is geometrically plausible if we consider the integrals 
in (4) as defining a volume. 


‘ Yo 
region R may be any shape what- 
ever, with any number of distinct 
boundary curves. In case the region 
is of the shape sketched in Fig. 60. Y, 
| 
b 


O 
Fic. 60 
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If one or more of the limits in (4) becomes infinite or if f(x, y) 
has discontinuities, the formula is not necessarily true. The 
student will often meet examples, however, in which (4) is applied 
to such cases. This can usually be justified by the theorem* that 
if f(x, y) does not change its sign, formula (4) holds, provided the 


integral | f(x, y)dy is a continuous function of x and the inte- 
b c 
gral | f(x, y)dx is a continuous function of y, except perhaps 


for isolated points. To determine when the simple integrals 
satisfy the conditions demanded, the tests of § 62 and § 64 are 
usually sufficient. 

The integration over a more complicated region R may be 
carried out by separating that region into smaller regions of the 
simpler type just considered, but in this text we shall be more 
concerned with the properties of a definite integral than with its 
evaluation, which is a subject for the elementary calculus. 

We may write the integral (1) in the form 


[fse waa, (5) 


(R) 
where dA is the element of area dx dy. In case the coérdinates 
(x, y) are replaced by curvilinear codrdinates (u, v), then, as 
shown in § 538, dA is to be replaced by 


i (2 y Jaw ip (6) 


the sign being so chosen as to make the area positive. On the 
other hand, in f(x, y) we have simply to make the substitution (5). 
That the integral obtained in this way is exactly the same as the 
original we shall leave as sufficiently plausible, without making 
the careful analysis necessary for rigorously proving this. 

Again, let a region of space R be divided into rectangular 
parallelepipeds by planes parallel to the codrdinate axes in a 
manner analogous to the division of the plane. Let the vertex of 
one such parallelepiped, which lies either entirely or partly in R, 
be (a, yj, 2x), let its edges be 2:41 — 11, Yju1 — Yj, Zh — Zn, and 
let (&,, nj, £.) be a point in its interior and in R. Then, if f(x, y, z) 
is a function continuous in R, the sum 


pps DS Es Nir Se) (List — Li) (Y541 — Ys) (Zhaa — Ze) 


* De la Valée Poussin. Cours d’Analyse, 4th ed., Vol. II, p. 28. 


SE SS Sl a 
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approaches a limit as the number of parallelepipeds increases 
indefinitely and the edges of each approach zero. This limit is 


the triple integral 
i Ni ik f(a, y, z)dx dy dz. (7) 


(R) 
The region R may be of any shape. If it is such that a line 


parallel to OZ enters the region through a surface z; = f,(x, y) 
and leaves it through the surface z2 = fo(zx, y), then (7) may be 


ae if if dx dy if fe Yy, z)dz, (8) 


(S) 


where the region S, over which the double integral is taken, is the 
projection of R on XOY. 
The triple integral (7) may be written 


[f fie aav, (9) 


(R) 


where dV is the element of volume dz dy dz. If it is desired to 
use curvilinear codrdinates (wu, v, w), as shown in § 58, 


av = (SE) dao dw (10) 
We have already seen that in cylindrical codrdinates we have 
AVi= 7.00.01. Cz, (11) 
and in polar codrdinates, 
dV =r’sin ¢ dé d¢ dr. (12) 
EXERCISES 


1. If f(x) is an odd function, that is, if f(— x) = — f(x), prove that 
{_f@)dz = 0. 
2. If f(x) is an even function, that is, if f(— x) = f(x), prove that 
if Sade =2 a f(a)dz. 
3. If f(a — x) =f(x), prove that 
a 5a 
it f(a)dx = 2 i f(a)dz. 


2k (sj —k (7 f(sin x)dz. (k positive integer) 
4, Show that J f(sin x)dx kf. f(sin x (k p g 
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5. If f(z) has a period a, that is, if f(z + a) = f(x), prove that 
cf “tn da = k i “f(a)dx. (k = any integer) 
0 0 


6. Ifa<b, and f1(x) < fo(x) < f3(x)for all x values in the interval (a,6), 
prove that fe Poesy, & ‘ fuel we He Onde 
a a a 


7. If mand M are the smallest and the largest values of f(x) in the 
interval (a, b), and ¢(x) > 0 in the interval, prove that 
mf 'o(adr < f'f@)pa)de < Mf 'p(a)de 
and therefore 


f'Ia@o@ar =f f’o@de. (a <& <b) 


8. Evaluate if ral +2?) dx 
0 


by Simpson’s rule, taking n = 3. 
a okte 
9. Evaluate Ip a+? 
by Simpson’s rule, taking n = 2. 


10. Evaluate fi 3 logio cos x dx 
by Simpson’s rule, taking n = 2. 


F : dx 
11. Examine the integral i nor continuity when a = 0. 
0M’ 


az + x? 


12. Examine the integral i SS in the neighborhood of a = 0. 


0 az + x? 


Find the derivatives, with respect to a, of the following integrals 


without first integrating, and check by first integrating and then dif- 
ferentiating : 


at 
13. f cos (x + a)dz. 15. Vee dx. 
Ci eee as 
14. if sin "= de. 16. ip (x? + a?)dz. 


By differentiating with respect to a, find the values of the following 
integrals: 


172 flog (1+ a cos x)dz. 1a 
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19. By successive differentiations of af ‘yn Ops i 
0 n 


at obtain 


m! 
(n+1)™+! 
dx 


20. From {' —— == (a > 1) 
0 a—cosx Nyt tT 


find es epee ret 


f “a” (log x)" dx = (— 1)” 


dx = r log 


a— cos x Gee Ggme1 


Test the convergence of the following integrals: 


4 _— 
23. (ee 25. foe 


2a 
2 dy. 


21 \rosezes : 
1 ¢V14+ 22 


o sin? x colar, 
— ax 
22. mh = dz. 24. it e cos bx dx. 


26. f° eae, 
2 ~/ a3 — 1 
27. By methods analogous to those used in Example 38, § 62, of the 
text, prove the convergence of 


‘hi sin x? dz. 
0 
28. Prove the convergence of 


oe sin mx 
[comes 
0 


x 


Prove that the following integrals satisfy the conditions for differ- 
entiability with respect to a under the integral sign: 


29, fee de. 31. Jie cos ax dx. 


Oe as © dx , 
30. f e-@* der, 32. f aoe 


33. From if Meat dx = - obtain by differentiation 
a 


! 
Di Omer i Le 
0 art 
34. From if Men at* dy = u Ae obtain by differentiation 
0 Fy SW 0% 
frog >t ee abate 1) 
0 2 27 ants 
o ax T A : er 
35. From = obtain by differentiation 
i ip eta 8Va 
ie dx Sa lese ers 1) 
0 (x2+a)"t! 22-4-+-2nata 
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eae on Pate: 3 : , 
36. From if e~™ cos mx dx = oe obtain by integration 


oo E72 — e—Bz 2 2 
f e ane al Be + m* 


=-lo 
x sec mx 2 8 om? 


37. From if “e- sin mx da = Se find by integration 


wee tient a 
ip —— 7 = tans -—— ane = 
0 xecse mx m 


38. From J *e- 8 dz = 2 obtain by integration 
(e4 


—ae _-p—be b 
ak ate BBS, = log =e 
0 x a 


io a] 
39. From i C96 ip VE obtain by integration 
al 


eS 1 ee ie 
f (Sax = (b —a)Vr. 
0 


a2 


Investigate the convergence of the following integrals: 


1 eG ae wo ax 
40. (log x)” dx. 42, | ————.- 44, ett Sn 
f ne h aVx?2 —1 
1 log x © ad¢ i f= 
41. dx. Ze US eee : —— = dx. 
are 0 x3(1 +42) 45. eas 


Evaluate the following integrals. The results of the chapter and 
any elementary integrals may be used; and in any exercise the result 
of a previous exercise may be used. In some cases a change of variable 
is the only step necessary. 


eosin mx T 
46. dx=— if 
JS = 45 5 lt > 0; 

=0 if m=0, 


Tv 
=—— if < 0. 
5 if m 
+ 2 
ar. x log sin a dx = — — log 2. 


48. (ies: dx = > V rr: 
a 
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eosin « cos mx : 
50. f ————__ dx=0 if m<-—1l1 or m>1, 


Eaee if m=-1 or m=, 


Cm Sino 
52. ile ——_ dz = a o 


53. (re Slee ae 


7] 
oa. ff ea mice (x< Je<< al) 
COs % 


1+ksinz dz 
55. | 7 lo = 7 sin-1k. ; 
ie eee ee ir ed) 


56. ii ce- cos 6 rdr = anim ie 


1. [ “Va? — a cos! 2 dx = o? ae P 
0 a 16 


eat 


4 


= ' : 
= — It a > 
a 


59. Show that for large values of x 
<0 ! at 

(ee et ee ee ae 
xa Ay) Ap , 


Show that the series diverges but that R, is less in absolute value than 
the last term in parenthesis. This is an asymptotic series. 


60. Show that 
~ ahs see es *(2n—1) 
Bee Gy hea, ab tenn bat (af iene oe Ol 
i es: (: ee hare ag + os 
and show that this is an asymptotic series as in Ex. 59. 


CHAPTER VII 
THE GAMMA AND BETA FUNCTIONS 


67. The Gamma function. By application of the tests of § 62 
and § 64 it is easy to show that the integral 


loo] 
if gi—lo-* dy 
0 


converges when 2 is positive and therefore defines a function of 
n for positive n. This function is called the Gamma function, 


and we have a 
I'(n) =| pte 2 das. (n> 0) (1) 
0 


We have, directly, [(1) = of ede. (2) 
0 


By integration by parts we have the identity 


ih “g"e-? de = |- ves +n i) cre det ie ia ed 
0 0 0 0 
and therefore Tin+1)=n1P(n), (3) 


which is the fundamental formula for the manipulation of Gamma 
functions. 

It is evident that if the value of I'(n) is known for n between 
any two successive integers, say between n=1 and n= 2, the 
value of I'(n) for any positive nm may be found by successive 
applications of (8). Tables for log I'(n) for 1 < n < 2 have been 
computed and may be found in various places.* 

Moreover, formula (3) may be used to define I'(n) for values 
of n for which the definition (1) fails. For if we write (8) in the 
form Tt) 

= ec, 


T'(n) (4) 


then, if —1 < ” < 0, formula (4) gives us I'(n) since (n+ 1) is 
positive. We may then find I'(n) when —2 <n < —1, since 


* Consult, for example, B. O. Peirce’s “Short Table of Integrals.”” 
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now I'(n+1), in the right hand of (4), is known; and so on 
indefinitely. 


We have, then, in (1) and (8) the complete definition of I'(n) for 
all values of n. 


From (8) it follows that 
P(n) = (n—1)T'(n—1); (5) 
and hence, from (8) and (5), 
T(n+1) = (nm —1)I'(n—1), 
or, more generally, 
T(n+1) =n(n—1)--- (n—k)T(n—h), (6) 


where k is a positive integer. 
If n is a positive integer and we take k = n — 1 in (6), we have, 
with the aid of (2), 
Tin+1)=n! (7) 


or T(n) = (n—1)! (8) 


Accordingly the Gamma function reduces to a factorial number 
when 7» is a positive integer, and may therefore be considered as a 
generalization of n! for the case in which 7 is fractional or negative. 

From (8) we also obtain readily 


Din+k)=(n+k—1)---(n+1)nI(n), (9) 
or, what is the same thing, 
a Bad Uh) Oe 
2 iro earn pe PBA TY Ou. 


where in hoth (9) and (10) k is a positive integer. 

It appears from (10) that the Gamma function becomes infinite 
when vn is zero or a negative integer; for k can be taken large 
enough in (10) to make n+k positive, and the fraction in (10) 
then contains a zero factor in the denominator. 

The integral (1) may be reduced to other forms, some of which 
we give, together with the substitution which reduces (1) to each 


of the new forms: 
I'(n) = am f y” te" dy, (x=ay) (11) 
0 


T(n) =2 i “pre” dy, (@=¥) (12) 
0 
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rn) = (mar f wr(low2) dy. (== (m-+1) log) (3) 
If we put » = $ in (12) and use the result of Example 1, § 65, 
we get TQ) = Vr. (14) 
68. The Beta function. The integral 
fg — 2)" dr 


converges when m and » are positive (§ 64) and defines a function 
of m and n called the Beta function.@ Hence 


B(m, n) =| — x)"—! dx. (1) 


It is important to notice that m and n may be interchanged in 
(1). To see this, place x =1—y. We have 


1 
Bom, n) = i (1—y)"“1y" dy 


1 
=|) (1 —a)"—'2"—! dz = Bin, m). (2) 
0 
Other forms of the Beta function are of importance. In (1) place 
= ¥. then 
a 1 a 
Bom, 0) =a fu a=)" dy, @) 
In (1) place x = sin? ¢. We get 
B(m, n) = lita ¢ cos?"—! b dd. (4) 
0 
, os 
A 1 = ; 
gain, place « Ty in (1) ‘ We ar 
B(m, n)={ —“_ dy, 
» Gt yynre oe 


A relation between the Beta and Gamma functions may be 
worked out as follows: Using (12), § 67, we have 


T'(m)T(n) =4f wn tent de f “yim te¥ dy 
0 0 


[oa] @ 
= af if tty et on al aie lay. 
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The double integration is to be taken over the first quadrant of 
the XOY plane. Replacing Cartesian coordinates by polar coérdi- 
nates, we have “ 


T(m)T(n) =4f?f r2(m+n—De-r? sin2m—-1 § eog?22-1 67 dO dr 
0 


Tv 
Bias = * 
a singe * Bcos™ a6 f ee ee dr 
0 0 


= Bim, n) (m+ n), 
by (4) of this section and (12), § 67. Hence 
_ Pm (n) 
gen, 


Pade 
As an example, consider af a 
0 al — uF 


(6) 


Placing ot = y, this becomes 


if 
ip 4 y(1— y)-? dy = 4 B(4, }) 
0 


_4T4@TG). 
i ie 
but P4)=3) P@)=va, TQ)=2-2-2-5v7. 
ee ie cee eel 28 
erefore Se ae 
ae es 


69. Dirichlet’s integrals. As an interesting example of Gamme 
functions let us endeavor to evaluate the integral 


I =f [feu te ae dy dz 


over the octant bounded by the ellipsoid 
a? y” 22 
tpt aa! 
and the codrdinate planes. 
We begin by placing 


2 2 2 
f 7] Z 
==, hime z= 6. 


ica ¢ 
lyme” en yet 
Then 22 fff erty? '¢2* at dn at 
over the octant bounded by the coordinate planes, and 
Ery+ c=. 


Cc 
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Putting in limits, we have 
ipmen i Pint rim t=n) 1m 
=f fa at dn at 
8 0 0 
l,m,pn 1 1-é€ 3 mn n 
=e fea —e- mbat do. 
8n 0 40 
Carrying out the integration in which £ is constant, we have, by 


OLE Oho. 
abc ee ee min i/m n ; 
ra SES [lea BE 2+ 1) ae; 


and carrying out the second integration, we have, by (1) and 


(6), § 68, Le : Lm+n wee 
Ps ek 
re a teeny 


sire ia : 


, 


ag al se eR 
If 1=1, m=1, n=1, we have for the volume of an octant of 
an ellipsoid _ abel Tare ) _ abe 
8 l'(3) 0G 
If /=3, m=1, n=1, we have 
“3 ? 3 
[[fe sna PEO oe, 


Similarly, i i fy? y~ dx dy dz = ae T, 


and therefore the moment of inertia of an ellipsoid of mass M 


about OZ is abe 
Pq (a° + b?)r = § M(a? +B). 


Again, if l= 2, m = 2, n=1, we have the product of inertia 


_@beD(TA)TG) _ abe 
Ley= ff mu de dy a S Te a 
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A more general formula than (1) is 


l m n 
ale" ele ey 
it aly an de dy da = Spor eeiL. i. neat 
n 
(4441) 
Pp q ue 


over the octant bounded by a portion of the surface 


Dp q a 
G+ Qye)= 
a b ¢ 

and the three codrdinate planes. The proof of this we leave te 
the student. 

This discussion may be extended to any number of variables. 

70. Special relations. We shall obtain in this section certain 
relations involving Gamma functions which are less fundamental 
than those of § 67. 

In (5) and (6), § 68, place m = 1 — n, assuming that 0 < » < 1. 
There results 


(2) 


‘ys 0) yee 
T(n)Td —n) = ; maya (1) 
We shall show in § 149 that 
je aa 1 2 
o 1l+y 4 Sin ne Oe aS Sere (2) 


Assuming this for the present, we have 


—n)= ° 3" 

T(n)T 1 — n) aye (3) 

We note in passing that by placing n = 4 we have again the 

result found in § 67, ra = VE (4) 
; F 123 p—l 

In (8) let us place in succession n = —» —» ae Eee where 


Pp 
p is any positive integer, and multiply the results together. We have 
2 —1\|? we} 
GEG) PC )\- Pee p—1 ; 
e - _ sin — sin —---sin——— 7 
p Pp Pp 
We shall show in § 136 that the denominator on the right is 


equal to sis wt Hence we have Us 


Qn) r@)-2- 
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To obtain the next relation which we desire we begin with the 


elementary integral 2 1 
—ba 5 
af e*da==; 


b 


0 
2 pe db 
hence i db if oda = df Cea 
1 0 1 b 


The double integral satisfies the requirements of § 66 for inter- 
change of the order of integration. 


Hence low n= f “da f e >* db = eS (6) 
0 1 0 a 


The integral (1), § 67, defining I'(n) may be differentiated under 
the integral sign with respect to n. Representing the result by 


I’(n), we have 
I’(n) = see wale=? log as 


and substituting the value of log x from (6), we have 


I’(n) She ae f a 
0 0 


The order of integration may be interchanged by § 66. Hence 


I’ (n) =) =" (e te = Cm) es —1 Cm dx 
0 
=i ef" gle? dx _{°= Sgt len (e+e dy, 
0 a/o 0 Avo 


The first integrals in each pair may be evaluated by (1), § 67, 
and (11), § 67, respectively. We have 


Te) = Dei al ai ewes @ 


By placing » = 1 in (7), we have 


Bes Ne cee 


I 
and subtracting this from day as given in (7), we have 


T(n) 
1 I’ (n) ; 1 da 
Boy ee a. fee eee ae 


(8) 
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If m is an integer greater than unity, this may be reduced 


further by placing 1+ a=+t. The integral in (8) becomes 


f [teh be beats pet pot 
1 i 


The constant I’’(1) is called Euler’s constant. It is represented 


by — y, and it has been computed that 
y = BTT2157 - - -. 


We have, finally, from (8), for integral values of n, 


LL als arog as ge 
ra ete Satis dat Dery 


EXERCISES 
1. Prove that 


a eNO ee 1 
ra) = 3-5 (2k dhe 


2 as 
where k is a positive integer. 
1 
2. Prove that r(e* \ra@ +1) 
fxr eee 
! mT (2=* +ogsh 1) 
m 


1 dx il INI 
3. Prove that if Sears = F wae: If. male 
—2z 


4, Prove that if peta —|r(2)]. 
oVios Vaal \ 

r(*# =) 

5. Prove that he sete = ni eee 

0Vi—-? 2 r($+1) 


1 ade _1-8-5++-(n—-1) 7 


and then show that tf peer ON Ate, & Nene 
—2 


if n is an even integer, and 


ie: eae, =. 
0 V1 — 7? 


if n is an odd integer. 


(9) 
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r() 
ae Vir n 
6. Show that pipers 2 ee eee ee) 
1 iy 
7. From Ex. 2 show that if 2 ~ is a positive integer k, 
! 
TPC 2 x ogy (k —1)! 
se es m(qt+t1@t+2):--@tk 
part 


is a positive integer k, 


8. From Ex. 2 show that if g + 


ql —q) --- kK—-1—9) a 


jad —2”)¢dzr = - 
0 m:k!sin qr 


9. Prove that 


S = 1,/n4+1 1 
20% aang ae: peel i 
af sin" de =f cos x die = 5 B( : 5) 
Hence prove that 
f ?sin"x de =| 2cos" 2dr = os AOR Ss ey) 
0 0 BRC Gyo 0a 7/ 
if m is an odd integer, and 
f2sin"a de = [2 cos" 2 dr =~ SS a een a 
0 0 2-4-6---n 2 
if n is an even integer. 
10. Prove that : ont r( - ah 
f @sin” 2200 
0 T'(n + 1) 


11. From Ex. 10 prove that ont Ir + *)| 


ip 2sin® x dx = 

0 I'(n + 1) 

12. By combining Exs. 9 and 11 prove that 
aan (*4*\r (2) = N/a Ta), 

13. Prove that ; 


oo b n—l 
iG cos es T Gone a 
o 2" T(n) nt 
2 cos — 
: 1 00 
by placing == = : ale day, 


reversing the order of integration, and making use of (2), § 70. 


a NE Sra Ol SD A a ay ASS aw, 
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14, By a method similar to that of Ex. 13 prove that 


(0 <n <1) 


ae T(n) 2 sin U 


00 ] n—l 
if sin bx a b 7 


15. Find the area of one loop of the curve in polar codrdinates 
r* = sin? 0 cos 6. 
16. Prove formula (2), § 69. 


Use the Dirichlet integrals to obtain the volume, the center of 
gravity, and the moment of inertia of an octant of each of the solids 
bounded by the following surfaces: 

i ly at 4 yt + 2? = ai. 18. x + yt + 23 = a!, 19. 27+ y?4+2*=1, 

20. From (5), § 68, prove that 

1 ,.m—1 n—1 
Biles HE dx = B(m, n). 
Sf Lt et 
21. Prove that 
B(n, n) = 2!-?"B(n, 4). 
22. Prove that 


varma-n()r (222) 


23. From (7), § 70, prove that 
i Ss (re) de 
= — 1)e~* + ———_____—__| —.. 
EMD, [ c Le log (1 + a) a 
24. From Ex. 23 prove that 


“fe* (tay), _ 
i ee oe 


25. From Exs. 23 and 24 prove that 
lug ['(n) =i (ial gl Daal soe a] ia 
De laeta Ce a log (1 + @) 
26. From Ex. 25 prove that 


Of pan __ pa 
log I'(n) = < Ge ve]. 
—o Ca i [e4 


CHAPTER VIII 
LINE, SURFACE, AND SPACE INTEGRALS 


71. Line integrals. Consider a function P(x, y) defined and con- 
tinuous for a certain region of the plane XOY, and take in the 
region a curve C (Fig. 61) ex- y 
tending from a point A(a, 61) 
to a point B(de, be). Divide the 
curve C into nsegments by points 
Mi(x1, y1), Ma(x2, y2),---, let 
(E;, n;) be a point in the seg- 
ment (M;_1, M;), and form the 
sum 


t=n 


» es Ni) (ti — eat Ns 


The limit of this sum as n is 
indefinitely increased and each 
factor x;— X;-1 approaches zero 
is the line integral of P(x, y) along the curve C and is indicated 


by the symbol ic b,) 
( 
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P(x, y)dx (1) 


ay, by) 


along C. The value of this integral depends not only on the 
limits but also on the curve C. If the equation of the curve is 
known in the form y = o(x), (2) 


the integral (1) may be reduced by substitution to an integral 


in one variable, ay 
[Pls bean; (3) 
or if the equations of the curve are given in terms of a parameter f 
= x= fit), y = fa(d), (4) 
the integral (1) becomes by substitution 
ty 
ik F(t)dt. (5) 


Hither (3) or (5) may be evaluated by direct substitution. 
174 


SR RET OS 
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Some very elementary integrals connected with a curve may 
be looked at from this point of view. For example, P(x, y) may 
be simply y. Then (1) is the area ADEB, of which C is the upper 
boundary ; and if P(x, y) is y?, then (1) is the volume of a solid 
found by revolving ADEB around OX. 

If Q(2, y) is another continuous function, we may form the sum 


> Q(E;, mi) (Yi — Ys-1)3 
and the limit of this sum is another line integral, 


(Gz, bs) 
fee, wan, 6) 
(a, by) 


taken along C. Thus, if Q(x, y) is x, the integral (6) is the area 
FABG, of which C is part of the boundary; and if Q is wx”, the 
integral (6) is the volume of a solid formed by revolving FABG 
around OY. 

In practice it is more common to find line integrals occurring 


in the form (d2, be) ; 
tb [P(a, yde + Q(x, y)dyl, (7) 


ay, Dy) 


which means the sum of (1) and (6). It is this form which we 
shall generally have in mind when we speak of a line integral. 
The evaluation of (7) when the equation of C is given in the 
form (2) or (4) is made by substitution and direct integration. 

It is not necessary that the curve C should have the same equa- 
tion for its entire path, but it may be of the form noticed in § 1. 
For example, consider the integral 


(1, 1) 
i L(y — x)dy + y dz). 
(0, 0) 
The curve C may be the parabola y? =x. Then the integral is 
1 
i (y + y*)dy = %- 


Or the curve C may consist of a piece of the axis of x from 
(0, 0) to (1, 0) and then the line x = 1 from (1, 0) to (1, 1). The 


integral is then 1 
f (y—1)dy=—3, 


since on the first part of the path y = 0, dy = 0, and on the second 
portion «= 1, dx = 0. 
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We are, however, interested in properties of (7) which may be 
discussed without direct integration. By the definition, (7) hasa 
distinct meaning as a limit of a sum whether C be an open or a 
closed curve. In the latter case we write (7) as 


fe oa 
(@) 


As an example of (7) consider a field of force; that is, let 
there be a force F determined in direction and magnitude at 
every point of the region of the plane 
considered. 

We wish to find the work done on 
a particle moving from A to B along a 
curve C (Fig. 62). Let C be divided into 
segments each of which is As and one 
of which is MN. Let F be the force at 
M, MR the direction in which it acts, 
MT the tangent at M, and @ the angle 
RMT. Then the component of force in 
the direction MN is F cos @, and the 
work done on a particle moving from M to N is F cos 6 ds except 
for infinitesimals of higher order. The total work W in moving 
the particle from A to B is then 


w= [ F cos 0ds (8) 


A Fig. 62 


taken along C. This is properly called a line integral, but it is 
not in the form (7). It may, however, be put in that form. For 
if a is the angle between MR and OX, and ¢ the angle between 
MT and OX, then Sloe ae 


whence Wz fe cosa cos ¢+ F sina sin ¢)ds. 


But Fcosa= X, Fsina=Y, where X and Y are the com 
ponents of force parallel to OX and OY, respectively, and 
cos ¢ ds = dz, sin ¢ ds = dy. 


Therefore W= jh (X dx + Y dy), (9) 


which is the form (7). 

As another illustration, suppose a fluid flowing over the plane 
XOY, the lines of flow being all parallel to XOY. We wish to 
find the amount of fluid per unit of time which flows across a 
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curve C (Fig. 63). Let q be the velocity of the fluid, a the angle 
which the direction of its motion at each point makes with Ox, 
u=q cos a the component of velocity 
parallel to OX, and v= gq sin o the com- 
ponent of velocity parallel to OY. Take 
an element of the curve MN = ds and 
neglect all infinitesimals of higher order 
than ds. In the time dt the element 
has been transferred to M’N’, where 
MM’=NN’=q dt. The amount of fluid 
crossing MN is therefore the amount in 
a cylinder of base MM’N’N. The vol- 
ume of this cylinder is hMM’MN sin 0 
= hq dt sin 6 ds, where h is the depth of the liquid, and @ the 
angle between MM’ and MN. The amount of fluid crossing MN 
is therefore hog dt sin 0 ds, where p is the density. Hence the total 


amount crossing MN is ¢ 
h at [ og sin 6 ds. 


To put the integral in the form (7), note that if ¢ is the angle made 
by MN with OX, #=gd—a. Therefore the amount flowing across 
C per unit of time is h f 


Fic. 63 


(— vp dx + up dy), (10) 


where the integral is of the form (7). 

72. Plane area as a line integral. In using line integrals around 
closed curves we need some method of distinguishing between the 
two directions in which the curve may be 
traversed. Accordingly, when the curve is 
part of the boundary of a specified region, 
we shall say that the positive direction is 
that in which a person walking around 
the curve has the region on his left hand. 

Thus, if a circle is the boundary of the 

region included within it, the positive direc- 

tion is counterclockwise; but if the same 

circle is part of the boundary of region 

exterior to it, as in Fig. 64, the positive Fic. 64 
direction is now clockwise. 

With this fixed, let us now consider the integral 


ii: y der, a) 
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taken in positive direction along a closed curve C which bounds 
a region of area A (Fig. 65). For simplicity we shall assume 
first that C is such that a line parallel to OY or OX meets it in 
two points or not at all, with the y 

exception of four tangents which ~ 
are parallel to OX or OY at points 
L, K, M, and N. Here L is the 
extreme left-hand point of the 
curve, K the extreme right-hand 
point, M the highest point, and N 
the lowest point. We draw the 
tangents LF, KB, MD, and NE. 
The integral (1), taken along C 
from L through N to K, gives the 
area FLNKB. The integral (1), 
taken along C from K through M_ Fic. 65 

to L, gives in magnitude the area 

FLMKB, but with a negative sign, since dx is always negative. 
Hence (1) taken in the positive direction around C gives the 
algebraic sum of these areas; namely, the area bounded by C 
with a negative sign. That is, 


A=— f[yar. (2) 


D 


Consider in a similar manner the integral 


if seal (3) 


The integral (8), taken along C from N through K to M, gives 
the area ENKMD. The integral (8), taken along C from M 
through L to N, gives the area ENLMD with a negative sign. 
Hence 


AN == z 
Hf wn dy (4) 
By adding (2) and (4) we have 
A=4f (dy— y de), (5) 


which expresses the area in terms of a line integral taken oe 
the boundary of the area. 

Formula (5) has been proved for an area of simple type. It is 
readily shown to be true for any area which can be cut up into 
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areas of this type. For example, consider the area bounded by 
the curve C (Fig. 66). By drawing the lines MN and LK the 
area is divided into three areas A, As, A3, to each of which 
formula (5) applies. By adding these results we have the area A. 
But examination of the arrows 
shows that the curves MN and 
LK have each been traversed 


Fic. 66 


twice, in opposite directions. The integrals along these lines 
therefore cancel, leaving only the integral (5) around C, traversed 
continuously in the positive direction. 

The theorem is also true for an area bounded by more than 
one curve. For example, consider Fig. 67. By drawing LK and 
MN the area is turned into one bounded by a single curve, and 
formula (5) is applied. The two inte- y 
grations along LK and MN, however, 
eancel, leaving the integrals around the 
boundary curves each traversed in a 
positive direction. 

We have also in the proof assumed 
that C did not cut OX or OY. The 
student may easily show that this is O 
immaterial. 

As an example let us first consider the area bounded by an 
ellipse and the chord connecting the ends of the major and minor 
axes (Fig. 68). 

The equation of the ellipse is 


x=acos¢, y=bsin ®, 


so that on the ellipse «dy —ydx=abdd¢. 
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The equation of the chord is 
b 
Ses rial 
Yy ae + 


so that on the chord, xdy—ydx=-— bdx. 
Hence 


1 Los ile 
bat = aoe fee ae 
A 5 [eau Fits am abdp-+5 [ (-bde) =P -F 


LO 
x x 
O| Be 

Fic. 69 Fic. 70 

Again, consider the area of the triangle OP; P2 (Fig. 69). 

The equation of OP; is y= - x, so that along OP, xdy—ydzx=0. 

A 

Similarly, along OP2, x dy—ydx=0. The equation of P,Pe is 


y= poe ees 
Ap" 4 By) 


so that along P;P2, 
dy —yde=—[ a — See 0) a, 


2 — Xj 
Hence 
i! Ss rq Ad 
A=5 | ody —yda)=—5 [ yn — A Se toy 
2 © 2 2 (9 bil 2 


Finally, consider the area of the figure OP;P2 (Fig. 70) when 
the curve P1P> is given in polar codrdinates. Along this curve 
z=rcos0, dx=cos6dr—rsin 6 dé, 
y=rsnd, dy=sinédr+rcos6 dé; 
whence xdy—ydx =r? dd. 


| 
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Along the lines OP; and OP: we have, as shown in the previous 
example, «dy — ydx=0. Therefore 


Oy 
A=4f wdy—yde)=3 [ r? a6, 


the familiar formula of polar codrdinates. 

73. Green’s theorem in the plane. Consider a region R bounded 
by a curve C (Fig. 71). We shall assume for convenience that any 
line drawn through R meetsC intwo y 
and only two points. If the line is 
parallel to OY, one of these, for which 
y = 1, is on the lower boundary of R, 
and the other, for which y = ys, is on 
the upper boundary. Let a and b be 
the extreme values of x for points in R. 

Let P(x, y) be any function which 
is continuous in R and on C and for Fic. 71 


which a is continuous. We shall consider the double integral of 
y 
over the area R. Then, by (2), § 66, 
ion 
ff SF aedy=f ax f 9a 
tn CY : Pe eT GE 
= | Po y2) — P(x, yi) \dx 


=~ Pa, tn)de— [“PCa, ys) de (1) 


But by the definition of a line integral the expression on the 
right in (1) is, except for sign, the line integral of P dx around C 
in the positive direction. 


Hence we have f ie ae dx dy =— if P dz, (2) 
y 
(R) 


(C) 
where the indices R and C are used to denote the region and 
the curve over which the integrals are to be taken, and where 
the direction along C is to be positive. 
Similarly, if Q is another function of x and y continuous in & 
OQ 


Ox 


[[Bacdy= fea, (3) 
ic) 


(R 


and on C, and such that — is continuous in R, we may show that 
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By continuation of (2) and (3) we have, finally, 


War oe) (4) 
(C) 


We have nae, this result for a simple region R. It is easily 
extended, as in § 72, to regions of more complicated form. ‘This 
is the first form of Green’s theorem. 
Modifications of (4) follow. 

Let a be the angle made with OX 
by the positive direction of C, and 6 4% 
the angle made with OX by the normal 
drawn outward. 

Then, as shown in Fig. 72, for any 


point of the curve Fic. 72 
a=T+8, 
d : 
and deen ee B, 
ds 
d . 
ee eos 


If F is a function of x and y, its derivative in the direction along 
the outward normal to C is, by § 35, 


dP _ oF CE a OE ORE 
ae ee ee, ds dy ds 6) 
In (4) we may put pee apes 
oy Ox 


andtave [fa te eam | (Ge oe 6) 
2 2p 
whence, by (5), fia ae aI) I) (+ us a dx dy. (7) 
(C) 
Again, if we place in (4) 
we get fee “sees Ug Oe oa dy 
es Ox re oF oy oy 


OR OF 
+ ffo(@eoe Fa) de dy. (8) 
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The equations have special interest when F is a function which 
satisfies Laplace’s equation 


GPE OA Moe 
Oa2 =F ac 0. 
In that case (7) becomes {> 1S == 1), (9) 
(C) 


This discussion will be continued in connection with the treat- 
ment of Laplace’s equation. 

74, Dependence upon the path of integration. Consider a region 
R which shall have the property that any curve in it connecting 
two points may be gradually deformed into any other curve 
connecting the same two points without passing out of the region. 
Such a region is called simply con- B 
nected. A region shown in Fig. 67 is 
evidently not simply connected until 
the.cuts NM and LK are made, when 
it becomes simply connected. 

We are to inquire under what con- 
dition a line integral connecting any C, 
two points A and B of such a region 
depends only on these two points and 
not on the curve which connects them. 4 Fie. 73 
It is evident in the first place that if i 
the line integral along the curve C; from A to B (Fig. 78) is 
equal to that along C2 from A to B, then the integral along the 
closed curve which we may form by going from A to B along C; 
and from B to A along Cz is zero. Hence, since the points A and 
B may be any two points and the curves C; and C2 any two 
curves, the statement that the line integral between two points 
is independent of the path is equivalent to the statement that 
the line integral around any closed curve is zero. 

It is evident that in a simply connected region any closed curve 
bounds a region to which the results of §73 may be applied. 


‘Bhatis, 1 ae and a are single-valued and continuous in R, then 
x 


for any closed path C inclosing a region T, 


fe dx + Q dy) = Sivas x dy. (1) 


(C) 
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It is first evident that if oe — a. 0 at all points of R, then 
the integral on the left of (1) is zero. This is then a sufficient 


condition that a line integral around any closed path in R is zero. 
OP ao 
The condition is also necessary, for suppose Dy ~~ “ were not 


zero at some point. Then it would be possible to take T so that 


ib 2 : ; 5 
. — re would be of the same sign at all points in T, since the 
functions concerned are by hypothesis continuous. Hence the 
integral on the left of (1) could not be zero. Therefore we have 


the following theorem : 


In a simply connected region in which P, Q, and their first partial 
derivatives are continuous, the necessary and sufficient condition that 
the integral 


fated) 


around a closed path should be zero and that the integral along a 
path connecting two points should be independent of the path is 


As an example, consider 


—y 
ee” eT Pay? ap sy: 


2 

ORs 00). aia 
dy “0x (2? ay) 

P and-Q and their derivatives are discontinuous at the origin, 
and hence the theorem may be applied only to simply connected 
regions which do not contain the origin. In other words, the 
integrals along any two paths which do not inclose the origin is 
the same, but the integral around two paths which do inclose the 
origin is not necessarily the same. This may be verified directly. 


» and the condition is met. But 


For if we use polar codrdinates the integral becomes i dé, and 6 


returns to its original valve after traversing a path which does 
not surround the origin but is increased by a multiple of 2 x for 
any path surrounding the origin. 
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75. Exact differentials. We have already seen, in § 36, that 


St ie , (1) 


is the necessary and sufficient condition that 
Pdx+Q dy 


is the exact differential of some function ¢. By the use of the 
line integral we may establish this result independently of § 36. 
In the first place, the condition (1) is necessary, since if the func- 


tion exists such that df= Pdx+Qdy, (2) 
oP Od  0Q 
then dy Oxdy dx 


We shail proceed to show that, conversely, if (1) is satisfied 
for any two functions P and Q, there exists a function ¢ for which 


Op _ Op _ 
ox E; oy Eres 4h) 
and therefore Pdx+Qdy= dd. 
Consider for that purpose the integral 
(x, y) 
f (P dx +Q dy), (3) 
(Zo, Yo) 
where (20, yo) is a fixed point Mo Y Reno Css) 
and (xz, y) is a variable point M. Z 


Under the assumption that (1) is 
fulfilled, (3) is independent of the 
path, and its value is therefore 
determined when (z, y) is given. M(ayy,) 
Hence, by the definition of a func- 
tion, we are justified in writing 


(x, y) 
[wae t+ady = ow). (4) 


(Zo, Yo) 


(x+h, y) 
Then i (P dx +0 dy) = ole +h, 9). (5) 


(Xo Yo) 
Since this integral is independent of the path, we may take the 
path as made up of a curve drawn to M and a line MQ parallel 
to OX from M to Q (Fig. 74). Then 


(2 +h, y) 
Ce ee: if (Pde +Qdy). 6) 
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In the last integral of (6) y is constant. Hence dy=0 and 


(6) becomes (eth, y) 
$(a+h, v)—$@ 9) = ah P(e, Wide 
ty 


=hPé,y), @<&<a2+h) 
the last transformation being made by § 56. 


Then Lim sim Pe y)e 
h-0 h é>2 
whence ce =e ay 
Ox 
Similarly, we may prove that 
0 
e a Q(x, y). 
y 


Wehavetherefore provedthe theorem. Y 

The discussion also suggests a method M(x,y) 
for determining ¢. Since ¢ as defined 
by (4) is independent of the path, we 
may take the path as composed of MoR 
(Fig. 75), parallel to OX, along which My(%Yo) R(x, Yo) 
Pdx+Qdy= P(a, yo)dx, and the line 
RM, along which P dx+Q dy=Q(a, y)dy 9 


with x constant. We have, therefore, Fig. 75 
ap y 
ot, = Pe, wide +f Oc, wae, (7) 
Lo Yo 


where in the last integral x is constant. 
Similarly, by first integrating parallel to OY and then parallel 
to OX, we have 


ote, =f Pe, det ‘ Q (eo, yay, (8) 


where in the first integration y is constant. 

The point (70, yo) may be chosen in a manner to make the 
integration as simple as possible, since a change in (Zo, yo) simply 
changes the constant of integration. Of course a point (20, yo) 
must be avoided which would make P or Q infinite or discontinu- 
ous along the path of integration. 

As an example, consider 


(4 2° + 10 ry? — 8 y*)da + (15 2?y? — 12 ey? + 5 y*)dy. 
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OP 0Q 


Here by ring 
and, using (7), 
b(xz, y) = ae de + f° (15 a?y” — 12 xy? +5 y*)dy 


=o 44 5 ty? —8ay*t+y’. 
Again, consider 


1 y ) 1 
-— ———— } dz + ——— 
€ a Vy? — x? a8 y 


= 80 ry? — 12 y*. We may take (zo, yo) as (0, 0), 


Here == = 


We cannot take xo as zero, since P is then infinite. We may, 
however, take (xo, yo) as (1, 0), and, using (7), 


oe, y= [oar + fe 
’ 1 2% 0 Vy? — x2 
= log x + log (y + Vy2 — 22) — log aV—1 
= log (y+ Vy2— 22) — log V— 1. 


Here log V— 1 is a constant (§ 140) which may be dropped in 
writing o(z, y). Asa check take (%o, yo) as (1, 1). Then 


2d fyi eae ee — 
= log 2 +log~+ ~4—" Fog (+ VFB 


— log Gena 1— x2) 
= log (y+ Vy? — «?). 


76. Area of a curved surface. We have seen in § 58 that if a 
surface is defined by the equations 
AG fi (u, v), 
y = fou, »), (1) 
z= fz(u, v), 
the element of area may be taken as 


= VEG — F? du do. (2) 


In fact, we defire the area of any portion of the surface (1) as 


the integral 
s= | { VEG—F? du do, (3) 
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the integration to be extended over the portion of the surface 
considered. 

We have laid down somewhat arbitrarily the definition of a 
curved area. Its validity will depend upon the fact that the 
number obtained for S is independent of the codrdinate system 
used. This may be shown to be true, but we shall omit the proof. 
It may be shown without difficulty by the student that our defi- 
nition gives the usual result for elementary surfaces the areas of 
which have been found by other methods. For example, the 


equations + =acos @sin ¢, 
y =asin 6 sin ¢, 
Z2= 0d COs Od, 


define a sphere of radius a. The entire surface of the sphere is 
obtained by allowing ¢ to vary from 0 to z, and @ to vary from 
0 to 2 7. ie i 06= 4 and. — a, 


=a’sin?¢, F=0; = a”, 
20 
and ay Toe 4 ra”. 
A particular case of equations (1) is 
C=; 
y=, (4) 


z=f(u, v) =f(x, y). 

In this case the codrdinate curves on the surface are the curves 
cut out by planes parallel to OZ and making elements of area 
dx dy on the XOY plane. If we place, as usual, p= a, G= S, 

ie 
We nAyO. <0 B= leper : 
whence dS =V1-+ p?+4 q2 dx dy. (5) 


From § 47, if a, 8, y are the angles made with the axes of 
x, y, 2 by the normal to the surface at the point (x, y, z), we have 


cos Y = eee 
Ne Po ae 
and (5) becomes dS = sec y dx dy, 
or dx dy = cos y dS. (6) 


From this it appears that dS is rigorously the portion of the 
tangent plane which projects upon the rectangle dz dy, so that 
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the area of the surface is considered as the limit of the sum of the 
areas of such portions of tangent planes. 
Similarly, in the case 


te Ue 
U] = f(u, v) = f(x, 2), 
2%, 
we have ds= 1 + a) + (ey dz dx; 
Oz ox 
whence dz dx = cos B dS, (7) 
where dS projects upon the plane XOZ into the rectangle dz dz. 
Again, if x= flu, ») =fly, 2), 
Y= U4, 
CAD 
ds = NP + (Z) + (2) dy dz ; 
oy 0 
whence dy dz = cosa dS. (8) 


In the use of formulas (6), (7), and (8) it is convenient to 
consider dS as always positive. Then the projections dz dy, 
dy dz, or dz dx will be positive or negative according to the sign 
of the cosine factor. 

Consider, for example, the sphere 

ge? + y? +27 =a’. 

If the normal is always drawn outward from a point on the 
sphere, and vy is the angle between this normal and the positive 
direction of OZ, then in the use of (6) the projection of the upper 
hemisphere is positive and of the lower hemisphere is negative. 


Consequently, for the upper portion of the sphere we have, by the 
use of (5), 


i pee ete ela ey 5 (9) 
V a2 eo y2 ee y? 
If we wish the area cut out of the upper part of the sphere by 
the cylinder 2 + y? —ax=0, 


we have to compute the integral 


poe eee ne ed, 
a ie [ee = —72— y? 
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This is best done by using polar codrdinates in the plane. Then ~ 


B29 or dO dr P 
Z Sa ey 
s aff a = a(n —2) 


77. Surface integrals. Let F be a function which is defined for 
each point of a surface S; then 


if rds (1) 


is a surface integral, the summation taking place over the surface. 
Here F may be given as a function of (u, v), the curvilinear 
coordinates on S. Then (1) may be written 


af ub F(u, 0) VEG — F?2 du do. (2) 


Or F may be given in terms of (x, y, z), and its value on the 
surface then determined by the equation of the surface. This 
gives various forms of the surface integral. For example, we may 


have 
dl WP F(x, y, z) sec y dx dy, (3) 


where z and sec y are to be computed from the equation of the 
surface S. In (8) we may place 


F(x, y, Z) sec y = R(k, y, 2) 
and have the form i OF R(a, y, z)dx dy. (4) 


In (3) or (4) dx dy is to be taken positive or negative according 
to the law of projection given in § 76; that is, according as cos y 
in (8) is positive or negative. 

Again, we have as surface integrals on S 


i if P(x, y, 2dy dz, (5) 
up i Q(x, y, z)dz dx, (6) 


where dydz=cosadS, dzdx=cos 6 dS, and the signs of the 
differentials are to be determined as in § 76. 
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In applications surface integrals frequently appear as the sum 
of the three integrals (4), (5), and (6); namely, 


Ay (P dy dz+ Q dzdx+ R dz dy), (7) 


which is the same as 


A (P cosa+Qcos 6+ R cos y)dS. (8) 


As an example, suppose fluid flowing through the surface S$ with 
a velocity v. Let PQRS be an element of the surface dS and ‘let 
the lines of flow be as indicated in Fig. 76. In the time dt the 
particle of fluid at P will flow to T, 
where PT = vdt. Hence the vol- 
ume of fluid flowing in the time dt 
across dS is equal to the volume of 
the figure PQRS-TUVW. Consid- 
ered as an infinitesimal prism this 


volume is » dt dS cos 4, 
where ¢ is the angle between PT and the normal PN to the sur- 
face. The amount of fluid in this volume is 

pv dt dS cos ¢, 


where p is the density. The amount flowing across the entire 
surface in the time di is therefore given by the surface integral 


at [ pv cos ¢ dS, (9) 


where v and cos ¢ are functions defined for each point on S. 
The integral (7) may be transformed as follows: By the law 
of composition of velocities 
v COS = Un = Vz COSA + Vy CoS B + ¥, COS Y, 
where »,, is the component of velocity normal to S; vz, vy, vz are 


the components of velocity parallel to OX, OY, OZ; and cosa, 
cos 8, cos y are the direction cosines of the normal to S. Hence 


the surface integral in (9) may be written 


at f 00. cos a+ v, cos B + v, cos y)dS, (10) 


or at | { (pv. dy dz + pv, dz dx + pv, dx dy), (11) 


where the signs of the differentials in (9) must be taken as in § 76. 
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78. Green’s theorem in space. Let R be a function of x, y, and z 


and consider the integral aOR 
i; HL cay dx dy dz (1) 


taken through a volume T in which R and Oe are continuous. 


Let us first suppose the region 7 bounded by a surface S which 
projects upon the XOY plane into a region S’ such that a straight 
line drawn parallel to OZ from any point in S’ meets S in two 
and only two points (Fig. 77). Let 2; and 22 (#1 < 22) be the values 
of z at these points. Then the integral (1) may be written 


af Hs tea { : a ie f fi [R(x, y, 22) — R(x, y, 2)|dx dy. (2) 


(S) (S’) 

Let the normal to the surface be drawn outward at each point, 
let a, B, y be the usual angles, and let y = y1 when z= 2 and 
Y = Y2 when z= 22. Then it is Z 
evident that 7; is obtuse and 
that y2 is acute. In (2), how- 
ever, dx dy is positive from the 
nature of the triple integral 
involved. Hence we have, if 
dS is the positive element of 
area on the surface, 

dx dy = — cos yi dS 
when z= 21, 

dx dy = cos y2 dS 
when z= 22, 
and then (2) may be written Fic. 77 

[tee Y, 22) + RR, y, 2)] cos y dS. 
“8 

But this is simply the surface integral of R cos y over the sur- 
face, and hence we have 


OR 
[ff Ge wasffReos yas. (3) 
(P) (s) 


Finally, in (8) place cos y dS = dx dy, and we have 


If Geeance= [fx away | (4) 


(S) 
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In (4) dx dy is to be given a sign in accordance with the conven- 
tion of § 76. This makes an essential difference between the right- 
nand side of equation (4) and the right-hand side of equation (2). 
We have assumed for convenience a simple form of the volume 
T. It is easy to extend the result to volumes which may be split 
up into volumes of this type. This we leave to the student. 
In the same manner we have 


[IJ ap tea de= [faces pas =f Q dz dx, (5) 


(S) 


Lf Feedyde=[[P cosaas= ff P dy az (6) 
(T) (S) (S) 


By adding (4), (5), and (6) we obtain the result which is most often 


in use: 6P  0Q ae 
—+—4+— d. 
jdnbige ej aea 
(T) 
=f (P cos a+ Q cos B+ R cos dS 
(S) 
=| [(P dy de + Q dz de + Pde dy). (7) 
(S) 
This is one of the relations which are known as Green’s theorem. 
As an illustration of the meaning of (7) let us consider the integral 


sf [(x? — yz)dy dz — 2 x*y dz dx + z dx dy] (8) 


taken over a cube of side equal to a, three of whose edges lie along 
the codrdinate axes. Applying (7), this is equal to 


a a a 5 : 
ie if i (3 27 —2 2? + 1)dx dy dz = = +a. (9) 
0 0 0 


On the other hand, proceeding directly and considering 


iy (x? — yz)dy dz, 


(S) 
we have dy dz positive on the face x =a, negative on the face 
x = 0, and zero on all other faces. Hence the integral is 


a a a [re 
uk a (a® — yz)dy dz +f i yz dy dz =a’. (10) 
0 0 0 0 


In the integral (— 2 x? y)dz dx 
(S) 
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dz dx is positive on the face y=a, negative on the face y= 0, 
and zero on all other faces. Hence the integral is 


i ue (— 2. ax)\de dx = — 2 (11) 
In the integral if if z dx dy 


(S) 


dx dy is positive on the face z = a, negative on the face z = 0, and 
zero on all other faces. Hence its value is 


a iF a dx dy = a’. (12) 
0 0 


Combining (10), (11), and (12), we find the result (9). 

As an application consider the surface integral as given in 
(11), § 77, for the amount of fluid flowing out across a surface in 
the time dt. This must be equal to the loss of fluid in the volume 
bounded by the surface. The amount of fluid in an element 
dx dy dz at the time ¢ is p dx dy dz and in the time t+ dt it is 


(Oss e dt)dx dy dz. The loss in a single element is, then, 


Op 
Scr, CP dt dx dy dz, 


and in the whole volume it is 
Op 
_ af{{ dx dy dz. (18) 
(T) 


But the surface integral in (11), § 77, may be transformed by 
means of (7) into the space integral 


O(pvz) el y) O(pvz 
Affi ae ae 


The two integrals (13) and (14) are equal, and hence we have 


(ter) mee) O(pvz) 
JIS By ieee az + Pa dydz=0. (15) 


Now (15) is to be true for any volume T, no matter how small, 
within which the integrand is continuous. Hence the integrand 
must be everywhere zero, for if it were not, it would be possible 
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to find a volume for which (15) would not be true. We have, 


therefore a( 
) Pz) , (pry) , O(pr.) , Op _ 
Ox 1" oy = 0z “ ot 0, x6) 
the so-called equation of continuity in hydromechanics. 
In the particular case of a liquid for which p = constant, equa- 
tion (16) becomes 
al gla (17) 


79. Other forms of Green’s theorem. Let F(x, y, z) and G(z, y, z) 
be two functions which are continuous and have continuous first 
derivatives in the region in which S lies. Then the derivative of 
F normal to S is, by (10), § 35, 


aE. anor OF 
a pe Cs Sas = 00s 8 + ~ cos 7. (1) 
F F 
In (7), § 78, let us place P = oe ot ee oS We 
obtain, with the use of (1), # Es 


OGOF , OGOF | 0G *) 
= — dx d 
Hea We — ae ae + Ox Bey, oy Aap Oz Oz cle 
2 2 
[Jae 2 st - + ded (2) 


another form of Green’s ined 
It is allowable in (2) to place G= 1. We then have the simpler 


f 2 2 2 
ee sles as= [I (ast a + agi) dy de (3) 
dn 02? 


Also, in (2), we may interchange F and G and, subtracting the 
new result from (2), have 


[lots 2-22) 


- (— 0” ¢ 0’G 

~ \ 6x2 " Oy? © Oe? 

The results (2), (3), and (4) take simpler forms if P and G are 
functions which satisfy the Laplace differential equation 


Oo , ao cs 
—=0 
Ox? T 32 oy” zaleg 


oe) la dy dz. (4) 
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For example, (3) then gives 


If eee: (5) 


(S) 
As an application consider a charge of electricity e at a point 
(a, b, c). The potential at a point P(x, y, z) at a distance r is 


€ 
R=, 
r 


where r=WV(e4—a)?+ (y—b)?2?+ (@—C)?. 


Then for a region T which does not contain (a, b, c) we have 
formula (5). But if the region T contains (a, 6, c) the formula is 
not applicable, since F is discontinuous when r=0. We will 


compute dF 
[fF 


directly for a sphere of center (a, 6, c) and radius r which we will 
denote by 2. We have for this sphere 
Che gaky 2 =(¢) beset ge 
dn dr dr\r/ rr?’ 
where the normal is drawn outward from the sphere, and on the 
sphere r = 7. Hence 


[[Fas=-- Ti ie (6) 


() 


Consider any surface S aaa (a, b, c) and construct a 
sphere 2 about (a, b, c) as a center. In the region T, bounded 
by S and 2, formula (5) applies. Hence 


Lanse ff Gas= 0. (7) 


In the second integral of this formula the normal must be 
drawn outward from T and therefore into the sphere >. Hence 
the sign of (6) must be changed, and (7) gives 


dF 
if dn = 470. (3} 


(S) 
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In the same manner, if we have n charges of Finan €1, €2,° 


én at points (a1, b1, C1), (a2, be, c2),---, (Any bn, Cn) inside of s. 
we find that 


dF 
arabe ts -+ én) =—4 Te; (9) 
se dF 
or if we place N = — aR the normal force or intensity perpen- 
dicular to S, then 


[[ras= 4 me. (10) 


(S) 


We will apply (10) to finding the intensity N due to a spherical 
conductor of charge e. Take as the surface S a sphere of radius R 
concentric with the conductor and surrounding it. By symmetry 
the intensity N is constant on S. Hence (10) gives 


vf fas= 4 7R?N =4 ze; 


(S) 

whence = = 

Again, we will apply (10) to finding the intensity due to an 
infinite circular cyl.nder of charge e per unit length. Take as the 
surface S a circular cylinder of height unity and radius R the 
axis of which coincides with the axis of the conductor. The charge 
inside S is then that on a unit length of the conductor, it being 
assumed that R is greater than the radius of the conductor. 

On the upper and lower bases of S we have N = 0, since the 
force is perpendicular to the conductor by symmetry. On the 
curved surface of S, by symmetry, N is constant. Hence we 


have, from (10), 
vffas= 2RN =4:1e: 


(S) Ze e 
whence Ns pe 


80. Stokes’s theorem. If P, Q, and # are three functions of z, 
y, and z, the line integral 


fact Qdyt Raz) (1) 
() 
along a space curve C is defined in a manner precisely similar to 
the definition of a line integral along a plane curve. 
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Let C be a closed curve, and let a surface S be bounded by C. 
Let the equations of S be in the general form (1), § 58, and for 
convenience let us write 


Se er eee ee 
tae Oy hati Og en | 
Then we have 
Pde= a (Px, du + Px, dv) (2) 
©) (©) 

a Sf lz Te See a dy (3) 

= I ov Oa ‘ 

( 


since the argument which was used to obtain (4), § 73, may be 
transferred without change to the surface S with the curvilinear 
coordinates (u, v). The expression — is easily reduced to 


A Pdx=— is a E (Luffy — LrYu) fee (tate — tte) dv; (4) 


Oe by (11) and (9), § 53, 


Ale Palle cos y — = cs a)as. (5) 
Similarly, f Qdy=— i i (2 cos a — — S cos v)as, (6) 


(C) 
and Ne li aie cos B — 5, 8 ads. (7) 


By adding (5), (6), and (7) we have Stokes’s theorem; namely, 


fora rearnan=— [fl — Fa )e0s a 
(©) 
+(2- seo 25+ (2— en y as. (8) 


A word about signs is necessary. A change in the direction in 
which the line integral is taken would change the sign of the left- 
hand member of (8), and a change in the direction in which the 
normal to the surface is taken would change the signs of cosa, 
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cos 8, cos y and therefore change the sign of the right-hand 
member of (8). Hence there must be a relation between the direc- 
tion of the normal to the surface and the direction of integration 
around the curve. From the proof it appears that the relation 
between the normal to the surface and the direction of integra- 
tion must be the same as the relation between the normal to a 
plane and the direction of the integration in § 73. Hence an ob- 
server standing with his feet on the surface and his head in the 
direction of the normal will see the integration around C taken in 
the positive direction. 

From equation (8) it follows, by arguments similar to those of 
§ 74, that in a simply connected region of space in which P, Q, R 
and their derivatives are single-valued and continuous, the neces- 
sary and sufficient conditions that the line integral (1) between 
fixed limits should be independent of the path connecting those 
limits, and that the same integral around a closed path should 


be oe are @P_@Q @Q OR OR OP. 3 
dy ox 02 Oy Ox Oz 
If these conditions are met, the line integral 


(x, y, 2) 
4) : (P dx + Q dy + R dz) 


(Xo, Yor 20) 


defines a function ¢(x, y, z) such that 


ee Pee (10) 
Ox oy Oz 
as is easily shown by the methods of § 75. 

Conversely, if there is a function ¢ for which equations (10) 
are true, then equations (9) follow immediately. Hence equa- 
tions (9) are the necessary and sufficient conditions that such a 
function @ exists, or, in other words, that Pdx+Qdy+ R dz 
is an exact differential, so that we may write 


Pdti+Qdy+ Rdz=d¢. (11) 
Apply this to a field of force in which the components of force 
at each point are X, Y, Z. By definition the force has a potential 
V if there is such a function V that 
OV 
ata Wis 
Ox oy 0z 
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From the discussion given above the necessary and sufficient 
conditions for this are 


ox _aY oY a” az _ ax 
dy ox Oz oy ox Oz 


and we have, then, Xdxr+Ydyt+Zdz=—dv. 


The work done in passing between two points (xo, Yo, 2) and 
(21, Yi, 21) Is 


(f1, Yay 21) (21 Yr» 21) 
a (Xde + ¥ dy + Zd2) =— f dv 


(Los Yor 20) (Zo, Yo Zo) 


= V(2o, Yo, 20) — V1, Yi, 21). 


The work done is then independent of the path and equal to 
the difference of potential between the beginning and the end of 
the path. 

Again, if P05, O= teen, 


are the components of velocity of a liquid, that velocity is said 
to have a velocity potential ¢ if there exists such a function @ that 
o at) Ue v ee. v 
Of) NP REE VO Ree Ce 
In this case the motion of the liquid is called irrotational, 
whereas motion without a velocity potential is called vortex 
motion. The necessary and sufficient conditions for irrotational 
motion are that v,, v,, v, satisfy the relations 


O02 _ Oy Cdn SOUS e007 OD 


oy Or Oz oy’ Cx Oz. 
From (17), § 78, it appears that @ must satisfy the partial differ- 
ential equation ah  @ ae a2 8 
rea +38 oe Se.) 
Ox? y” 


In hydromechanics the integral 
fi. dx + v, dy + v, dz) 
along any path is called the circulation along that path. It 


appears that for irrotational motion the circulation around a 
closed path is zero. 
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: EXERCISES 
1. Find the value of 


ip oe te + y?)dx + 2 xy? dy] 
along the following paths: 
(1) A straight line. 
(2) A parabola y? = 4 x. 
(3) A portion of the x-axis and a straight line perpendicular to it. 
2. Find the value of 


(1, 3) & “ 
{h [y? dx + (xy — x”)dy] 


0, 0) 
along the following paths: 
(CO Laas yess 
(i= 9 x. 


(3) A portion of the y-axis and a straight line perpendicular to it. 
3. Find the value of 


2) (2 — 42 d. d 
Sig, LG? — wd + x dy] 
along the following paths: 
(1) A straight line. 
(2) A circle with center at O. 
4. Find the area of the fcour-cusped hypocycloid x =a cos? ¢, 
y =a sin? ¢. 
5. Find the area between one arch of a hypocycloid and the fixed 
circle. 
6. Find the area between one arch of an epicycloid and the fixed 


circle. 
Cae eo) 


ie ae 
corresponding to values of ¢ between — 1 and + 1. 


7. Find the area of the loop of the curve x = 


8. Find the area of the segment of a circle of radius a cut off by a 
chord 6 units from the center. 


9. Show that the integral 


f OB x(x +2 y)dx + (3 x?— y?)dy] 


is independent of the path, and find its value. 
oa apt ay) 


10. Show that i oo dix + 


2 = y? a? ate y? 
is independent of the path, and find its value, 
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(2, 1) a 1+2° 
11. Show that fk (- a dx — 2a y d v) 


1, 0) ay 

is independent of the path, and check ire evaluating for two different 
paths. 

12. Find the area of the surface cut from the cylinder y? + 2? =a? 
by the cylinder x? + y? = a’. 

18. Find the area of the surface of a sphere of radius a intercepted by 
a right circular cylinder of radius 3a if an element of the ane 
passes through the center of the sphere. 

14. Find the area of wie surface of the cone x? + y? — 27 = 0 cut out 
by the cylinder x? + y? — 2 ax=0. Z : 

15. Find the area of that part of the surface z = ae projec- 


tion of which on the plane XOY is bounded by the curve r? = a’ cos 2 0. 
16. Find the area of the surface cut from vhe paraboloid y? + 2? = 4 ax 
by the cylinder y? = ax and the plane x = 3 a. 
17. Find the area of the surface of the cone x7 + y?—42?=0 cut 
out by the cylinder x? + y?7-—4x=0. 


Apply Green’s theorem to the following integrals and verify by 
direct calculation : 


18. jul (xz dy dz+ yz dz dx +z? dx dy) over the sphere x?+ y*+ 2? =a’. 
19. ine (xdydz+ydzdx+zdaxdy) over the cylinder x?+y?=a?,z=+ b. 
20. i (dy dz + dz dx + dx dy) over any closed surface. 

Qin ff (x? dy dz + ae dz dx + 2” dx dy) over the sphere x? + y?+27=a?. 
22. Compute dhe 4 Oe dx+ay dy+zx dz) along the following paths: 


(1) A oe ae from the lower limit to the upper limit. 
(2) A broken line consisting of parts parallel to the axes. 


@, 1, 1) 
23. Compute iy ans (yz dx + zx dy + xy dz) along the same paths as 


those given in Ex. 22. 
24. Show that 


J (Pde+ Qdy + R dz) = [ VP? + Q? + R? cos 8 ds, 


where ds is the element of are of the curve and 0 is the angle between 
the curve and the direction P:Q: R. 


25. If F satisfies Laplace’s equation, show that 


SIF “y+ (= y+ (2) Jae ay ae = [frz as 


CHAPTER IX 
VECTOR NOTATION 


81. Vectors. A vector is a directed magnitude. Examples are 
force, velocity, acceleration. A vector may be graphically repre- — 
sented by a portion of a straight line with a definite length and a 
definite direction. The position of the line is unessential. Two 
vectors are equal if they have the same 
direction and magnitude, no matter how 
they may lie in space. One vector is the 
negative of another if the two have the 
same length and opposite directions. 

A scalar is a magnitude without direc- 
tion. Examples are temperature, density, 


w 


potential. The length of a vector isascalar P 
quantity. a 
It is customary to represent vectors by 
Greek letters, a, 8, y,---, or blackface a, Fic. 78 
b, c,---. The length of a vector may then 


be denoted by |a| or |a| or the corresponding lightface letter a. 
Two vectors are added by the law of composition of forces or 

velocities. Thus, if a~ and 8 are two vectors, their sum is the 

diagonal of the parallelogram of which a@ 

and 8 are two sides. Thus, in Fig. 78, 


y=a+p. (1) 


Any number of vectors may be graphically 

added by taking them in any order and B 
placing the beginning of each on the end of 
the preceding. The sum is then the vector 
which joins the beginning of the first vector 
to the end of the last vector. Thus, in Fig. 79, Fic. 79 


f=a+bB+7+6. (2) 


Take three mutually perpendicular directions from a point O 
(Fig. 80). Let i, j, k be the vectors of unit length in these 
203 


204 VECTOR NOTATION 


directions. These directions shall be taken so that an observer 
standing with the vector k running from his foot to his head 
sees the rotation from i to j as a positive rotation. 

Let a be any vector from O whose projections on the three 
directions are A1, Bi,and C respectively. 
Then, from the law of addition, 


asAi+ By + ok (3) 
and |a|=VAi?+Bi?+Ci?2. (4) 
Then, if 
6 = Aoi + Boj + Cok, 
it is readily seen that Fic. 80 
a+ B= (Ai + A2)it (Bi + Ba)j + (Ci + Co)k. (5) 


A vector is multiplied by a positive scalar quantity by multi- 
plying its length by that quantity without changing its direction. 
It is multiplied by a negative scalar quantity by reversing its 
direction and multiplying its length by the absolute value of 
the scalar. 

Two vectors may be multiplied in two ways, giving rise to a 
scalar product or a vector product, to be discussed in the next 
sections. 

82. The scalar product. The scalar product, or the dot product, 
of two vectors a and £ is defined by the equation 


a: 8 = ab cos 8, (1) 
where a and 6 are the lengths of a and 8 respectively, and @ is 
the angle between them. be 

In Fig. 81 let OA be the vector a, 
OB the vector 6, ON the projection 
of 8 on a, and OM the projection of a 
on 6. Then 

ab cos @= ON-OA=OM-OB, (2) 0 

so that the scalar product of two vectors 
is the product of the length of either vector by the length of 
the projection of the other upon it. 

From (1) we have B-a=a-B, (8) 
so that the scalar product is commutative. 

Also from the projection property (2) it is evident that 


a-(B+ 7) =a-B+ ay, (4) 


Fia. 81 
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so that the scalar product is distributive. From (4) it follows that 
(a+ 6)(B+ 7) =a-B + ay +6.8 + &-y, 

as in ordinary multiplication, and so for more extended products. 

From (1), aa=a?’, (5) 


so that the scalar product of a vector by itself is equal to the 
square of its length. 

From (1), if a-B = 0, 
we have either a= 0 or b=0 or cos 6=0; that is, one of the 
vectors is of zero length or the two vectors are perpendicular. 
Assuming that the vectors are not of zero 
length, we say that the vanishing of the B-Y 
scalar product of two vectors is the condition 
for thetr perpendicularity. 

It follows that ‘‘cancellation” as em- 
ployed in algebraic equations is not legiti- 


mate for vectors. That is, if a 
| a-B = av, (6) Fic. 82 
it does not follow that 8=-’y. For from (6) we have, by subtract- 
ing a.y from each side, oan. 
and, by (4), a(B— vy) =0; 


whence it follows that B — y is perpendicular to a. This is graph- 
ically shown in Fig. 82, where the projections of y and 6 on a 
are equal. 

If i, j, k are the perpendicular unit vectors defined in § 81, then 


ete ej eiee bk = 1, 

f= aes 0 eee =: (7) 
If Cf APO BG: O(c 
and B = Agi + Boj + Cok, 


a-8 may be computed by the distributive law of multiplication 
and reduced by (7), with the result 


a-B = AiA2+ By Bz + CiC2. (8) 
From (1) of this section and (4) of § 81 we get 
A;A2+ By Bz + CiC2 (9) 


cos 6 = oe ee) 
VAL + Bi? + Ci? VA2? + Bo? + Co? 
and the condition for the perpendicularity of the two vectors is 
A,Ao+ BiBo+ CiCoz 0; (10) 
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83. The vector product. The vector product, or cross product, of 
two vectors a and £ is defined by the equation 


ax B=vabsin 6, (1) 


where a and b are the lengths of a and @ respectively, 6 is the 
angle between them, and » is a unit vector perpendicular to a 
and 8 and in such a direction that an observer standing so that 
y runs from his feet to his head sees 
the rotation from a to B as positive. 
This is shown in Fig. 83. The length 
of the vector a X @ is in linear units 
equal to the area in square units of the 
parallelogram determined by a and £. 
From the definition we have 


ox v0; (2) 
so that the vector product of a vector by itself is zero. In general, if 
axp=0; (3) 


the vector a is parallel to the vector §, so that the condition 
for the parallelism of two vectors is the vanishing of their vector 
product. 

From the definition it follows that to interchange the order of 
the factors a and @ changes the direction of »v. Hence 


Bxa=-—ax 8B, (4) 


so that a vector product is not commutative. 

Also a X (8 X Y) is not equal to (a x 8) x y, where a, 8, and y 
are three vectors in general positions. For the vector 6 x ¥ is 
perpendicular to the plane of @ and y, and therefore the vector 
ax(8xXy) must lie in the plane of 8 and y. Similarly, 
(a X 8B) X y lies in the plane of a@ and 8. Hence in general 


ax (BX 7) # (ax B) xX 7, (5) 


so that a vector product is not associative. 
It is true, however, that 


VX (a) = yea yy X18, (6) 


so that a vector product is distributive. 
To prove this we use the fact that the projection of any closed 
surface on any plane is zero if the sign of the projection of each 
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portion is determined, as in § 76, by the cosine of the angle 
between the outward normal to the surface and a fixed normal 
to the plane. Apply this to the prism OAB-CDE (Fig. 84), 
where OA is the vector a, AB the vector 8, OB the vector a + B, 
and OC the vector y. 

Then the vector $(a@ + 8) X @ is equal to the area of AOB, the 
vector 4a X (a+ 8) is equal to the area of CDE, the vector 
6 X vy is equal to the area ABED, the 
vector y X (a+ £) is equal to the area 
OBEC, and the vector a x y is equal 
to the area OADC, and all these vectors 
are directed outward from the prism. 
Also the sum of the projections of these 
vectors on any line is zero, since it is 
equal to the sum of the projections of irened 
the faces of the prism on the plane 
perpendicular to that line. Hence the sum of these vectors is 
a vector whose projection on any line is zero, and therefore that 
vector is zero. Hence 


3(@+ B)Xa+ ax (a+ fB)+BXy+yx (@t+B)+axy=0. 
Reducing this by the aid of (4), we have 
ie eae (at Dexia 0 5 


whence (6) follows. 
From (6) follows 


G6) <a B= yxaty xp toxat+dx B, (7) 


as in ordinary multiplication, with the single exception that the 
order of the factors must be carefully preserved. The extension 
to any number of vectors in each factor 
is obvious. 

As in the case of the scalar product, 
so-called ‘‘cancellation” in a vector 
equation must be avoided. The equation 


a 
OX H OCs Fic. 85 


leads to a X (y — 8) = 0, which, by (3), means in general that 
a is parallel to y — 8. This is shown in Fig. 85, where the area 
of the parallelogram defined by @ and f is equal to that of the 
parallelogram defined by a and y. 
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Let i, j, k be as in § 81. Then 
ixr= 0; 1x j= 0, kx k= 0; 

ixj=—jxXi=k, jxk=—-kxj=i, kxi=—ixk=j. 
Then, if a= Ayi+ Bij + Ck, 

B= Aoi+ Boj + Cok, 
and we form a x 6 by (7) and reduce by (8), we have 
aX B = (BiC2 — BoCy)i+ (C142 — C2A1)j + (Ar Be — A2Bi)k 


(8) 


aoe k 
=A; Bi Cri. 


84. Curves. From the origin of codrdinates O draw a vector 
OP =r. Then, if ris a function both in direction and magnitude 
of a single parameter t, the extremity of r 
describes a curve, the equation of which may 
be written r= f(t). (1) 


This may be brought into connection with 
the notation of §51 by drawing the unit 
vectors i, j, k as in § 81. Then, if xz, y, z are 
the codrdinates of P, 


r= 2i+ yj + zk, (2) 


and if the equations of the curve are those 
given in § 51 equation (1) becomes 
r=fi@it faOjt+ fsOk; (3) 
so that (1) represents in one equation the O 
three equations of § 51. 
Let P (Fig. 86) be the point corresponding to a certain value 
of ¢t and let Q be the point corresponding to t-+ At. Then OP =r, 
0Q =r-+Ar, and, by the law of addition of vectors, Ar= PQ. 


FIG. 86 


Ar, : 
Hence WW is the vector PR in the direction of the secant PQ. 


As At approaches zero as a limit, the point Q approaches P, and 
the secant approaches the tangent at P, under the assumption 
that the curve is continuous and has a tangent. At the same 
time, under the assumption that the curve has a length, the ratio 
of the chord PQ to the increment At is the same as the limit of 
the ratio of the are PQ to At. 
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Hence we may write Lim ——<<, 
dr . ; 
where i 8? vector PT with the direction of the tangent to the 
; ds : 
curve and with a length a’ being the length of the curve. 


Taking 7 as a unit vector along the tangent, we have 
dr ds 


dt at’ So 
or, in differential notation, 
dr = 7 ds. (5) 
This result may be checked from (2) since . 
dr = dri+ dyjtdzk, (6) 
which is a vector with the direction of the tangent and with the 
length V dx? + dy? + dz? = ds. 


Let F be any function which has both direction and magnitude 
at each point of a certain region. Such a function is a vector 
function, and we may write 


F= P(2, y, Z)i+ Qe, y, 2)j+ R(x, y, 2)k. 


Then, if F makes an angle ¢ with the direction of the curve, 
and |F| = F, we kave F-dr= F cos ¢ ds, which is the product 
of the projection of F on ds multiplied by ds. On the other hand, 


B= Pi+ Qj + Kk, 
dr = dxi+dyj+dzk; 
whence F-dr = Pdx+Qdy+Rdz. (7) 


A simple illustration is obtained by letting F be a force. Then 
P, Q, R are the components of the force, and F-dr= F cos ¢ ds 
is the element of work done in moving through a length ds of the 
curve. 

85. Areas. A vector is a magnitude with which a definite direc- 
tion is associated. Now a plane area determines a definite direc- 
tion; namely, that of the normal to the plane. Hence a plane 
area may be represented by a vector whose magnitude is equal to 
the scalar area and whose direction is perpendicular to the plane. 
Let there be given an area of scalar magnitude A lying in a plane 
the normal to which makes angles a, 8, y with OX, OY, OZ 
respectively. The vector A is then a vector of length A making 
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angles a, 8, y with the codrdinate axes. The projections of this 
vector on the axes are, respectively, A cos a, A cos B, A cos +. 


Hence A=Acosai+AcosBj+Acosyk. (1) 


It is to be noticed that A cosa is the projection of A on the 
plane YOZ, that A cos # is the projection of A on the plane ZOX, 
and that A cos y is the projection of A on the plane XOY. 

If we have a surface S, there is obviously no definite direction 
connected with S. There is, however, a definite direction to each 
element dS; nameiy, that of the normal to the surface. We have, 
therefore, a vector element of area dS where, as in (1), 

dS =cosadSi+cos8dSj+cos yds k. (2) 

Now, if F= Pi+ Qj+ Rk 
is defined at all points of the surface S, 

F-dS = Fcos d6dS = (Pcosa+QecosG+ Reosy)dS, (3) 
where ¢ is the angle between F and the normal to S. 

An example is obtained by letting F = pv, where p is the den- 
sity of a fluid and v its velocity. Then F-dS is the amount of 
fluid per unit time which flows over the area dS (§ 77). 

86. The gradient. We have defined vector functions in § 84. In 
distinction, a function F(x, y, z) to which a magnitude but no 
direction is assigned at a point (x, y, z) is called a scalar function. 

We have seen in § 35 that for such a function we may construct 
a family of surfaces F(x, y, 2) =¢, (1) 


and that the maximum rate of change of F takes place in a direc- 


tion normal to these surfaces and is equal to a where n is meas- 
ured along the normal. Mt 
Let v be a vector of unit length and let us write 


dF 
Vi chee (2) 
Then VF (read “del F’’) is a vector function which gives in 
direction and magnitude the maximum rate of change of the 
function F at each point of space for which F is defined. It is 
called the gradient of F. 
We have seen in § 85 that if a distance s is measured in a 
direction making an angle @ with n, then 


ae Q. (8) 


reir eee en tense 
rina eae = ian 


Aine) mete oe ere 


oe 


naman (oh 


=e ee 


"ae a =p : 
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We may apply (8) to distances measured parallel to the codérdi- 
nate axes and obtain 


elt Saute eat _ 4 
"oy dn oz a ines 2’ 


where cos a, cos 8, cos y are the direction cosines of the normal 
dF. oF 

and where the change from ae to On etc. is made to conform to 

usage. Hence we have in (4) the components of VF. Consequently 


OF OF OF 


eae tiney) tage (5) 
dF OF\?, (OF\?,, (OF 

F =a oe —— _—_ 

es dn (ee rales ©) 
Equation (5) may be written 

0 0 
ro (tage) (7) 
and we define Ve i ie City ok (8) 


as the operator del. The manner in which del operates on a scalar 
function is shown in (7) as interpreted by (5). 
The operator V has many properties similar to those of differ- 


entiation. Thus V(F+G)=VF+VG, 


V(FG) = FVG+ GVF, (9) 
v(£) _GVF—FVG 
Gy Ga 


87. The divergence. In § 86 the operator V has been applied to 
a scalar function. That operator may, however, be applied to a 
vector function and in two ways: either by analogy to a scalar 
product or by analogy to a vector product. The first method 
gives us, by definition, 


VF = (Ait Fit fu) Pit G+ RW 


PUOr. 0Q OR 
~ Ox oy OZ 
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This is called the divergence of F and is written div F. We have 


: OP 0Q. OR 
Oa fy he es em Ey 1 

div F = V-F ae Oapy oe (1) 

If we apply this result, together with (3), § 85, to Green’s 
theorem in the form (7), § 78, replacing the element dz dy dz by 


a general volume element dV, we have 


JI, aise Neder (2) 


The reason for the choice of the name divergence may be seen by 
interpreting F as equal to pv, where p is the density of a fluid and 
v its velocity. Then each integral in (2) is the amount of fluid per 
unit time which flows out of a space region. Applied to an infini- 
tesimal volume it appears that div F represents the amount of 
fluid per unit time which streams or diverges from a point. 

88. The curl. It is also possible to combine the operator VY with 
a vector function by analogy to a vector product. The result is 
a vector called the curl of F. We have, by definition, 


i j k 
+ alee rs uae 
ie = r= |— — — 
ilar Atahmd byes aa os 
JIG) IR 
-(2- 2); (2 =) (2 oP 
=(5 Oz a dz Ox 3 e- 5) @ 


If we apply this to Stokes’s theorem, (8), § 80, and use also 


(7), § 84, we have 
| Far =| f cu! F-dS =/fv x F-dS. (2) 
(C) (S) 


(S) 

The reason for the use of the word curl is hard to give without 
extended treatment of the subject of fluid motion. The student 
may obtain some help by noticing that if F is the velocity of a 
liquid, then for velocity in what we have called irrotational 
motion, curl F = 0, and for vortex motion, curl F + 0. 

It may be shown that if a spherical particle of fluid be consid- 
ered, its motion in a time dt may be analyzed into a translation, a 
deformation, and a rotation about an instantaneous axis. The curl 
of the vector v can be shown to have the direction of this axis and 
a magnitude equal to twice the instantaneous angular velocity. 
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EXERCISES 


1. If a, B, y are vectors to the three vertices of a triangle, show that 
the vector to a point two thirds of the way from any vertex to the middle 
point of the opposite side is atB+y 

5 agate 3k 
2. Find the direction and the magnitude of each of the vectors 
a-B and ax p 
aa 


"0 1S (EG 
Ora 


3. Show that a-(8 x y) is the volume of a parallelepiped three 
edges of which are the vectors a, 8, y meeting in a point. When will 
the volume so computed be positive? negative? 

4. From Ex. 3 show that 

a(BX y)=B(y X a) = y-(a x B). 
5. From Ex. 3 show that 
a-(Bx vy) =0 
is the condition that a, 6, y lie in the same plane or are parallel to the 
same plane. 

6. Show that a-(a x B)=0. 

7. From Ex. 3 show that the volume of a tetrahedron the vertices of 
which are (0, 0, 0), CoG Y15 21), (X2, Y2; 22), (x3, Y3s 23) is 


Le ME 
é Z2 Yo 22). 
|%3 Y3 &3 


8. Using the unit vectors i, j, k, prove that 
(a x B) x (y x 6) = (a7 X 6)B — (Boy X daw. 
9. Using the unit vectors i, j, k, prove that 
(a x B)-(y X 6) = (a7) (8-6) — (BY) (a6). 
10. Using the unit vectors i, j, k, prove that 
ax (BX ¥) = (a-7)B — (@-B)Y; 
(a x B) X y= (a-7)B — (y-B)a. 
11. Given a triangle with vector sides a, 8, y, prove that directions 
may be so taken that yy = (a — B)(e— B), 
and thence obtain c? =a? +b? —2 ab cos 0. 


12. Prove by vectors that the sum of the squares of the diagonals of 
a parallelogram is equal to the sum of the squares of the sides. 


13. Find the gradient of xyz. 
14. Find the gradient of x? + y? + 2”. 
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15. Find the gradient of log (x? + y? + 2”). 

16. Prove formulas (9), § 86. 

17. Find the divergence and the curl of the vector function 
r=27i+ yj + 2k. 

18. Find the divergence and the curl of the vector function 


ity ieee where r= V2 4+ 4? +22. 
r r r 


19. Find the divergence and the curl of the vector function 
(bz — cy)i + (cx — az)j + (ay — bx)k. 
20. If dr is defined as in § 84, show that 
Vi-de = df, 
where df is the differential change in f in the direction dr. 
21. Show that the derivative (or differential) of a vector of constant 
length is perpendicular to the vector. 
22. Show that if r is a vector of unit length, then dr is a vector per- 
pendicular to r and equal to the angle d@ between r and r + dr. 
d2 
23. For a curve show that C= as 
Ss 
is a vector whose direction is that of the principal normal and whose 
magnitude is that of the curvature, and hence that 
OES ein all 


where RF is the radius of curvature and c a unit vector along the prin- 
cipal normal. 
24. If n, t, and c are unit vectors along the binormal, tangent, and 
principal normal respectively, show that 
dnd 
=— =>—(txc 
ds rm ) 
is a vector whose magnitude is the torsion. 
25. If a body describes a curve r = f(t), the velocity is defined as 
dr ‘ 
v= Fe Show that v = v7, where » is the speed = and 7 is a unit 
tangent vector. 
26. A vector force being defined as 


12 = 770 a = 7/0 og 
dt 
show that the components of force parallel to OX, OY, and OZ are 
dt? at? dt? 
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27. Placing v = v7, where »v is the speed “ and 7 a unit vector along 


the tangent, show from Ex. 25, and using Ex. 23, that 


d’s mv? 
F=m—T 
apa 5 aia” 
Hence infer that the moving particle is acted on by two forces: one 


d’s 


v 
equal to m We along the tangent, and the other equal to — directed 


toward the center of curvature. 
28. Show that the vector area dA between r and r + dr is 
dA = 4(r x dr), 
dA 
and hence that a= 1(¢ x v). 


29. Show that if the force acting on a moving particle passes through 
a center O, then Oe ee 


and hence the rate of charge of A is constant. Prove the converse. 
80. If a curve is given in polar codrdinates (r, @), place 
i= ity 
where r is the scalar length and r; is a unit vector. Hence show that 
dr dé 


where n is a unit vector perpendicular to r. 
Then show that 


eas dO 2 drd@.  d6 
F=m|—1(7) |ntm(ee se traa)e 


and find the components of F along r and perpendicular to it. 


31. A body is revolving about an axis OA with constant angular 
velocity w. Let a be a vector in directionOA with magnitude equal to 
w, r a vector from O to any point P of the body, and v the velocity 
of P. Prove that v=axr. 


32. Prove that if v is as in Ex. 31, curlv=2a. 

33. Prove that 
{fovFds =f VF-ve dv + [{fev-vF dv. 
(S) (T) (T) 

34. Show that 


2 og=v2e. 
pe Roe 


CHAPTER X 
DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 


89. Introduction. The equation 
F(x, y, ¢) = 9, (1) 
where c¢ is an arbitrary constant, defines a family of curves, one 


curve of the family being determined by a given value of c. 
The direction of a curve of the family at any point is given by 


of 
dy «ot (2) 
dx of 

oy 


which in general involves c. 

By §40, equation (1) determines ¢ in general as a func- 
tion of x and y, and the substitution of this value of ¢ in 
(2) gives an equation of the form y 


d 
r(2, Y, a =i} (8) 


This gives a relation between a 
point and a direction of a curve 
through that point which is true 
for any point and any curve of the 
family (1). It is called the differen- 
tial equation of the family. 

Conversely, to any given equa- 
tion of the form (3) corresponds 
an equation of form (1). This we shall prove in the following 
section, but it may be made graphically plausible as follows: 

If the coordinates of a point P; are assigned to x and y in (8), 
that equation determines one or more directions through P; 
(Fig. 87). Following one of these directions, we may determine 
another point, P2. If the codrdinates of Pz are substituted in 
(3), a direction is determined by means of which a third point, 
P3,is found. Proceeding in this way, we trace a broken line such 
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that the coérdinates of every vertex and the direction of the 
following segments satisfy (8). 

Now it may be shown that this broken line approaches a curve 
as a limit as the length of each segment approaches zero, and this 
curve has the property that the codrdinates of any point on it 
and its direction at that point satisfy (8). 

Since in this construction P; may be any point of the plane, 
there is evidently a family of curves satisfying (3). The constant ¢ 
in the equation (1) may be taken, for example, as the ordinate of 
the point in which a curve of the family cuts the axis of y or any 
other line x = 2. 

90. Existence proof. Consider the differential equation 


ayy. 
“ice Y), (1) 


with the assumption that f(a, y) may be expanded into a power 
series in the neighborhood of x = 7%, y = Yo. Without loss of gen- 
erality we may take x = 0, yo = 0, since this amounts to a change 
of codrdinates, and write (1) in the form 


= doo + aor + aory + Geox? + ayxy + acy? +-->. (2) 
In (2) substitute 
y = ox + cox? + cpr? +---, 3) 


The coefficients c; are readily obtained by comparing like 
powers of x. We have 
C1 = 400, 
2 C2 = M10 + Ao1C1, 
3 ¢3 = doo + aiic1 + A021” + ao1Ce, 
4 c4 = 30 + dares + deci” + Gosci® + 2 aozeice + ai1¢2 + ares, 
etc. 

The coefficients of (3) are then completely determined. If (3) 
converges, it defines a function y which satisfies equation (1). We 
must therefore prove the convergence of (3). For that purpose 
consider the equation 


USS Eee ee ee eee (4) 


ee orcas) 
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where M, r, p are determined as in § 28 with reference to the 
series (2). The function M 


dominates the function f(z, y), so that b;, > |aix|. Then, if we 
solve (4) by a series 

y= Cie + Cox? + C3r? +--:, (5) 
the coefficients Cale. 


Hence if (5) converges, so does (8). 
But equation (4) may be solved directly, since it may be 


written 
M 
(1 -- “yay = = 3 
p 1-2 

y* x 
whence y—~—=-— Mr log{1——}, 

2p ih 
the constant of integration being so taken that y = 0 when «= 0. 
anes y= —\o? +2 pMr log (6) 


where we take the sign of the radical so that y= 0 when x= 0. 
Now by direct application of Maclaurin’s expansion of a func- 
tion, (6) may be expanded into a convergent series which can be 
no other than (5). Hence (8) converges. 

We have shown that for any point (ao, yo) for which f(x, y) has 
a series expansion, there is one and only one solution of (1). If 
f(x, y) is a multiple-valued function, there will be a series expan- 
sion and a solution corresponding to each value of the function. 
For example, for d 


oe ee (7) 
there will be through each point two solutions corresponding to 
the two signs of the radical. 

Also if f(z, y) cannot be expanded into a series, the proof fails. 
This may happen at a point for which f(x, y) becomes infinite or 
indeterminate. For example, consider 

dy _y 
ene (8) 


dx «x 


in iia aa 


Se main 
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Our method fails for any point for which x= 0, y+#0. But 
this difficulty may be removed by writing the equation as 


and finding x as a series expansion in y. A more fundamental 
difficulty occurs when x = 0, y= 0, for then the right-hand side 
of (8) is indeterminate. In fact, the solution of (8) is 


Y = CX, 
and through the origin go all the lines of the solution. 
91. Equations of the first degree. The problem of proceeding 


from a differential equation (3), § 89, to its solution (1), § 89, is a 
difficult one which can be solved explicitly only in the simpler 


cases. We shall consider in this section equations in which sa 


dx 
appears in the first power only, so that the equation is of the form 
Mdzx+Ndy=0. (1) 


We have the following cases: 
CASE I. Variables separable. If the equation is in the form 


fi(x)dx + faly)dy = 0, (2) 
the variables are said to be separated. The solution is then 
[irae + [ feardy =o, (3) 


where c is an arbitrary constant. 

The variables can be separated if M and N can each be fac- 
tored into two factors one of which is a function of x alone and 
the other of y alone. The equation may then be divided by the 
factor of M which contains y multiplied by the factor of N which 
contains x. 


For example, (1 —2”)dy+ (xy — ax)dx = 0 


P dy Oe 
may be written reer) er eas 
which gives log (y — a) — 4 log (1— 2”) =c¢, 
Uae : 
or log Se = 0 
whence follows y—a=kvV1—2z?, 


where k is an arbitrary constant. 
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CasE II. Homogeneous equation. When M and N are homo- 
geneous functions (§ 34) of the same degree 1, equation (1) is 
said to be homogeneous and may be solved as follows: 

Place y= vx. Then dy =v dz +x dv, and (1) takes the form 


afi (v)dx + x"fo(v)(v dx + x dv) = 0, (4) 
and the variables are easily separated. The substitution x = vy 
may also be made if more convenient. 

For example, in (x2?— y”)dx+2 xy dy =0 
place y= vx. There results 
die 20-Oe 
ge epee 
whence g(1 +7) =. 
Replacing 0 by : gives the solution 
i 1 4)" == CM, 


CASE III. Equation with linear coefficients. The equation 


(aya + bry + c1)dx + (ax + boy + c2)dy = 0 (5) 
may usually be made homogeneous as follows: 
Place La fat, y=y' +k, 


after determining h and k so as to satisfy the two equations 
ayh -+ bik +- (= 0 and doh + bok + C2 = 0. (6) 
The differential equation then becomes 
(aix’ + byy’)da’ + (a2x’ + boy’)dy’ = 0, (7) 
which is homogeneous. 
An exception to this method occurs when equations (6) can- 
not be solved for h and k. In this case a2 = kay, be = kby, where 
k is some constant. Then, by placing ax + biy = x’ the variables 


x and x’ are easily separated and the equations can be solved. 
CASE IV. Linear equation. The equation 


alae Fes 8 


where P and Q are functions of x only, or are constants, is a 
linear equation of the first order. 


= = 


Oo a ae ne a, Sl CR DR abe os ORT NRRL ol SC 


LINEAR EQUATIONS 
, d d 
nee Os | Pae\ 2 f pax OY Pdz 
SLC ae Nic, ae yes Paz, 
equation (8) may be written as 


: (ye? *) = Gel Pe; 


whence yes Pe — f Qel Pde + ¢, 
and y =e SP | QeS PM ge 4. co SP az, 
For example, (1 — x?) “ + xy = ax 
x 


ap eke 
hod = 2 


may be written dy +- 
dx 


, 


which is of type (8) with P = Lee. Os aes Then 
1 — x 1— x” 
x dx 
pL Pe ee gl ina — 9 Hoe —2% legh Badin” ; 
Vi EES 


Therefore y=Vin® fae tei 
1 — x”)? 
=a+cVvl—2x*, 


CASE V. Bernoulli’s equation. The equation 


d 
a + Py = Qy”", 
40, 
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- (9) 


(10) 


(11) 


where P and Q are functions of x, or constants, is a Bernoulli 
equation. It may be made linear by dividing by y” and substi- 


tuting y'~" = 2. 
CASE VI. Exact equation. By § 36, when 


equation (1) may be written df= 0, 


the solution of which is f=, 


(12) 


The function f may be found either by the method of § 36 or 


by that of § 75. 
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CasE VII. Solution by integrating factors. ‘The equation 
Mdzxz+Ndy=0 (18) 
always has a solution of the form 
f(z, y, ¢) = 9, 
which, by the theory of implicit functions, may be written 
$a, y) = 6. (14) 


From (14) we get oe Es 


oy 
which must agree with (13). Hence there exists a function wu such 


(15) 
and r= IN: 
oo at eae 
Then u(M dx + N dy) = = dx + By dy = dd. (16) 


The function wu is called an integrating factor. Our work shows 
that an integrating factor always exists, and that if an equation 
is multiplied by it the equation becomes exact. 

There are an infinite number of integrating factors for a given 
equation. For if ¢ is determined by (16), and f(@) is any function 


of ¢, then 4 f(@)(M dx + N dy) = f($)do = dF, (17) 


so that uf(d) is an integrating factor. 

No general method is known for finding integrating factors, 
but the factors are known for certain cases. We give a list of the 
simpler cases, leaving it as an exercise for the student to verify 
by differentiation that each of the equations mentioned satisfies 
the condition for an exact differential equation after it is multi- 
plied by the proper factor. 


aM _ oN 
Oy Ox 
1. If reas f(x), then eS! ig an integrating factor. 
aM _ oN 
Oy = Ox e : : ; 
2 If = f(y), then e Sid ig an integrating factor. 
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3. If M and N are homogeneous and of the same degree, then 


EL oN is an integrating factor. 


4,.1i M= yfi(ay) and N= xfo(xy), then = 1 Ses Ay dives 
grating factor. xM —yN 
5. ef is an integrating factor of the linear equation 


d 
an t Ui) = fale. 


As a practical point the student should look for an integrating 
factor only after he has tried to integrate by other methods. 
As an example, consider 
(4 7?y — 3 y”)da + (4? — 3 xy)dy = 0. 
OM ON 
oy ox 1 


H a et 
ere N - 


Consequently eft — » is an integrating factor. After multi- 
plication by the factor the equation becomes 


(4 x?y — 8 xy”)dx + (x* — 8 x*y)dy = 0, 
the integral of which is x*y — 3 2?y? =c. 
CASE VIII. Solution by series. Let the differential equation be 


put into the form Ay 
x 
We may then compute 
d’y of | of dy 
dx? Ox oy dx’ 
d’y _ of arf dy ore) of dy 
dx® Ox? ox Oy dx | dy?\dax Oy dx?’ 


and all succeeding derivatives. We may then substitute the values 


x= Xo, Y = Yo, obtaining (4), (=) , etc., and the Taylor series 


y= wt (2) @- Oe a a (5 


which is a solution of the differential equation. 


4) (er — 10) +: (19) 
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Another way is to substitute in (18) the series 
Y = Yo + a (a — Xo) + d2(t — Xo)? ++ +> (20) 


and determine a1, a2,--- by the method of undetermined coeffi- 
cients. If f(x, y) is expanded into a Taylor series in the neigh- 
borhood of (zo, yo), equation (18) takes the form 


“ = co + e1(« — to) + ¢2(y — Yo) + 3(" — 20)” 
+ ¢4(u — Xo) (Y¥ — Yo) + esy — Yo)? + - >>. 
Substituting from (20), we have 
a, + 2 ao(x — x) + 3 a3(x4 — Xo)? +--- = Co + C1(X — Xo) 
+ c2[ar(e — xo) + a2(4% — 2)? +--+] 
+ ¢3(% — 40)” + ca(u — %o)[a1(@ — %) ++ =] 
+ ¢s[a1(e —%) +---P+--53 
whence by equating coefficients of like powers of (x — xo), 
a1 = Co, 
2 d2 = C1 + Cot, 
3 dg = Coda + €3 + C4, + C501”, 


ete. 


As an example, consider 


and let us look for a series in ascending powers of x. We have 
xo = 0, Yo = ¢, c being arbitrary. 
By the first method, 


dy_2,,2 (dy 2 

dx reais (Z)- - 

d’y dy (dy 

ud AES ue ero 38 

dx? a ni Bs ) at 

d®y zy dy d®y 

ere 2(— 2y—> | — 4 
ds" t & toe ae e Ae OGs 


dty_ ,dydy, . dy /dty 
dx ° det gene aa ( = 
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Therefore r ; 
yaot cet cin? pA FSO ay oF 6s Becta sr 


By the second method, place 
y=Cc+ ax 4+ aor? + age? +--- 
and substitute in the equation. We have 
1+ 2 ae%+ 8 asx? +4 asx? +--- 
= 0? + (¢-+ mt + dex? + age? + ---)? 
=¢c? + 2aycx + (1+ a1? + 2 azc)x? + (2 aide + 2 aze)z?+---; 


1+ 3 ct c+6c¢ 
po 4 age 


whence a, =c”, d2=c*, a3= 


- 


as before. 

92. Equations not of the first degree. We may write equation 
3), § 89, in the form 
(3), § F(x, y, p) = 0, ow 


d er ; ; 5 
where p = ae This is the general differential equation of the first 


order and may sometimes be solved in the following cases: 

CASE I. Equations solvable for p. If (1) is considered as an 
equation for p, it may sometimes be solved into a number of 
distinct equations of the type 


p= o(%, y). (2) 


If f(x, y, c) = 0 is a solution of (2), it is obviously a solution 
of (1). We shall have as many solutions of (1) as we have equa- 
tions (2), and these solutions may be left distinct or combined 
into one by multiplication. 

As an example, consider 


0p? — 2 px? + (2 22y — x* — y?)p — 2(2 2?y — x* — y?) = 0. 


This may be solved into the three equations 


ro me UES ee ee, 
Pp Ce 2, Dp a x a, Pp = 4 ae x, 
the solutions of which are 
y=2e+e, yt+ux?-cr=0, xv —32y+c=0, 
and the solution of the original equation may be written 


(y—2x2+e)(yt x? —cx)(2* —32y+c)=0. 
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As another example, the equation Bae 


y(t) +20 —y=0 
dx ay 


ives Soe 
g1 Pp y y 


the solution of which is y? + 2 cx —c?=0, 
independently of the sign of the radical. 

CASE II. Equations solvable for y. Solving (1) for y, we may 
have one or more equations of the form 


y¥ =f(a, p). (3) 
dy 
Differentiating with respect to x and replacing a I by p, we have 
an equation of the form d 
$ (« p eh (4) 
Pp Sey 
where p and « are the variables. 
Let the solution of (4) be of the form 
W(x, p, c) = 0. (5) 


The elimination of » from (8) and (5) gives an equation between 
x, y, and c which is in general the solution of (1). But the process 
of elimination may bring in extraneous factors, and the solution 
should be tested by substitution in (1). 

If the elimination cannot be performed, equations (8) and (5) 
may be taken simultaneously as the parametric form of the solu- 
tion, with p as the parameter. 

As an example, the equation 


xp? —2yp+ar=0 (6) 
may be written (jo 
Zar D 


whence, by differentiating, 


1 eG\ ao Gan ap 
p=3(2+)+(5 ae 


a x =) 
or —— 1—-—-—)=0. 
Far eet © 
The first factor gives p = + Va, and this value, substituted in 
(6), gives peaie (8) 


This is found on trial to satisfy (6). 
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The second factor of (7) gives 


Dre & 
whence p= cx. If this is substituted in (6) it gives 
LS eed) 

; (Beye Ba (9) 
which also satisfies (6). 

t appears that (9) contains an arbitrary constant and therefore 
represents the family of curves which form the general solution. 
The solution (8), however, is peculiar, or singular, in that it contains 
no arbitrary constant and does not belong to the family (9). 
Singular solutions will be discussed in § 95. 

A note of caution is necessary here. The student may be 
tempted to integrate each of the equations 
p=+va and p= Ce 


instead of substituting in (6). If he does, he will find 
2 
y=tavest aa, y= +0. (10) 


However, the constants of integration are not arbitrary, for 
substitution in (6) gives c.= 0, c2= ae Hence (10) agrees with 
(8) and (9). ve 

CASE III. Clatraut’s equation. The equation 

y = px + f(p) (11) 
is called Clairaut’s equation. It is a special but important case of 


an equation solved for y. 
Differentiating with respect to x, we have 


d 
[e+ f'(p)]5- = 0. (12) 


The factor ap = (0 gives p=c; whence the general solution of the 
equation is er rc), (13) 


which may obviously be written down at sight of the equation. 
Equation (13) represents a family of straight lines. The other 
factor in (12) combined with the given equation gives 


v= — j'(p); 


(14) 
y= —pf (pia F(), 
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a parametric form of another solution of the equation. This is a 
singular solution. It is a curve for which the direction at any 
point is p. Hence the equation of the tangent line at a point for 
which p = ¢c is : 

i y+ ofc) -f{@ =elz +f] 
which reduces to y=cx+f(c). 


Hence the lines (13) are the tangent lines to the curve (14). 
For example, consider 


y= px-+avi1-+ p’. (15) 
The general solution is 
y=cet+avite, (16) 
where c is arbitrary. The second solution is 
2G 
Vite? 
ago see 
OO Vit pe 
Eliminating p, we have 
e+y =a’, (17) 


a circle to which the lines (16) are tangent. 
CASE IV. Equations solvable for x. Solving (1) for x, we have 
one or more equations of the form 


«= oy, p). (18) 
Differentiating with respect to y and placing - = L we have 
Y. Pp 
tsa2 2) - 
5 iP ae (19) 


If this can be solved for p, the elimination of p between (1) and 
(19) gives the solution of (1). 
As an example, consider 


x—2p—log p=0. (20) 
Solving for x and differentiating with respect to y, we have 
Ya es 
p p/ dy 
whence dy = (2 p+ 1)dp, 


and y=p?+pte, (21) 


ENVELOPE 299 


Since the result of eliminating » from (20) and (21) is compli- 
cated, we take z=2ptlogp 


y=P?+pte, 
as the parametric form of the equation (20). In (22) p may be 
given any value, and x and y may then be found. In this way the 
curve may be sketched. 

93. Envelope of a family of plane curves. In the previous sec- 
tion we have met examples of a family of curves each of which is 
tangent to the same curve. When that happens, the latter curve 
is said to be the envelope of the 
family. Obviously, any curve is the 
envelope of its tangent lines. Let 

F(z, y, ¢) =0 (1) 
be a family of curves (Fig. 88), 
and let C be a curve which is 
tangent to each curve of the family 
and such that each point of C is 
a point of tangency of some curve 
of (1). Then each point is deter- 
mined by ¢ of (1), and therefore if 
P(x, y) is such a point we have 
L= od (c), y= g2(c), (2) 
which is the parametric equation of the curve C. But the x and y 
of (2) satisfy (1). Hence we have 
of of of 


Po ap rg (8) 


. d 
In this equation x and y are determined by (2), and therefore ae 


(22) 


Fig. 88 


dx 
is the slope of C. But the slope of (1), with c constant, is given by 
Far E ay = 0; (4) 

Ox oy 


and since C and (1) are tangent their slopes are the same, and 
we have, by comparison of (8) and (4), 


a 
aoa 0 (5) 


Equations (1) and (5) together will determine x and y as func- 
tions of c, as in (2). The elimination of c between these equations 
will give the equation of C in z and ». 
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Therefore we say, The envelope of a family of curves (1), af such 
exists, is found by eliminating ¢ from equations (1) and (5). 

For example, consider 

(a—2c)?+y?=c’, 
a family of circles as shown in Fig. 89. The envelope is found 
by eliminating ¢ from this 
equation and 
—4(x—2c)=2¢e. 


The result is 


x 
Y= =F’ Fic. 89 


two straight lines to which each circle is tangent. The equation 
of the envelope may also be written in the parametric form (2) as 


3¢ V3 
phon” VES 


It does not follow from what has been said that a family of 
curves necessarily has an envelope, nor that the elimination of 
c between (1) and (5) may not give y 
curves which are not envelopes. 

For example, if we apply the method 
to the family of parabolas (Fig. 90) 


Y= CL, 


x 


the equation a = (is 7—=() aneutne 0) 


elimination of c gives the point x = 0, 
y= 0 and not acurve. The family has 
no envelope except that in a certain 
generalization the point O may be called 
an envelope. 

Again, consider the family (Fig. 91) 


(y—c)? =2(4—1). 


Fig. 90 


0 ; eA De ; 
Here — 0 is y—c= 0, and the elimination of ¢ gives 


e= 0) and’ a = 1. 


A glance at the figure shows that x= 0 is an envelope, but the 
line x = 1 is the locus of the double points and is not an envelope. 


ee es 


FAIS a EN REDS AE AE SE FO AN 0 ea aa Fen oa ees DN oda aa 
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In fact, if there is a singular point for which ee 0 and a 
x y 
on each curve of the family, the locus of that point will always 
appear as part of the curve found by eliminating c between (1) 
and (5). For if there is a singular point on Yy 


each curve, the locus of the singular points is 


r=Wilc), y=wolc). 
Then, from (1), 
of of 


of 
pe pak 


which reduces to a == 0) 


so that the singular points satisfy equa- 
tions (1) and (5) simultaneously. 

Other extraneous factors may appear in Fic. 91 
handling equations (1) and (5). Hence it 
is necessary to test geometrically a solution found for an envelope 
to see if it really is an envelope. 

We shall prove in the next section the theorem that the enve- 
lope is the limit of points of intersection of two neighboring 
curves of the family. 

94. Envelope as locus of limit points. Let 


F(z, y, ©) =0 (1) 


be a family of plane curves, and let LK (Fig. 88, § 98) be a par- 
ticular curve of the family corresponding to a definite value of c. 
Let c be given an increment Ac. Then LK is displaced to a posi- 
tion MN, the equation of which is 


f(z, y, e+ Ac) = 0. (2) 
The two curves LK and MN intersect in a point Q, the coor- 


dinates of which are found by solving equations (1) and (2) or, 
what is the same thing, by solving equation (1) and 


f(z, y ¢+ Ac) ~J@ Ho) _ 6 (3) 
Ac 


As Ac—0, the curve MN approaches coincidence with the 
curve LK, but the point Q will in general approach a definite 
limiting point P on the curve LK. We may call this point the 

G 
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limit point on the curve LK, and it may be found by solving the 
two equations fla, y, ©) = 9, 


of (4) 


where the last equation is obtained by taking the limit of the 
left-hand member of (3) as Ac > 0. The locus of the limit points 
is the curve found by eliminating c from equations (4). This is 
the same locus found in § 93. 

95. Singular solutions. The general solution of 


F(a; y, p) = 9 (1) 
is a family of curves F@-7,-6) = 0: (2) 


Any curve of the family (2) is such that the codrdinates of any 
point on it and the slope of the curve at that point satisfy (1). 
Hence if the family (2) has an envelope, the equation of that 
envelope is also a solution of (1), since the slope of the envelope 
at any point is the same as the slope of some curve of (2) at the 
same point. The equation of the envelope is called the singular 
solution of (1), since it is not obtained by giving c a special value 
in (2). The first method of finding the singular solution is, then, 
to solve for (2) and then find the envelope of (2). 

It is sometimes possible, however, to find the singular solution 
of (1) without first finding (2). A glance at Fig. 88 shows that at 
Q there are two values of p satisfying (1), but at P these two values 
coincide. Hence the singular solution of (1) is the locus of points 
for which two or more values of p in equation (1) coincide. 

Now it is a well-known theorem of algebra that any multiple 
root of the equation f(x) =0 


is also a root of Ee) 3, 


To prove this, note that if a is a multiple root of f(z) = 0, then 
F(x) = (@ — a)"$(a) ; 
whence f(x) = r(x — a)’ “"b(x) + (@ — a)"'(z), 
and the theorem is obvious by inspection. 


Applying this to F(x, y, p) = 0, (3) 
we see that a double root of this equation is also a root of 
of 


ap. (4) 
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If p is eliminated from these two equations, the result is the 
locus of the points at which two curves of the family defined by 
the differential equation coincide, and this is in general the 
singular solution of (1). 

It should be noticed that either method of finding the singular 
solution may lead to extraneous solutions, and any apparent solu- 
tion should be tested by substitution in (1). 

For example, consider the Clairaut equation 


y = pe+avi-+t p?. (5) 
The general solution is the family of straight lines 
y=cr+av1-4+c2, (6) 
the envelope of which is the circle 
wy? = a. (7) 


On the other hand, (5) may be written as the quadratic equation 
. (x? — a?)p? — 2 xyp + (y? — a?) = 0, 
which gives two equal values of » when 
ny? — (x? — a) (y® — a?) = 0, 

which reduces to (7). By trial (7) is seen to satisfy (5) and is 
therefore the singular solu- 
tion of (5). 

96. Evolute and _ involute. 
The evolute of a curve is the 


envelope of its normals. Let 
the equation of a curve C; be 


y = f(x), (1) 


and let P(c, b) (Fig. 92) be a 
point on it. Then A (2,y) 


Dre) é 


The equation of the normal C, 
at (c, b) is Fig. 92 


1 : 
Ve TG) Tes Oe (2) 


from a well-known formula of analytic geometry. 


P(¢,b) 
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This is a family of straight lines involving one parameter c. To 
find the envelope we differentiate equation (2) with respect to c, 


obtaining f"(c) ; 
“10 = FREE O + FG a 
and equations (2) and (8) give 
pe es er id (c), 
fe) (4) 
eS ales 
y=f(o)+ Pye 


which are the parametric equations of the evolute Cz. Here (a, y) 
are the coordinates of the point M corresponding to the point P. 


+(f/@Pry 
[Kor 


The expression on the left of (5) is the square of the line MP, 
and the expression on the right is the square of the radius of curva- 
ture p of the curve (1) at the point (c, b). Hence the point M is 
the center of curvature of the point P, and therefore the evolute of 
a curve is the locus of the centers of curvature of the given curve. 

We may write equations (4) in the form 


pf’ (eC) p 


From (4), (x —c)?+[y —f(e)]?? = (5) 


CS 0 ee eC) eee eee 6 
a+ttrem "aspen a ae 
whence dx= E — p To lac _ wre OLS d 
ior (Leelee 
iO) 


a+oORF 
and dy = i ae er | de+ 1 


3 E 7 dp 
thet eles? tL iyxe)il2}? 
an aa 
ost (eens 
and therefore dx? + dy? = dp?; 


whence, if s is the length of the curve Cz, 


ds=dp, p=s+e, (7) 
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or the length of the line MP is equal to the length of the curve Ce 
measured from a proper origin, and therefore the curve C; may be 
unwound from Co. 

We have started with a given curve C; and have obtained (OES 
Conversely, let us start with the curve Co, lay off on the tangent 
lines to Cz distances equal to s, where s is the length of Cs from 
a fixed point, and find the locus of P. This locus is called the 
involute. 

The equation of the tangent line at M(z, y) is 


d 
Y—y=(X—2); 


and since this passes through P(c, b), 


dy _y—b 
dx x—c 8) 
Also, by hypothesis, 
(w— cc)? + (y— 6b)? = 8?. (9) 


Let M move on the curve C2. Then (2, y) and (c, 6) both vary. 
Hence, from (9), 


(a — c)dx + (y — b)dy — (x4 — c)de —- (y—b)db=sds. (10) 


But ds? = dx” + dy? 
\2 = 2 
oe en Ohgas oz ae 
(x — ¢c) 
s 
whence ds = Sai dx. 


Also, from (8), 


pyre y — b)? 
(eh a el ee 


“i= € 


is dx. 
—¢ 
Hence equation (10) reduces to 
(a — e)de + (y— b)db=0; 
whence, from (8), de dz + db dy = 0, 


that is, the tangents to C2 are the normals of C;. Then C2 is the 
evolute of C,. Since the point from which we measure s in Ce is 
arbitrary, it follows that a curve has an infinite number of invo- 
lutes but only one evolute. 
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97. Orthogonal trajectories of plane curves. A curve which inter: 
sects each curve of the family 


F(x, y, ¢) =0 (1) 


at a given angle is called a trajectory. In particular, if the given 
angle is a right angle the curve is an orthogonal trajectory. 

To find the orthogonal trajectories of (1) we must first find the 
differential equation of the family (1). This is done by differen- 
tiating (1) with respect to « and eliminating c between the 
result and (1). We then have 


F(x, y, p) = 9. (2) 


Now since the trajectories intersect (1) at right angles, the p 
of the trajectories is equal to minus the reciprocal of the p in 


equation (2). Hence if we re- Y 


place pin (2) by— - obtaining _.__. SSDP RDES 


A 

tf 
WI 
"/ 


F(a, Y,— ) =O, - KS) 


we have the differential equa- 
tion of the orthogonal tra- 
jectories. 

As an example, consider the family of circles 


(@—¢e)* +7? =a’, (4) 


where ¢ is an arbitrary constant and a is fixed (Fig. 93). The 
differential equation of the family is 


py? + y? = a. (5) 


Therefore the differential equation of the orthogonal family is 


d 
: 


Fia. 93 


1 
pp age (6) 
Ve—y 

whence + rac dy = dx, (7) 


from which we have the family of tractrices 


z—c=+Var— yi Falogt@t Ver. (8) 
y 
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It is evident that through any point of the plane between the 
lines y = + a there go two circles and two tractrices, since both 
(5) and (6) are quadratic in p. 
These curves must be properly 
paired to show the orthogonal 
relation. For instance, if we take 


ses WV a2 oe, pe 
p= 
y 
from (5), we must take 
ie eee 
Vere Fig. 94 


from (6). Plotting these together we have the configuration shown 
in Fig. 94. 

98. Differential equation of the first order in three variables. 
Any equation of the form 


. F(x, y, 2, c) = 9, (1) 
where ¢ is an arbitrary constant, satisfies a differential equation 
of the form Pdxt+Qdy+Rdz=0, (2) 


where P, Q, and # are functions of (x, y, z) but do not involve c. 
For from (1) we have 


egy ae Oy, 
An iat dy + 7, dz = 0, (8) 


and the elimination of c from (3) and (1) gives (2). 
This elimination may theoretically be carried out by solving 
equation (1) for c (§ 39), obtaining 


od, y, 2) =e; (4) 
whence ce dx + . dy + ce dz=90, (5) 
which must be the same equation as (2). Therefore either 
or “s = pP, = = uQ, ‘2 ei [NN ee (7) 


In the first case equation (2) is exact; in the second case it has 
an integrating factor u which makes it exact. 
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We now ask, conversely, if an equation (2) always has a solu- 
tion of the form (1) or, what is the same thing, of the form (4). 
It is obvious from the foregoing that when this happens, P, Q, 
and R must satisfy either conditions (6) or conditions (7). Hence 
we make three cases for equation (2). 

Case I. Exact equations. Equation (2) is exact if a function ¢ 
exists for which conditions (6) hold. The necessary and sufficient 
conditions for this are (§ 36) 

ap _ 09 9Q_ OR @R_ oP. a 
dy Ou dz dy Ox Oz 

When these conditions are met, the function @ may be found 
by § 36, and the solution is then 

= 
The solution may also be found by the method to be outlined 


in the next case. 
The simplest case of an exact equation is that in which the 
variables are separated and the equation takes the form 


fi(a)da + fo(y)dy + fa(z)dz = 0. 
Conditions (8) are obviously met, and the solution is 
[hcoan+ [faddy + f fo@dz =e. 
CasE II. Equations having integrating factors. If equation (2) 
has an integrating factor u, conditions (7) must be satisfied, and 
wP dx + uQdy+ uRdz=0 
is exact. Therefore we must have 
O(mP) _ O(uQ) = 0(Q) _ OUR) O(uR) _ O(uP) 


— ? 


oY ox” Oz oy Ox Oz 
Equations (9) may be written 
OP? 0 
(= 4) 2) 92h pou, 
ox 


(9) 


Oy Ox oy 
0Q OR 1S eu O-. 
u(S 5g) = Bao 
OR = Ou Ou. 
(FZ Soy =") On eas 
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Multiplying the first of these equations by R, the second by P, 
and the third by Q, and adding the resulting equations, we have 
(since, of course, u + 0) 

OP 0Q 


0Q OR OR OP 
P(e 5) + 0(Ge- ae) + e(Z-B) uo, 10) 


which may be written in the symbolic form, easy to remember, 


PHO Re 
OOO 
aie. (11) 
PI Ouak 


This is, then, a necessary condition that must be satisfied in 
order that (2) should have an integrating factor. We shall prove 
that the condition is also sufficient by outlining a method of solu- 
tion which will work when (10) is satisfied. 

Suppose, then, that the coefficients of (2) satisfy condition (10). 
We will begin the solution of (2) by temporarily holding one of 
the variables constant. Let us choose to hold z constant. We 


have then Pdx+Q dy = 0, 
which will have a solution of the form 
FB, Y, z) = C. 


But c here means merely a constant as regards x and y. It 
therefore may be a function of z, and we write 


f(x, y, 2) = $2). (12) 


We wish to determine ¢ so that (12) is a solution of (2). From 
equation (12) we have 


fo du + fy dy + (fz — $’)dz = 0, (13) 
and if (12) solves (2), equation (13) must be the same as (2) except 
for a factor. Therefore ie 

fy = dQ, (14) 
IE me gp’ = AR. 
The last equation in (14) may be written 
f.-—-AR= ¢’. (15) 


If this equation contains on the left only z and 4, it is a differen- 
tial equation to determine ¢. Let us, then, solve (12) for y, thus, 


i= EE, 2p); 
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and make the substitution in f, — \R, the first member of (15). 
The necessary and sufficient condition that x should not appear 
in the result is that ha 
je | = (16) 
dx Zz, 


where the expression on the left means the partial derivative when 
z and ¢ are constants. But by the laws of partial differentiation, 


ee 
da é; a x Ox ae + (fa oy a oy eu ere 
Now F, means ’ 
dx/z, + 
and, from (12), f,dx+ys,dy+f,dz=d¢; 
whence (§ 40) F,=—- Se, 
fy 
Je 
or, by use of (14), F,=— a 


We assume that Q #0, for it is obvious from (9) that if Q=0 
the equation (2) may be reduced to one which does not contain y. 
Hence we may place (17) in the form 


d(f,—AR 0 \ 
[Ae = Yar Plt MP x om) +n(PA—oS) 


dx oy oy Ox 
But, from (14), een = +P ues 
Oz Oz 
0Q or 
Ip r oz ae Q bz 
A(MP) _ (AQ). 
Oy —«iak 
Or On 0Q OP 
h — ai) ee Ne “ 
aad oy Q Ox é | 


and therefore 


(tt a eee 


dx dy az 02. Ox 
QP 

ee eS . 18 

+R(S =) | (18) 


Hence if condition (10) is satisfied, then equation (16) is satis- 
fied, and equation (15) can be made an equation in ¢, $’, and z 
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and can be solved for ¢. This solution involves an arbitrary 
constant c. Then (12) is of the form 
P(x, y, z, c) = 0, 


which satisfies (2). If (10) is not satisfied, this method of solution 
fails, as it should, since (10) is a necessary condition for the 
solution of (2). 

Condition (10) is obviously satisfied if the equation is exact. 
Hence we may say: 


The necessary and sufficient condition that the equation 
Pdx+Qdy+Rdz=0 
may have a solution of the form 
ogre, C=O 


thal P(B-F)+o(F-S) 4 n(S ae 


Oz oy CB 10% Oy ox 
Geometrically we may say that the coefficients P, Q, R deter- 
mine a vector Pi+Qj+ Rk (19) 
at each point of space, and the differentials dx, dy, dz determine 
a vector dxitdyjtdzk. (20) 


The differential equation (2) asserts that these two vectors are 
perpendicular to each other. Hence the vector (20) is restricted 
to lie in a plane perpendicular to (19). In other words, the dif- 
ferential equation defines a plane of infinitesimal vectors (20) at 
each point of space. The totality of these vectors forms what we 
may call a planar element. The problem of integration is to 
arrange these planar elements into surfaces. This is possible only 
when the condition in the theorem is satisfied. 

As an example of the practical application of the method of 
solution just outlined in theory, consider 


yz? dx + (y?z — x2z”)dy — y? dz = 0. (21) 


The condition for integrability is satisfied. To integrate, it is 
convenient to begin by holding y constant. We have then 


yz? dx — y? dz = 0, 


2 
of which the solution is «+ ~ = (y). (2) 
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Differentiating (22) we have 


2 2 
dx + (= o 6 ay = S dz = 0. (23) 
Dividing equation (21) by yz? and comparing with (23) gives 
UY ae (24) 
Zi ee 
yf? 
But, from (22), r=o- a 
and therefore (24) is — : =—q’, 
db dy 
or ——_—=(0, 
@ Yy 
which gives O= a. 
Substituting this in (22) gives 
y? 
x+—_— = cy, 
Z 
or ee 
yk 


as the solution of (21). 
CASE III. The nonintegrable case. If condition (10) is not satis- 
fied, the equation has no integral of the form 


Te; Y; %, c) = 0, 


and it is customary to say that the equation cannot be integrated. 
There is here a striking difference between the equation 


Mdx+Ndy=0 


in two variables, which can always be integrated, and the similar 
equation in three or more variables. 

Geometrically we may do something with the equation even in 
the nonintegrable case. As we have seen, equation (2) asserts 
that the direction dx :dy:dz is perpendicular to the direction 
P:Q:R. To solve the equation is to determine geometric loci 
so that the condition of perpendicularity is fulfilled for directions 
on each locus. In the integrable case these loci consist of surfaces 
which are perpendicular at each point to the direction P:Q: R. 
Then any curve whatever drawn on the surface has this property 
of perpendicularity at each of its points. 
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In the nonintegrable case no such family of surfaces exists. We 
may, however, upon any surface whatever find a family of curves 
which has the property of being perpendicular to the direction 
Be) ke, Loreit F(a, y, z) =0 (25) 
is any arbitrarily assumed surface, then any direction on this 
surface satisfies the equation 

OF OF OF 
—d — dy+—dz=0. 
- are y+ 7 de (26) 
This equation taken simultaneously with (2) defines a family 
of curves, as will be shown in the next section. These curves 
necessarily lie on (25). 
For example, consider 


sy dx+ydy+zdz=0, (27) 
which is nonintegrable. 


Assume the sphere ge? + y? + 2? = a. 
Then xedx+ydytzdz=0. (28) 
Taking (27) and (28) simultaneously, we have 
ax = OE 
whence Temi 


Hence the circles cut from the sphere x? + y?+ 2? =a? by the 
planes x =c satisfy (27) in a sense. 
Again, still considering (27), assume the paraboloid 


Z= xy. (29) 
Then y dx +a dy—dz=0. (30) 
If (27) and (80) are taken simultaneously, we find that 
ay dx + y dy + ryly dx + x dy) =0; 
whence A--yvV1+22=c. (31) 


The curves defined by (29) and (81) satisfy (27). 
99. Simultaneous equations in three variables. Let there be given 


two equations, P, dx +Q: dy+ Ri dz=0, Re 
Pz dx + Q2 dy + R2 dz = 0, 

where P;, Qi, Ri, P2, Qe, Re are functions of x, y, and z. These 

equations may be written in the form 


peal Aas (2) 
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where P = QiR2—- Q2Ri, (Q) == R,P2 — RePi, and R= PiQ2 — P2Q. 
Accordingly we shall consider equations in the form (2). 

Since dx : dy : dz gives a direction in space, it seems graphically 
evident that the solution of (2) consists of a family of curves. 
Such a family is represented by two simultaneous equations of 


the form fila, y, Z, C1) = 9, (8) 
fo(a, Y, %, C2) = 0. 


A proof will be given in the next section. 
It is instructive to compare equations (2) with the equation 


Pdx+Qdy+ Rdz=0, (4) 


discussed in § 98, considering P, Q, and R as the same in both 
(2) and (4). Equations (2) define a family of curves which every- 
where have the direction of the vector 

Pi+ Qj+ Rk. (5) 
If equation (4) has a solution, it defines a family of surfaces 
everywhere normal to the vector (5) and hence normal to the 
eurves defined by (2). Now equations (2) always have a solution, 
but equation (4) does not. 

Hence if a family of curves is given, it is not always possible te 
find a family of surfaces orthogonal to them. On the other hand. 
if a family of surfaces is given, P, Q, R are determined and equa- 
tions (2) may be solved. Hence a family of curves may always 
be found orthogonal to a given family of surfaces. 

Three methods of solution of equations (2) may be tried : 

1. It may be possible to find two equations each of which con- 
tains only two variables and their differentials. For example, 


consider dx dy dz 
Eases (6) 
Uae ee 
We readily find the two equations 
d 
ee 
: v y @ 
the solutions of which are 
Y= OR Hace: (7) 


and equations (7) are the solutions of (6). 

2. It may be possible to find readily one equation containing only 
two variables and their differentials. The solution of this equation 
may then be used to obtain another equation in two variables. 
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For example, consider 


dx dy ad 
2 yo axyze™ (8) 
From the equation uy = dy 
v Yy 
we find y = C2. (9) 


aie the first and third fractions of (8) and using (9), we 
ave 


dz 
a = 
C1XxZe 
whence C1(x — 1)e* = log czz., (10) 


Then (10) and (9) taken simultaneously form the solution of (8). 
We may, if we like, eliminate c; from (10) and write the solution 


of (8) in the form y= an, ks 
y(x — 1)e” = x log coz. 
3. By the theory of fractions we may write 
da dy _dz_ ky dx + kody + ks dz (12) 


PQ ik khP+koQ+k3R 


where ki, ke, k3 are any multipliers, not necessarily constants, 
chosen at pleasure. In this way we may form new differential 
equations which may possibly be solved. 

Particular interest attaches to the case in which ky, ke, k3 can 


be so taken that pee TOU Ta 0, 
We then have the differential equation 
ky dz + ko dy+k3 dz=0, 


which may perhaps be solved as in § 98. 
As a first example, consider 


(13) 
We may write Dg Cte eee aa eee 


The equation — 
a y—z 


gives x= ci(y — 2). (14) 
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Using this in the equation 


dy _— dz 
aty «rte 
we get log (y— 2) =¢2+ ny. (1d) 


Then (14) and (15) together form the solution of (13). 
As a second example, consider 


= — = —__.. (16) 
yte =f ETY+2 
We have, in the first place, 
dx dy _ dz = dx — dy — dz ; 
Ye ae eye geet) Seto 
whence dx — dy —dz=0, 
and therefore L-Y—-2=%. (17) 
Using (17) in the first fraction of (16), we have 
de _ dy 
eee 
whence x+c log («4 —c1) =ce—y, (18) 
and (17) and (18) taken together form the solution of (16). 
100. Existence proof. Given 
de _dy _ dz : 
Pe OUsR «) 
which are equivalent to 
dy Q_ 
dx — P = fila, Y; 2), 
oy (2) 


R 
dx PT I2h Ws 2): 


We assume that both fi (a, y, z) and fo(x, y, z) ean be expanded 
into a power series in the neighborhood of (0, yo, 20), and shall 
take 2 = 0, Yo = 0, 29 = OE 


dy 


Then =Sdinie'y*2’, 


=> biitty*e'. 


da 
dz (3) 
da 
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Assume two power series, 
Y = 4x + Aex? + agxP+.--., (4) 
2 = bx + box? + bsa3 +--., (5) 
and substitute in (3). It is easily seen that the unknown coeffi- 
cients a; and b; are uniquely determined in terms of the known 
coefficients a,,; and 6,71, and that each successive coefficient a; or 
b; is expressed as a polynomial in the coefficients a1, 0;., and the 
coefficients a; and 0; already obtained. 
The series (4) and (5) are thus obtained. It remains to prove 
them convergent. For that purpose take a dominant function 


Caples eg, 


for each of the functions fi (x, y,z) and fo(x,y, z). In (6), (a, b,c) isa 
point at which each of the series in (3) converges absolutely, and M 
is a number which no coefficient in (3) can exceed. Consider then 
the differential equations 


(6) 


eh ew =. 
dat ce ey ee 2) 
i (1 4 rs | (1 Cc (7) 


If equations (7) are solved in power series 
y= Aix + Aor? +--., (8) 
2= Box + Bor? +--., (9) 
in the same manner as equations (8) were solved, the manner in 
which these coefficients are found shows that 
| A;| > las, [Bel Oi, 
and hence if (8) and (9) converge, so will (4) and (5). 
Now (7) may be solved in an elementary manner. It is evident 
that y =z, and therefore c = b, and we have only to solve 


whence y= b— bx)? M jog (1-2). (10) 


(@ 
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This may be expanded into a convergent series which can be 
none other than (8). The series (9) is the same, since z = y. Hence, 
as shown above, the convergence of (4) and (5) is proved. 

For convenience we have used (0, 0, 0) for (xo, Yo, 20). Replacing 
(x0, Yo, 20), We may write (4) and (5) as 


Y = Yo + a1(% — Xo) + a2(% — 2)? +---, (11) 
2 = 20 4. bi (x = Xo) + bo(a — Xo)? cle ee, 


Here the coefficients yo, zo are purely arbitrary, and the other 
coefficients are determined by them and the coefficients of the 
given equation. 

We see, then, that equations (1) have solutions involving two 
arbitrary constants. The most general form is to write these as 


iG, Y, %, Ci, C2) = 0, 


(12) 
E(2,. YU, 2 Ci, Ca) 0. 


These solved for y and z are equivalent to (8) and (9), and the 
constants are determined if we know that for x = 2, y becomes 
Yo and z becomes Zo. 


The methods we have used are evidently extensible to the 
equations Cake KEE 


X41 ae XE 


and we say that these equations have solutions of the form 


fia, eb SO Lny C1, Co Cc) = 0, 
where there are (n—1) functions f; involving »—1 arbitrary 
constants. 
EXERCISES 


Solve by one of the first seven methods of § 91: 


. tan x tan y dx + sec?y dy = 0. 

. (1+ 2?)y dx + (1 — y?)x dy = 0. 
. cy(1 + x?)dy — (1 — y?)dx = 0. 
(e+ ydx+xdy=0. 

; (y —~WV x? + y?) dx —axdy=0. 


ao fF © DO 


for) 


_(xsin £4 y 008 4) ade x e0s % dy = 0. 
4 < i 


7. (x+2y—8)dx + (22—y—1)dy = 0. 
8. (x + y)dx + (x +y+1)dy =0. 
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9. dy + (y — cos x)dx = 0. 


dy 
2 


dy d 
11. (1+ 2%) y= 2(+0%), 14. a? 42%) — x8y = 3, 


dy 5 
bene Ue Uy tertl. 15. LEC 


1-— “ aa 
3 my dy = 0 

16. (« — y)? dx — (x? —2 ay + 8 y?)dy =0. 

17s + y+ wy) dex + («+ x*)dy=0 

18 ye Ydx — (xe ¥+ y?)dy =0. 

19. (xy? + y)da + (xy — x)dy =0. 

20. (x? + y?)dx — xy? dy = 0. 


Solve the following equations by series: 


dy dy 
21.— = 23. — = . pete dle ae} 
ee y ae xy 25 e+ ¥y 
dy dy dy 
22. —= kz. 24, —= os —= 9 
on ae os a] 26. 7 y x, 


Solve the following equations by the methods of § 92: 
27. cy(p? +1) — (a? +y?)p=0. 31. p?+42yp —8 y?=0. 


28. x*p? + xsyp —2 y?=0. 32. 2’?p? — p?+1=0. 
29. y(1 — p”?) —2 pr=0. 33. py? — 2 p*xy + p®*x? = 1. 
30. y= 2 px — py. 34. (1+ y?)p? —2 zyp? + x2p*=1 


In Exercises 35-38 show that the differential equation of the curve 
in each ease is a Clairaut equation, and find the curve: 


35. A curve such that each tangent makes intercepts on the coér- 
dinate axis whose sum is k. 

36. A curve in which the projection upon OY of the perpendicular 
from the origin to any tangent is k. 

37. A curve in which the portion of the tangent between the co6r- 
dinate axes has the length k. 

38. A curve such that the area between the tangent and the co6r- 
dinate axes is k?. 

39. Find the envelope of the family of straight lines y = 2 cx + c*. 


40. Find the envelope of the family of ei yu? = ce =—.C); 
2 
41. The semi-axes of the ellipse = — she = = 1 are such that ab =k’, 


where k? is constant. Find the te nat “ the family. 
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42. Find the envelope of the straight lines y = cx — 2 ac — ac’. 

43. Find the envelope of the family of circles having their centers on 
the line y = 2 x and tangent to the axis of y. 

44. Find the envelope of the family of circles which have their centers 
on the parabola y? = 4 az and pass through the vertex of the parabola. 

45. If rays of light emanating from a fixed point in a plane are re- 
flected from a curve, the envelope of the reflected rays is a caustic curve. 
Show that the caustic curve of rays issuing from a point on a circle and 
reflected by the circle is a cardioid. 

46. Find the evolute of the parabola y? = 4 az. 

47. Show that the evolute of a tractrix is a catenary. 

48. Show that the evolute of a cycloid is an equal cycloid. 

49. Find the evolute of an bet Si 


(1) from the equation — 3 aa == jie 


(2) from the mane C= 0-603 6, Y=) sino. 
50. Find the evolute of the four-cusped hypocycloid x =a cos? ¢, 
y =asin® ¢. 
51. Find the orthogonal trajectories of the family of parabolas 


=) (hp. 
52. Find the orthogonal trajectories of the ellipses 
x” y? 
aah = 1, 
Coe 2 G 


c being the variable parameter. 

58. Find the orthogonal trajectories of the confocal parabolas 
yr =4 ex +4 c?. 

54. Find the orthogonal trajectories of the family of ellipses in which 
the minor axis is one half the major axis. 


55. Find the orthogonal trajectories of the family of circles each of 
which passes through the same fixed points. 


56. Find the orthogonal trajectories of the family of circles each of 
which is tangent to the same straight line at the same point. 


d f ; : 
lefe 1Bt i (" 6, x) = 0 is the equation of a family of curves in polar 


ey P > a0 ; 
coordinates, prove that u(r 6, —r? *) = 0 is the equation of their 
orthogonal trajectories. i 

58. pee the orthogonal trajectories of the family of lemniseates 
r-= 2 cos 2 0. 

59. Find the orthogonal trajectories of the family of cardioids 
r=c(cos 6+ 1). 
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60. Find the orthogonal trajectories of the family of logarithmic 
spirals r = e, 

61. Find the singular solution of (x? — a?)p? — 2 xyp — 4? =0. 

62. Find the singular solution of y = — xp + x*p?. 

63. Find the singular solution of a? — y? = p?y?. 

64. Find the singular solution of x*°p? + x?yp + a? = 0. 

65. Find the singular solution of p? — 4 zyp + 8 y2 = 0. 


Solve the following equations: 

66. (y+2z2—b—c)dxr+ (e+x—c—a)dy+ (x +y—a—b)dz=0, 
{ z 

(-4)ax+ (; a = au +(2 = Lae = 
i Te 2 y? Bi Be 

68. (y? + yz)dx + (22 + zx)dy + (y? — xy)dz = 0. 


69. yz? dx + (y?z — x2z’)dy — y?(y+2)dz=0. 
70. yz dx — zx dy + (x? + y*)dz = 0. 


6 


x 


Solve the following systems of simultaneous equations: 


71 dx _ dy _ dz de. Oy. ae 

“ye ee xy “g2+y2 Day (4—y)z 
d. 

ee te ve, 2% Ye 

GY Gey y-2@ @-x“ “-y 
pha eee i ae ee 2 
2 2°+2? z L-Y-zZ yr-z-u 2 
d. d d: 
Pe nn Gh Re i ee 
vey—e 2 x“ —y"—zZ2 ay Ah aie 


79. Show that if a differential equation is of the type 
dy _ ( ax + by + =) 


dx le-+ my +n 
the variables may be separated. Consider two cases: 
(1) am — bD1 #0; (2) am — bl=0. 


80. Show that if a differential equation is of the type 
y f(xy)da + x g(xy)dy = 0 
the variables may be separated. 
81. Show that x1*”—1—+y*"—1-8 ig an integrating factor for the equa- 
tion x7y8(my dx + nx dy) + xvy>(py dx + qvdy)=0 if k is properly 
chosen, and determine the proper value of k, What happens ifp=q=0? 


CHAPTER XI 
DIFFERENTIAL EQUATIONS OF HIGHER ORDER 


101. Existence proof. Consider the equation 
d” dy d? one 
eG al ll Sa t). (1) 


dx” Ys Oe’ dx??? da” 
This may be replaced by the group of equations 
dy 
de = Yi; 
dy 
ie 
inet (2) 
a 2 
dx = Yn-1l, 
dyn—1 


ee = F(X, Y, Yi» Y2,° >) Yn—1)- 
A 


By the previous section this group has a solution which for 
x = x reduces to y = Yo, Yi = (Yio, Y2 = (Y2)o, - + +) Yn—-1 = (Yn-1)o, 
values which may be arbitrarily assigned. Hence in (1) the values 
dy d*-ly 
dx’ dant} 
solved. This is expressed by saying that the general solution of (1) 
involves n arbitrary constants. 

The existence of the solution having thus been shown, let us 
substitute in (1) the series 


of y¥, = may be arbitrarily assigned and the equation 


Y= x + aor + agx> +--+, 
where xo and yo are assumed as zero. 
Then Y= 4 +2 aex+ 3 asx? +4+- 
Pare Oat eee 7 


Yn-1 = (Nn Jaye Onin te 
252 
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All equations in (2) but the last are now satisfied, and the coeffi- 
cients a; are obtained by substituting in the last equation in (2). 
The series expansion may thus be practically obtained. 

Another method is as follows: Equation (1) gives us 7 

n—1 
o, eas —t. By differentiating and substituting 
ely qn tty ; : 
we may find Gre gear terms of the same variables. 


in 


terms of 2, y, 


: dy ON 
Assuming, then, 20, yo, (—)>°° —] at pleasure, we com- 
dx 0 an; 0 


my qhtly F 
pute (*), ( Fic oak ***, and may then write down Taylor’s 


expansion for y as a power series in x — 2p. 
102. The linear differential equation. The equation 


d”y ay q”-? 


Eg eed i oe UES, SU ena 
rae Agra + Pe as + Pn-1 da + Bay = &, (1) 


where 1, P2,---*, Pn, and R are functions of x, or constants, is a 
linear differential equation of the nth order. Equation (1) in 
which R # 0 is called the complete equation in distinction to the 


equation d’y d"—y dy 
aa" ee ieee atk ‘++ Pn-1 G+ Pay = 0, (2) 


which is called the reduced equation. The solution of (1) is closely 
connected with the solution of (2). This will be brought out in 
the theorems which we shall now prove: 


I. If yi, yo, +++; Yn are n linearly independent solutions of the 
reduced equation (2), the general solution of the reduced equation 1s 
Y = C1Y1 + CoY2 +--+ + CnYn- (3) 


That (3) solves (2) is evident from direct substitution; that it 
is the general solution follows from the fact that it contains n 
arbitrary constants under the hypothesis that the functions y; are 


linearly independent. 
The necessity of this hypothesis is seen from an example. 


Consider a cubic equation 
d?y d?y 
dx3 1 P ax? 

and let y1, yz, y3 be three solutions. Then 

Y = C1y1 + CoY2 + CaYy3 (5) 


ous +ry=0 (4) 
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is also a solution and will be the general solution if yi, y2, ys are 
linearly independent. But if, for example, 
ys = ay + bye, 
then (5) becomes y= (1 + a)yi + (C2 + b)y2, 
which involves only two arbitrary constants, namely, Ci = ci + a 
and C2 =¢2 +a, and is therefore not the general solution. 
II. If I, and Iz are any two particular solutions of (1), they 
differ by terms of the form 
C1Y1 + Co¥e2 ++ +++ CnYn, 
where Yi, Y2,°**, Yn are solutions of (2). 
To prove this, note that by hypothesis 
ay 1 risa 6 1 
ax” cet axe 
d"T2 Oo ok 2 dTo 
dix” te Pi dx” = te Pp 1 dx ae Pnt2 


whence by subtraction I; — I2 satisfies equation (2), and therefore, 
by theorem I, 


dl 
+o + Par + Pal = B, 
AD, 


Ty — Ig = C11 + C2Y2 +++ + + CnYn, 
as was to be proved. 
IIT. The general solution of (1) as of the form 
Y= Cry + Coy2 +--+ + CnYn + IF, (6) 


where c1yi + coy2 +--+ + CnYn ts the general solution of (2), and I 
as any particular integral of (1). 


This is an immediate consequence of II. It may also be shown 
by direct substitution in (1) that (6) satisfies (1). That it is the 
general solution follows from the fact that it contains n arbitrary 
constants. 

In the solution (6) the quantity J is called the particular integral, 
and the part involving the arbitrary constants is called the com- 
plementary function. 

These theorems give certain general facts of importance regard- 
ing the solutions of (1) and (2), and use will be made of them in 
the subsequent sections. We may at times find use for the follow- 
ing theorem: 


IV. If one solution of the reduced equation is known, the order of 
that equation may be lowered by unity. 
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Let y: be a solution of the reduced equation (2) and substitute 
Y= yz. 


It is not difficult to see that the coefficient of z in the new equa- 
tion is the same as the left-hand member of (2), with y replaced 
by yi, and therefore vanishes, since y; is a solution of (2)... Lhe 
new equation is then of the form 


a ae d?z dz 
den 1 @ Area ae 1 daa 73 dni a = 0. (7) 
dz ; , ‘ 
If we now place pea we have a linear differential equation of 
the (n — 1)st order, 
qd? — ly d”~2y du 
dgmai ) 1 ganna t+ Qn-2 7 + Qn = 0, (8) 


which proves the proposition. 
If ye is another known solution of (2), then z = we is a solution 
d : : i 
of (7), and ae (2) is a solution of (8). Hence the degree of equa- 
1 
tion (8) may be reduced by unity. Proceeding in this way we 
have the following theorem : 


V. If m solutions of the reduced equation are known, the solution 
of that equation may be reduced to the solution of an equation of 
degree n — m. 

103. Method of variation of constants. We shall in this section 
present a method by which if the solution of the reduced equation 
is known that of the complete equation may be found. For 
simplicity of treatment we will take an equation of the third order, 


3 d 
aT te prog a MZ (1) 


d? a? d 
y UY] y (2) 


in the form Y = CY + Coy2 + C3Y3.- (3) 


In (3) ¢1, ¢2, and c3 are constants and (2) is satisfied. The ques- 
tion now is, May we not replace ci, ¢2, ¢3 by functions of x in such 
a way that (1) is satisfied? We will therefore consider the ¢; 
as variables. For this reason the method is called that of the 


256 DIFFERENTIAL EQUATIONS OF HIGHER ORDER 


variation of constants, though it might more properly be called 
the replacement of constants by variables. 
If we take c; as functions of x, we find from (8) that 


d d d d 
pis Se C1 cu +2 = + ¢3 a + 61/Y1 + C2’Y2 + €3’Ya, (4) 


h om ¢ Cc 
where q'=—=—> o = , 3 = 
dx dx d 


Since there are three functions c; to be determined, we may im- 

pose three conditions upon them. We take the first to be 
) c1'Yt + C2’y2 + c3’y3 = 0. (5) 
Then (4) becomes 
dy dy1 dy2 : dys (6) 


a ae dee ae ee ae 


Differentiating again, 


ay dy d?y2 d7y3 dy , dy2 , dys 
dx? | det * ? axe roe dx? £4 dx a fae he de 7) 
dy dy2 dys 
tak pO Ie BU gh 
We take sera ar 2 A ei (8) 


as the second condition to be imposed upon the c’s. We thus 
reduce equation (7) to the form 


ay en, eye, dys 

det PY dnaat dew We ae © 
whence 
dy dy d®y2 dys ,  , d’y ,dY2 d?ys 
age aes TOF est emt i gs 

Substituting (8), (6), (9), and (10) in (1), we have 
, ayy , dY2 , d7Y3 
C1 Ge + dx? + ¢3 Phe le. Qn) 


Equations (5), (8), (11) are now three linear equations which 
may be solved by elementary algebra for cy’, co’, c3’. Then, by 
integration, C1 =¢i(x), ¢2=2(x), cs = o3(2). 

Hence I= Gi(x)y1 + h2(x)y2 + h3(x)ys 
is a solution of (1). Therefore the general solution is, by III, § 102 


, 


y =[¢e1 + hi(x) Jy + [e2 + bola) J yo + [es + a(x) ]y3. (12) 
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104. The linear differential equation with constant coefficients. 
In this section we shall consider the equation 
d"y Cay dy 
dat tM Ggnai to On Gt any = f@), (1) 


where the coefficients a; are constants. It is convenient to express 


dy d’y 5 dy . : ; 
Th by Dy, ie by D*y,---, ant by D”y, and to write (1) in the 
form 


D'y + a D"—"y+++++ Gn—1Dy + any = f(x), 
or, more compactly, 


(D” + aD" 1+ +--+ a,-1D + an)y = f(a). (2) 


The expression in parenthesis preceding y in (2) is called an 
operator, and we are said to operate on a quantity with it when we 
carry out the indicated operations of differentiation, multiplica- 
tion, and addition. The solution of (2) is expressed by the symbol 


1 
~~ D®+aqD* +--+ +-an_1D + On 


where the expression on the right is not to be considered as a 
fraction, but merely as the inverse operator to that denoted by 
the operator in (2). 

Let us now treat the operator as if it were an algebraic poly- 
nomial in which D is a quantity instead of a symbol of differentia- 
tion, and split it up into linear factors, writing the left-hand 
member of (2) as 


ei ND Fa) LD ty 1) Ta) (4) 


y F(x), (3) 


If we consider that (4) means to operate first on y with D —r,, 
on the result obtained with D —r,_1, on that result with D—1r,_2, 
and so on, we assert that (4) is exactly equivalent to the opera- 
tion on the left-hand side of (2). This follows from the fact that 
D considered as an operator obeys the same laws as when it is 
considered as an algebraic quantity. The student may verify this 


by considering (D —11)(D — r2)y. 


This is first of all equivalent to 


D—7;)(Dy — rey), 
and this to \ De < 


D(Dy — rey) — 11(Dy — rey) = [D? — (nm + 72)D + nrely. 
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Similarly, 
(D —11)(D — r2)(D — rs)y 
= (D—1)[D? — (re + 173)D + rersly 
=[D* — (n + re+73)D? + (rire + rears + r3m1)D — nirersly, 
and so on. ; 
A study of these results and the similar ones to be obtained 


with more factors shows that the order of the factors is immaterial. 
We have, then, reduced equation (1) to the form 


(D = 71)(D ae 72) ae (D ok pea CD 7 iy ==) (5) 
The simplest equation of the form (1) or (5) occurs when 
n = 1, and we have (D —n)y = f(z), (6) 

the solution of which is, by Case IV, § 91, 
yee if e-"F(n)dae + ce”. | (7) 

We have, accordingly, the formula 
1 
fea) =e f e-™f(a)de, (8) 
D— T1 


where the constant of integration may be supplied or not in evalu- 
ating the integral. If the constant is used, (8) gives the general 
solution ; if the constant is not used, we have a particular integral. 

Returning to equation (5), it is clear that we have in succession 


1 
Doe f(x) 


=e fe-"f(a)dr, 


(D = 73) AG (D — yy = D = @ je fe-mye@yar| 


= ere femri fo neylayda?, 
and so on. Henee, finally, 


y= eit freircrense : fern Ferapcayar (9) 


Equation (9) furnishes a general formula for the solution of 
equation (1) or (5). As each integration is performed, a constant 
of integration may be introduced so that the solution contains n 


(D712) (D3 ir Dae 
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arbitrary constants and is therefore the general solution, or the 
Trae may be omitted and supplied at the end by theorem III, 

The formula, however, is frequently tedious in its application, 
and we shall present in the next sections more convenient meth- 
ods of solution for the cases most often arising in practice. 

105. The complementary function. All the theorems of § 102 hold 
for the linear differential equation with constant coefficients. We 
shall therefore concern ourselves first with the reduced equation 


Di Oe) (Dia. — 0. (1) 
Since the left-hand member of (1) is independent of the order 


of the factors, we may write any factor D — r; in the place next 
to the Yy. Then if (D ee) re )Y my) (2) 


equation (1) is satisfied, since all the operations on zero give 
zero. A solution of (2) is accordingly 


y= ce, (3) 
where c;, is an arbitrary constant. Giving k all values from 1 to 
n, We have y= ce" at Coe7™™ 4... + c,e™”. (4) 


If all the r’s are distinct, this will be the general solution of (1) 
by theorem I, §102. If, however, some of the r’s are equal, the 
expression (4), although a solution of (1), will not be the general 
solution, since it will not contain 7 arbitrary constants. Suppose, 
for example, that the first k values of r are equal. Then the first 
k terms of (4) are (¢: + ¢2+---+c¢,)e"”, which is equivalent 
simply to Ce™”. 

In this case equation (1) may be written 

(D = Ted) oe? (D re tn) = ri)fy = 0, 
and any solution of (D —1)*'y = 0 (5) 


is a solution of (1). The solution of (5) may be found by the general 
formula (9) of §104. We have 


yao ff--- fod! 


= (4 + coe +--+ + 6,0" ")Je™, (6) 


which now replaces the first & terms of (4). 
Formula (4) with its modification (6) is perfectly general irre- 
spective of the nature of the quantities 7r,;. If the coefficients of (1) 
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are real, then, by a well-known theorem of algebra, all imaginary 
values of r; will appear in pairs as conjugate imaginary. The cor- 
responding terms in (4) or (6) may then be modified so as to appear 
in a real form. Suppose, for clearness, that 


m1 = A+ mM, ro = A— pw, 
where \ and yu are real quantities and 1 =V— 1. 
We then have 


ce” + coe" = e* (ce + co“) 
= e[(¢, + ¢2) cos ux + 12(c1 — C2) sin wx], 
the last transformation being made by § 26. 
Let us now place 
ai +¢é2=C, 4(c, — C2) = C2, 
and we have 
ce" + ce = e”(C, cos wx + Ce sin px). (1) 


Similarly, if the factor D — (\ + y7) occurs k times, so does the 
factor D — (\ — ui), and we have, from (6), 


e (ey teoe + >> + cpr et™ + eM (e1' + coe +--+ ey/2*)e-™, 
which is equivalent to 


e“[(Ci + Cox +--+ + Cyx*—!) cos wx + (Bi+ Bor +--- 
+ B,x*-1) sin px. (8) 


106. The particular integral. Consider now the complete equation 
(D® + aD" + + © Gn_1D + On)y = fiz). (1) 


The complementary function is to be found as in $105. The 
particular integral may be found by the method of variation of 
constants or by applying formula (9), § 104, omitting the con- 
stants of integration. Such methods are frequently tedious. A 
more convenient way is to assume the form which the particular 
integral will take, using undetermined coefficients, which are then 
determined by substituting in the equation. The form of the solu- 
tion may be inferred by studying the results obtained by (9), § 104, 
for different functions f(x). There result in certain common cases 
the following rules, in which we denote the differential equation by 


P(D)y = f(x), 


where P(D) is a polynomial in D, and denote the particular integral 
by I. 
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I. If f(x) = aor” + ax” +--+ an_12+ a, assume, in general, 
T= Ax” + Ayer) +--+ 4 Aniit+ An; 
but if D” ts a factor of P(D), assume 
T=2"(Ax® + Aye? 14 ---+ Anat Aly): 


II. If f(x) = ce”, assume, in general, 


I= Ae”; 
but if (D — a)” is a factor of P(D), assume 
eA Ome 


HT. If f(x) =c sin ax or c cos ax, assume, in general, 
I=A sinax+ B cos ax; 
but if (D? + a”) is a factor of P(D), asswme 
IT=2"(A sin ax + B cos ax). 

IV. If f(x) = e** p(x), place y = ez and divide out e?*. 

V. If f(x) ts the sum of a number of functions, take I as the sum 
of the particular integrals corresponding to each of the functions. 
ay 
dx? 


This may be written (D + 3)(D — 2)y = e*”. 
The complementary function is c,e?” + c,e—3*. To find the particular 
integral we place T= Act 


Example 1. + ove Gye. 
dx 


and substitute in the equation. We obtain 
re Ages =e; 
whence A=qr. 
Therefore the general solution is 
y = ce?" + ce7 38% 4 a ett, 
3 Ps 
att ae 
This may be written D?(D + 1)y =sin 2 x. 


The complementary function is therefore c; + cox + c3e~*. To find 
the particular integral we place 


IT=Asin2x+ Becos2zx 
and substitute in the equation. We obtain 
(8 B—4A)sin2x«—(4B+8 A) cos2z=sin 22. 


Example 2. earein 2) a 
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To satisfy the equation we must have 
8B-4A=1, 4B+8A=0; 
whence B=7, A=— 95. 
Therecore! the general solution is 


Yy = C1 + Cot + c3e-* — oy sin 22+ 7p cos 2a. 
20 10 


d*y ‘ 
—+Yy=sin x. 
dx? . 
This may be written (D? + 1)y =sin a. 
By III, we write I = Ax sin x + Bz cos x and substitute in the equa- 
tion. There results 
—2Bsinx+2 Acosx=sin x. 


Therefore B=- i, Av—a()3 


Example 3. 


The general solution is 


: she 2 : a 
AE MT GOA oer N Lal Ch cos x + C2 sin © — > cos x. 


a 


107. Equations reducible to linear equations with constant co- 
efficients. Consider the equation 


d"y ia) dy 

n n—1 sey =% = 

x" nw te ar to Ont +t any = f(z), (1) 
where dy, @2,-**, Gn—1, @, are constants. This equation has the 


peculiarity that each derivative is multiplied by a power of zx 
equal to the order of the derivative. It can be reduced to a linear 
equation with constant coefficients by placing 


(pe OF 
dy dydz___, dy 
nen dx dedxe° da’ 
ee a ee _o, dy 
dx? dz dz/dx dz ° = de’ 
a Ce ee 
dx Z dz? dz/ dx 
= 2354 Uae 324 Y 3, 


and so on. 
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Hence mel = Dy, 
* aa 
wed 
perk eo a =(D D? = D)y, 
3 dy 3 2 
te a3 = (D° —3 D* +2 D)y, 


and so on, where D = a 
dz 


For example, the equation 
d°y d*y dy 
3%Y 22y OY ty 2 
i qa tee a ee 
becomes (D? + 2 D?)y = e?? 


whence y = c+ coz + ge 2? + ag e?? 
cd A ee 
= (1+ Ce loga+ 3+ 76 


108. Simultaneous linear differential equations with constant 
coefficients. The operators of the previous sections may be em- 
ployed in solving a system of two or more linear differential equa- 
tions with constant coefficients when the equations involve only 
one independent variable and a number of dependent variables 
equal to the number of the equations. The method by which 
this may be done can best be explained by an example. 


. Meu ee) ma got 
Consider a + 7 —xr—Ay=e”, 
dx dy =F; 
ai + a 2 OA ee as 
These equations may be written 
(D—1)z+ (D—4)y=e", (1) 
(D — 2)x-+ (D—8)y=e"'. (2) 


We may now eliminate y from the equations in a manner anal- 
ogous to that used in solving two algebraic equations. We first 
operate on (1) with D — 8, the coefficient of y in (2), and have 


(D?-4D+4+8)x+ (D?-—7D+12)y=2e", (3) 


264 DIFFERENTIAL EQUATIONS OF HIGHER ORDER 
since (D — 3)e>* = 5 e°' —3 e®' = 2 e**. We then operate on equa: 
tion (2) with D — 4, the coefficient of y in (1), and have 
(D? -—6 D+ 8)x+ (D?—7 D#12)y = — 2 e”, (4) 
since (D — 4)e?’ = — 2 e”*. By subtracting (4) from (3) we have 
(2D—5)x=2e8' +274, (5) 


the solution of which is 
a = cye?? + 2 e®! — 2 e?!, (6) 
Similarly, by operating on (1) with D—2 and on (2) with 
D —1, and subtracting the result of the first operation from that 
of the second, we have 
(2D—5)jy=—3e’+e", (7) 


the solution of which is 


y= coe?! aes ae — et, (8) 


The constants in (6) and (8) are, however, not independent, for 
if the values of x and y given in (6) and (8) are substituted in the 
original equations (1) and (2), they must reduce the latter equa- 
tions to identities. Making these substitutions, we have 


5 3 
$(c1 — c2)e7* + e°! = 0%, 
and 2 (c, — coe?! + e?! = @?*; 
whence it is evident that co =c¢,. Therefore we have 


5 
aw = ce?’ + 2 6°? — 2 e?!, 


3 


re 5t 2t 
Yy = ce? = 50 aes 


as the solutions of the given equations. 
109. Equations of the second order. Equations of the second 


order are of special importance in applications. It is of interest, 
therefore, to sketch methods by which such equations can some- 


times be solved. 
In the first place, it is sometimes possible to reduce such an 


equation to one of the first order by placing 


d 
=p. (1) 


| 
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We may then place either 


or, since “e = = w ’ 
wha ee. @) 
It is clear that if the given equation is of the type 
io et) = ® 


that is, if it does not contain y explicitly, then the substitutions 


d 
a whereas if the given 


dy d? 
s(y 44, y) a 0, (5) 


(1) and (2) give an equation in xz and 
equation is of the type 


dx dx 
that is, if it does not contain x explicitly, substitutions (1) and 
: Alege d : be Ra 
(8) give an equation in y and a - If pis found in either case, equa- 


tion (1) then gives an equation of the first order to determine y. 
As a particular example consider the case of a particle so moving 
in a straight line that the force acting on it is a function of the 
displacement from a fixed origin. Then if s is the distance from 
the origin, and ¢ is time, the differential equation of the motion is 


ds 
dt? = f(s). 
rs de_ Pa _ yt 
i di dia” as: 
we have p dp = f(s)ds; 
whence p= 2 [feds +c, 


and, finally, oe oe =t+co. 
v2/, F(s)ds + ¢1 


In carrying out this solution it will usually be desirable or even 
necessary to determine the constant ¢, before integrating. 
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When the differential equation of the second order is of the 
linear type, other methods may be applicable. Consider the 
equation dy 

dx? 
where P, Q, and R are independent of y. We shall enumerate cases 
where the solution is possible. 

CasE I. If P and Q are constants, the equation is to be solved 
by the methods of §§ 102-106. 

CASE II. If P and Q are not constants, the equation is possibly 
of the type discussed in § 107. 

CASE III. It is possible that the left-hand member of (6) may 


d 
+ PE +Qy=R, (6) 
AY, 


; ; : dP 
be an exact differential. This happens when Q = at and then 
equation (6) may be written 


CaS a 
dx\dx '  %) °°? 
dy 
whence i+ Py= | Rar ton 


This is the linear type of Case IV, § 91. 
CasE IV. It is sometimes true that a solution of the reduced 
equation 4 
el bah ley Pee 
a ele (7) 
is known or may be found by inspection. Let y = y: (x) be such 
a solution, and substitute 
| Y= Ye 
in (6). Tee #4 (ois p ie 
* dx? da ae a 8) 
which is of the type to which substitutions (1) and (2) are 
applicable. 
Case V. Occasionally two solutions of the reduced equa- 
tion (7) are known or can be found by inspection. 
In that case, if y= y, and y = y2 are the two known solutions 
of (7), then 
Y= Ciy1 + Coy2 + I . 
is the general solution of (6), and J may sometimes be found by 
the method of variation of constants or otherwise. 
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Case VI. We may try placing 
in (6). There results aA te 

dz du dz (du du 
wo + (25+ Pu) = + (3+ po +Qu)z= Fe: #59) 


If wu can be so chosen that the coefficient of z vanishes, we have 
again equation (8), already discussed. Otherwise let us take u so 


: d : 
that the coefficient of = shall vanish; that is, we take 
_ 3 f[Pdz 
== ; 


Then, after a few reductions, equation (9) becomes 


az OP LP dz 
eee Sey oP Wy ee OP 
Pe fi (2 Se | P )e Re : (10) 
, ar ft ; 
Therefore, if Q — 5 uP is equal to a constant, equation 
; ; 1 2 
(10) is of the type of §104; if Q— Lied = = Pe = ia where 


Pa ee eee ta 
k? is a constant, equation (10) is of the type of §107. 
CASE VII. Finally we may try the effect of changing the in- 
dependent variables from x to t, where ¢ is a function of x to be 


determined. 
ec. dy _dy dt ,dy 
pe dx dtdx dt 
2 2 
BY 2 FY W, 


and the differential equation (6) becomes 
d’y t’+Pt'dy  Q R 
— —+— y=: id 
dt? t/? dt ai t’2 y t’? ( ) 


We wish to choose ¢ so that (11) is of the type of §104. We 
accordingly choose ¢ so that 


t’? — kQ, 
where k may be -( 1 or any other conveniently chosen constant. 
tf if 
Then if : aie becomes a constant, the desired result is 


obtained. We may also endeavor to reduce (11) to the type of 
§107, but nothing new is thus obtained. 
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It should be said that all these methods of solving a differential 
equation are likely to fail with equations which occur in practice. 
In such cases recourse may be had to a series expansion. The 
differential equation, or the series arising from it, then often 
defines a new function, which must be studied. We shall illustrate 
this method in the next section and study the Bessel functions 
from this standpoint in the next chapter. 

110. Legendre’s equation. Consider the equation 


d*y dy 
PE pp) ee as = il 
ql 0) 2a + nnt Dy 0, (1) 
where 7 is a constant. To solve it we shall assume the series 

y= aox™ -+}- aamtt ze aoa” 2 at aoe (2) 


and endeavor to determine the first exponent m and the coeffi- 
cients a; so as to satisfy (1). 


wen d? : 
Computing = and - from (2) and forming the terms of (1), 
we have y % o 
agin m(m — 1)aox™~? + (m+ 1)mayc™! 
Py + (m+ 2)(m+ 1l)agx”™+---, 
— 23> — m(m — 1)aox” —---, 
Pie —2 mar” —---, 
n(n+ l)y= n(n+ 1)aox” +--+. 


The sum of these terms must be identically zero if (1) is to be 
satisfied. Hence we must have, in the first place, 

m(m — 1)ao = 0,7 (4) 

(m+ 1)ma; = 0, (5) 

(m + 2)(m+ 1)a2 — (m— n)(m+ n+ 1)ao = 0. (6) 

Equation (4) gives either m = 0 or m= 1, with ao arbitrary in 


either case. Let us take the first case, m= 0. Then from (5) a 


is arbitrary, and from (6) 
n(n + 1) 
pee ie 


Subsequent coefficients may be obtained by taking more terms 
of the series (3), but it will be better to obtain the general law of 


0) 
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the coefficients. To do this we will find the term containing 2” *+"~2 
in each of the series (3), this term being chosen because it contains 


2 
ad, in the expansion of a We have 
2 
d?y | 
dx? eb (m+r)(m+r—Daart 24... 
2 d*y 
Bg Oe Gna Saa,cae Th ee, 
dy 
~ 2 soe — 2(m+7 — 2)a,-2u™t"—-2 — ..., 
n(n+1ljyy= -+-+n(n+1)a,-oa™t7-72 +..., 


and since the sum of these terms must vanish, we have, after com- 
bining and factoring the coefficients of a,_2, 


(m+ r)(m-+r—l)e,+a—m—r+2)(n+m+7r—1)a,-2=0. 
We are considering the case in which m = 0, so that we have 


(=F 2)hn Pe 1 
=e oe (8) 


which enables us to determine any coefficient from the one which 
precedes it by two terms. We have, accordingly, 


opp ew a aS 


2! 4! 
ai(2-SaBOL? 5 
ee (9) 


It is easily shown by the ratio test that each of these series 
converges in the interval (— 1, + 1). 

Since ap and qa; are arbitrary, this is the general solution of (1) 
by theorem I, §102. The student may verify the fact that if he 
considers the assumption m= 1, discarded in solving (4), he gets 
nothing new, but only the second series in (9). 

By taking either ao or a: equal to zero, solution (9) becomes a 
single series, and particular interest attaches to the cases in which 
this series reduces to a polynomial. This evidently happens to the 
first series when n is an even integer and to the second series when 
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n is an odd integer. By giving to the coefficient ao or m, as 
the case may be, such a numerical value that the polynomial 
becomes equal to unity when z is unity, we obtain the following 


system of polynomials: 


Poe als 
Pie a, 
P(x) = $2" — 3, 
P3(xz) = 32° -—22, 
(eS beN Bog 1 
Pat) = 75% Tea aE 3 
[Cre hogs SOS 
Ps(t) = 7 5% 27. aay A 


These are called the Legendre polynomials. Each satisfies a 
Legendre differential equation in which n has the value indicated 


by the subscript. 
The Legendre polynomial P,,(x) is the coefficient of h” in the 


expansion of $=(1—2ch+h2)-3 (10) 


in ascending powers of h. The student may easily verify this for 
the lower values of » by actually expanding (10) by the binomial 
theorem. To prove it for the general term, we first form the fol- 
lowing identities by differentiating (10) : 


(1 —2ho +h?) 2 = @— hg, (11) 

ODF in oe 12 

h=@ h) (12) 

Now place ro) aS A,h”. (18) 
n=0 


It is obvious that A, is a polynomial in x of degree n. Also, if 
: 6 
“= lin (10); then Oe tas), 
to 1 when x = 1. Hence if we can show that A, satisfies Legendre’s 
equation, it will be identified with P,(x), since our solution of 
Legendre’s equation has given us the only polynomials which 
satisfy that equation and have the value 1 when x = 1. 


» and therefore A, in (18) is equal 
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Substitute from (13) in (11) and (12) and equate coefficients of 
h”~* on both sides of the resulting equations. We get 


NAn— (2 De 1 os ess a (n ore 1)An-2 = 0, (14) 
yp GAnat  dAn-2 _ 1 

is ae oe = (m — 1)An-1. (15) 

Replacing » by n+ 1 in (15), we have the equivalent formula, 
; dAn Agen A 

dx peers ee) 


dAn_2 


: By differentiating (14) with respect to x and eliminating 
Loy h 

y (15), we have dda HAnnt 

dx da 


Then if (16) is multiplied by — x and added to (17), we have 


= nNAn-1. ; (17) 


(1 — 2%) = (4 1 — Ay). (18) 


By differentiating (18) with respect to x and simplifying the 

result by means of (16), we have, finally, 
2 

a —2¢2 on +n(n+1)A,=0. (19) 

This shows that A, is a solution of Legendre’s equation. Hence 
for the reasons already stated A,(x) is the same as P,,(x”). For- 
mulas (14) to (18) may be rewritten, replacing A, by P,, and give 
important relations connecting Legendre polynomials with dif- 
ferent indices. 

Another class of polynomials related to the Legendre poly- 
nomials may be found as follows: 

Differentiate equation (1) m times with respect to x and place 


any =v. We obtain 
Gage 


(liz?) 


a, av dv 
(1-2 )— — 22(m+1) —+ (n—m)(n+m-+ 1jv=9, (20) 
dx dx 


an equation which is satisfied by 


pa Pn), (21) 
da” 
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In (20) Pie w=v(1—x?)?. We get 
dw wih, 
(1 — 2?) —> —24—- B + [nin 1) — 5" w= 0. (22) 


This equation, which differs from Legendre’s equation in an 
added term involving m, is called the associated Legendre equa- 
tion. It is satisfied by Pd 


w= (1— 22)? Pal), (23) 


This value of w is the associated Legendre polynomial and is 
denoted’ by P"(2).. Ife > 1P (2) = 0. 


EXERCISES 


1. Assuming that the solution of a +y=0Oisy=c, sinx+ ce cos 72, 
find by the method of variation of constants the solution of ot +y=tanz. 
2. Assuming that the solution of oy +y=0isy=cq Lae Z + C2 cos x, 
find by the method of variation of constants the solution of atte =secx. 


8. Assuming that the solution of ot —2 +y=0isy= (cq + cox)e*, 
find by the method of variation of constants the solution of 
d*y dy at Vek 
ar dx 1e> 1—<z 
; ; ay dy : 
4. Assuming that the solution of (1 — x) —+z2—-—y=0 is 
ae dx 
Y = Cx + C2€", 
find by the method of variation of constants the solution of 
a2) yo —y=(1—2)?. 
Solve the following equations: 
d7y dy dy dy 
§&—+2——-—8 4 == — =e7- 2a 
Pecas aE y=4cos2x. Saige atu e-7 + 5 e2*, 
dy dy dy dy 
6.—— +3—-10y= ; men aks ea 
ee oy ee ge eas 
d? d 2 
eae aoa +1. 10 Pe gage + 9y = e** sin 2 2, 
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11. 244 9y = 0088 20.24 gy ae 
12. yaa ote + tt oy = cos 2 
4 2 
13. “4 =3. a1, <2 Way, 
14. 4 4 y= 008 2 ee eee 
15, <4 aor i an 22, 4 42 10; 
16. 62H 4 Gy =a? 23.224 _ 2-9 
17. 1427 U6 y= cloge. 24. (a —2) SY = re () 
18,9 44 3th poe 25. (yta wus ay) 0. 
19. 44s y=0, 26. y 442 (2) +2 =0 
+t 2r48y=0. a7. 44 2y =o. 
d2 2 

28. = (2) 1 

29 PTY on 4 B44 ahy = ater 

80 oh 2s ny sin 22. 

si. 2° TY 228 4 (ot 6 yy =0. 

32 a4 + atane H+ 2y tan?e=sin 2a, 

3.4 + (Be — 1) H+ 2 ery = 20%. 

34. 44 2 sin x — etn 2) AH +-y sin?a = sint zs, 
Solve the following equations by expansion into series : 
35.4 + iy =0. 37 4 + nny = 
36. (1+ 2%) SY 4 oH ny =0, 38 woe + (o—2y=0. 
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d 
39. (e— 2%) 4 Hy at say=o. 
40. Prove that ——— ghot Mela aie (22 +1)Pn: 

dx dx 
41. Verify for small values of n the general formula 
= d” 
Py —— (77 — 1)". 
= a OD) 


42. A particle moves in a ae line from a distance a toward a 
center of force which attracts with a magnitude equal to —- If the 
i 


particle was originally at rest, how long will it be before it reaches the 
center? 

43. A particle moves in a straight line from a distance a toward a 
center of force which attracts with a magnitude equal to kr— 2, If the 
particle was originally at rest, how long will it be before it reaches the 
center ? 

44. A particle begins to move from a distance a toward a fixed center 
of force which repels with a magnitude equal to k times the distance of 


the particle from the center. If its initial velocity is V ka”, show that . 


the particle will continually approach the center but never reach it. 


45. A particle moves along a straight line toward a center of force 
which attracts directly as the distance from the center. If it starts from 
a position of rest a units from the center, what velocity will it have 
acquired when it has traversed half the distance to the center? 


46. A particle moves in a straight line from a distance a toward a 

center of force which attracts with a magnitude equal to = r de- 
r 

noting the distance of ce particle from the center. If the particle 


had an initial velocity of ——=> how long will it take to traverse half the 


distance to the center? zi 


47. A particle of unit mass moving in a straight line is acted on by 
an attracting force in its line of motion directed toward a center and 
proportional to the distance of the particle from the center, and also 
by a periodic force equal to a cos kt. Determine its motion. 


48. A particle of unit mass moving in a straight line is acted on by 
three forces: an attracting force in its line of motion directed toward a 
center and proportional to the distance of the particle from the center, 
a resisting force proportional to the velocity of the particle, and a 
periodic force equal to a cos kt. Determine the motion of the particle. 

49. Under what conditions will the oscillations of the particle in 
Ex. 48 become very large as the time increases? 


| 
| 


CHAPTER XII 


BESSEL FUNCTIONS 


111. Bessel’s differential equation. Consider the equation 
d: 
watt a+ (a — ny =0, (1) 


where m is a constant. To solve, we proceed as in § 110, assuming 


for y the series 
y= dou” + ayn” +1 + aon™ +2 + ae a pee + eb 6: (2) 
We get 
d7y 
= a m(m — 1)aox™ + (m + 1)mayx™t} 


+ (m + 2)(m + ljaoa”t? +.-.., 


oY = maa + (m+ Lax"! + (m+ ase? fo 


dx 
we n*y = — naox™ ee nae +3 pox nracx™ +t 2 see, 
xy — one = pekacace 


Equating to zero the sum of the coefficients of each of the first 


three powers of x, we have (m? — n2)ao = 0, (3) 
[(m + 1)? — n7Ja; = 0, (4) 
[(m + 2)? — n?]a2 + ao = 0. (5) 
To obtain the general expression for the coefficients, we have 
2 d’y m+r 
ee Ur Tae +--+, 
dy ae 
c= = soe (M+1) Ore =fapneee, 
dx 
— ny = oe — N70, CNT — «oo, 
ey = - --+ 4,00" tT 4+... oP 
Equating to zero the sum of these coefficients, we have 


[(m + 1)? — n? Ja, + Gp_2 = 0. (6) 
275 
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Equation (3) may be satisfied by m=+7. We shall first take 
m=n. Then from (4), (5), and (6) we have 


n= 0, 
Lod EESEL), 
2(2 n + 2) 
as Or —2 - 
Sa: r(2n+r) 
By use of these results we obtain the series 
oe? ot 
monn ge (Cees oer soe er 
6 
ee ee ee ee ee ). (7) 
2-4-6(2n+2)(2n+4)(2n+ 6) 
Similarly, placing m = — n, we obtain the series 
ae? ge 
YORE ee oe ae ee 
76 


+ too) @) 


2-4-6(2n—2)(2n—4)(2n—6) 

If n=0, the two series (7) and (8) are identical. If n is a 
positive integer, series (8) is meaningless, since some of the coeffi- 
cients become infinite. If nm is a negative integer, series (7) is 
meaningless, since some of the coefficients become infinite. Hence 
if n is zero or an integer, we have in (7) and (8) only one particular 
solution of the differential equation, and another particular solu- 
tion must be found before the genera! solution is known. But if n 
is not zero or an integer, each of the two series converges for all 
values of x, as the student may easily show by means of the ratio 
test (§ 19). Hence we have two particular solutions of (1), and 
the general solution is = Ce Ce 


112. Bessel functions of integral order. We shall restrict our- 
selves in this section to the case in which n is an integer, leaving 
to another place the consideration of fractional values of n. We 
consider in the first place that n is a positive integer. The series 
for y: in §111 converges. To make the solution definite we place 


1 


sats 2” n! 


rr 
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and have the Bessel function of the first kind of order n, where n 
is a positive integer. This is denoted by J,(x), and accordingly 
x? xt 


Ales “ ee ee Ba Se ee Ee 8 
a ae (n+ 1) 1 28in+1m +2) 
6 


G 
pee ae 
a” gn t2 grt4 
2a! 2"+2(m 4 1)! + 2"+491(n + 2)! 


grt 6 
~ 3831 ay? 
The general term is 


(—)° 


grt2k 
Qn+2kkeln + k)t 


If we place k=0 we get the first term of the expansion of 

J,(x) provided we place 0! = 1, which is customary, as an obvious 
! 

extension from the general relation (n — 1)!= ike 

We have, ni u 


ar n+2k 


k 
This holds for positive oti n’s and also for n=0. In 
articular, 
Jo(x) =1— Se asl eee) 
0 s 94(21)2 D7 (kN)? , 
ee : 2h tl 
Jit) = . sateen e+ (— 1) PEARED ones (8) 


From the series given above many important relations may be 
obtained. We shall first prove the relation 


£ Jolt) = — Ku(0) (4) 
xv 


It is evident that the derivative of the second term of (2) is the 
negative of the first term of (3), and that the derivative of the 
third term of (2) is the negative of the second term of (8). To 
show the general law we take from (2) the term next after the one 
written; namely, prh+2 


COM FEL DF 
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(2 k = Dye rh tt 
Q2k+ 20 (fe 4 1)!}?’ 
which reduces to the last term written in (8). 

Hence equation (4) follows. 


The general term of x"J,(x) is 
az 


May aoe oe 
eee 2rt+2kki(n+k)! 


and if this is differentiated with respect to x, it becomes 
2n+2k-—1 


Its derivative is (—1)**! 


2n+2k 


Sag ie a 
oe Qn+2k-1 kl (m 4+ & — 1)! 


which is the general term of J,_1(”) multiplied by x”. Hence 


d 
ae AEN GoW er es | (5) 
In the same manner we may prove that 
d —n —T 
ie [eo 8 0s (cl Saree eo (6) 
From (5) we have 
ne?" J,(2) + 2” a oid Bae 3 
dJn(x) 
or, rearranged, yes In—1(L) — eG). (7) 
Similarly, from (6), 
ad, UIn(t) _ 
dee = Inf) — In+1 (x). (8) 
Then by combining (7) and i we have 
d 
Ji) = 1 Oe (9) 
dx . 
In—1() + In gilt) =— In(). (10) 


We have as yet no definition of J,,(~) when 7 is a negative inte- | 
ger. Series (7), § 111, then fails to converge and series (8), § 111, | 
Zives nothing new, for if we place n = — m in (8) we have simply 
series (7) with n =m. We shall therefore introduce a definition 
for J_,(x) with m an integer by demanding that the relation (10) | 
shall be true for negative values of n. | 
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If we place n = 0 in (10), we have 
J_1(x) = — Ji(x). (11) 
If we place n = — 1 in (10), we have 
Fale) + Jolt) =~ = 11), 
whereas if we place n = 1 in (10), we have 


Jo(x) + J2(x) = : Sie). 


Combining these last two equations with the aid of (11), we 
have J_2(x) = Jo(2). G2) 


Again, placing in succession n = — 2 and n = 2 in (10), we have 
4 
J_3(%) + J(z) =— i J_2(2), 


4 
Ji(X) + J3(x) = z J2(X) ; 
whence, by aid of (11) and (12), 


J_3(") = — J3(x). (18) 
Continuing in this way we reach the general result, 
J_(X) = (— 1)"Jn(@). (14) 


We have not, however, an essential new solution of equation 
(1), §111, and theorem I of §102 is not yet applicable. 

It is now easy to show that equations (5) to (9) are valid when 
nm is a negative integer. 

113. Roots of Bessel functions of integral order. We shall prove 
the following theorem : 


Between any two consecutive real roots of Jn(x) = 0 lies one and 
only one real root of Jn+1(x) = 0. 


From Rolle’s theorem we know that between two consecutive 
real roots of x~”J,(x) = 0 lies at least one root of the derivative 
of x~"J,,(x), which, by (6), $112, is —27~"Jn4i(x). No root of 
x—"J,(x) ean coincide with that of its derivative, — 2~"Jn+41(x), 
for if we place y = x "J,(x) we have 

d’y 14+2ndy 


dx? x gpl © 
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and if both y and © — are zero for the same value of x, so also 
d°y 
dx? 
equation, are zero, and y is a constant. 

Again, if in (5), §112, we replace n by n+1, we infer from 
Rolle’s theorem that between any two roots of 2”*'J,41(“) =0 
lies at least one root of 2"*1J,,(x") = 

Hence, disregarding for the moment the case in which a root 
of x~"J,(x) = 0 is zero, it follows that the roots of J,(x) = 0 and 
Jn+1(2) = 0 lie as stated in the theorem. 

To cover the case in which x = 0, let x = £ be the smallest posi- 
tive root of J,(x) =0. Then x =— & is also a root of J,(x) = 90, 


=0. Then all peices computed from the differential 


Fig. 95 


as is seen by the series expansion. Hence by Rolle’s theorem and 
(6), §112, there is at least one root of «-"J,41(%) = 0 between 
x=£andx«=—&. Sucharoot is x = 0, as is seen from the series 
expansion for J,1(«). There can be no other root between & and 
— &, for if there were, x = & would not be the smallest root of 
Jn(x) = 0. Hence the theorem is proved. 

The theorem is illustrated in the graphs of y=Jo(x) and 
y= Jie). (Figs 95). 

114. Bessel functions of integral order as definite integrals. We 
shall first prove that the coefficient of ¢” in the expansion of 


x 1 

=('—— | . 78 5 

eal i) is J,(”), where n is a positive integer. We have, by use 
of Maclaurin’s series, 


x 1 etal st 
a(145tt +g t- )(1-$ “+: Sette LS OE Lik ae ' 


We shall obtain the term ee t” in the product, when n is 
positive, by taking 1=n-+ k in any term of the first series, multi- 


plying that term by the term in the second series which involves a 
He 


and summing onk. We have 
an +2k 


SS 1k QE thle Se ee 
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ee a , 
To find the term containing ye we place k=1+n in any term 


of the second series, multiply that term by the term of the first 
series which involves ¢’, and sum on |. We get 


(— Ino a3 Of CA eat t 


This is what we wished to show. 
Hence 


EMD = Joe) + Suet + Jo $$ Talay Eo 
+ J_i(a)i* + J_o(a)t-? +--+ + Sin(at-? +e - (1) 
Now place 
—e* = 2isin ¢. (2) 


Then on the left of equation (1) we have 


x 


= (-7)_ em sin — eos (x sin fd) +7 sin (x sin ¢). (3) 


On the right we combine each pair of terms containing ¢” and 
t—" and, by use of (11), § 112, we have 


Jo(e) + Jala) (: —7)+ saley(? +3) + sat( a) to 


1 
re axl)? + i) + Jaune)(@e™ es wisi)+ ++, (4) 


1 kis —2kib _ 
By (2), ae eel $1 e- 7h? — 2 cos 2 kd, 


p2k+1 _ ati — pl2ktlib_ p-Q2k+lib — 94 gin (2k+1)d, 


so that (4) becomes 
Jo(x) + 2 Jo(x) cos26+4+2 Ja(x) cos4G+:-- 
+2 Je,(4) cos2khp+-:-:- 
+ 7[2 Ji(x) sin @6+2J3(x)sin3g¢+--- 
+2 Jexsi(@) sin (2k+1)6+---]. (5) 
This is to be placed equal to (3), and the real and imaginary 
parts equated. The result is 
cos (x sin d) = Jo(x) +2 Jo(x) cos2h+2J4(x) cos4h+---, (6) 
sin (x sin ) = 2 Ji(x) sin 6+ 2 Ja(x) sin 3 o 
+ 25%) sina m+ +>. (7) 
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We know from elementary integration that 
[ cos? nb db = sin? nd do = hy 
0 0 2 
i "Cos ko cos nd dd = ate sinkdsinnddp=0. (k#n) 
0 0 


Hence if we multiply all terms of (6) by cos n@ d¢ and all terms 
of (7) by sin n¢ dd, and integrate between 0 and 7, we have 


AACA E> = [cos (x sin d) cos nddd, (neven or 0) 


oS if os (x sin d) cos nddd, (n odd) 
(8) 
Ji (2)= = [ sin (x sin d) sin n@dd, (nodd) 


lS (ae: : : 
= -{ sin (x sin @) sin n@dd. (n even) 
From this it appears that 
Ine) = 2 i cas (x sin @) cos nd + sin (x sin d) sin ndldd 
whether n be odd or even, and therefore 
Je) = = ih fooe (n@é—xsin d)dd. (n any integer) (9) 


Another integral form may be obtained as follows: 
We have seen (§ 68) that 


ah sin?" cos**p dp =2 [ *sin?*¢ cos**¢ dp = B(n +4, k +4) 
_Tamt+alk+3) 


Cm+k-+1) 
A a De pba (2k) 
7 antk(n + ky! a 
Therefore 
1 on+k 


(n+k) ee eee ora sin?” cos?" $ dd. 
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If we substitute this in the general term of J, (x), that term 
becomes 


grt 2k i 
— 1) >a + 2n 2b 
¢ Ns Sei Eason Serieeaeee Tease ¢ cos’ ddd 
n+2k 


x 


@H Ia Baste, snd eos" 6 de 


a ee I re ee nr (x cos ¢)?* 
sire earl x errata 3 


Let this now be summed on k. Since the Maclaurin expansion 
for cos x gives 


=(-1)+ 


(x cos p)?* 
cos (x cos ¢) = > (— 1)* ————_,, 
we have > (2k)! 
= 7 ee eee oat 
Jie) = aA aera sin“"@ cos (x cos d)dd. (10) 
Still another integral may be obtained as follows: 
In (10) place t= cos ¢. 
We have on 
ES eet as oe Pee EA ee FIs _ n—¥s 
ae) = a: One a (1 — t*) cos (xt)dt. 
Evidently tf Ge ae pd — 0; 
=i 


since the function to be eee is an odd function. Therefore 


Le aol (L— t?)”-? [eos (xt) +2 sin (xt) dt 
in av” i oe _ 42\"-F 
=o I? Cae Ok: (11) 


This is sometimes taken as the starting-point for the discussion 


of the Bessel functions. 
115. The function J,(x). Another Bessel function of importance 


is defined as follows: 
I,(@) = 1- "In (tx) 
(— LP ayer 
Qr+2k hin +k)! 
grt 2k 
ao Orth elm + Kyl? 
2h 
in particular, Io(x) — PRD? 


nie 


(1) 
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Formulas (5) to (10) of §112 lead to corresponding formulas for 
In(x). Consider 


dain Po Oy ee cen ae 
Gg ein le) = La Jn (va)] 


z E& sie) 


dx 
Jeet ; ; 
= aa Fan Lan)" nin) 
x a (it)" Ins (ix) [by (5), $112] 
OT, 14d) ae" Pa es (2) 
Similarly, & aed eC ae Basert oe (8) 


The two formulas (2) and (8) lead to 


2 
Iy-1(t) — Ingi@)=—— Fa@), (4) 
d 
and Pe) ae) — a Te: (5) 
It is also easy to show that 


satisfies the differential equation 


2 Ty dy 2 
¢ Aaa ieee +n*)y=0. (6) 


116. The Bessel function of fractional order. Referring to the 
definition of J,(x) for integral n, we may form the definition for 
fractional n’s by replacing n! by I'(n+ 1). Now both cf the 
series (7) and (8), § 111, converge, and we have the two functions 


; xm ak 1)*g2 + 2% 
Ora hwo Epeey OY 
-_ (year? 
d on OS SS ee nas Tiere | 
an (x) 2-"T(—n +1) Ye Lorn pe S 1) 2 


The complete solution of the Bessel 2quation is, then, 
Y = Crd n() + eeJ_ 2 (x). 
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The formulas already derived, so far as they depend upon 
properties of n! which are shared by I'(n + 1), evidently hold, 
but those which are based upon the hypothesis that n is an integer 
evidently fail. It appears, then, that formulas (5) to (10), §112, 
still hold. Formula (9), §114, is not applicable, but formulas (10) 
and (11), §114, may be replaced by 


oe nee 
Ber OmEE if sin?”¢ cos (x cos ¢)dd, (3) 
yn 


1 
WR = geo yeed ea Oe eae 4 
wanes” 2 


since the proofs of §114 may be repeated for fractional values of 
n with the use of the Gamma functions. 
Special interest attaches to the case in which n = + or an odd 
i a 
multiple of 3. (— 1)Fakn?! 


A PRE 


Jil Dee 


We have Jx(x) ~ LPT eay 
eae Tk+$) =(k+)k-4)---3TQ) _ 
(Die Pri owe Tye EN 
4 Qk+1 5 


— yk 2h+1 
Therefore J:(x) =~ >> STL ir =~ 2 sin x 


by Maclaurin’s series for sin x. oa 
In a similar manner, J_1(x) = V2 COS x. 


By use of (10), § 112, J,(x) may now be found in terms of sin x 
and cos x for any n of the form oka 
Saal 


117. Bessel functions of the second kind. When n is not an 
integer, the complete solution of the Bessel equation is 


Y = 1S n(X) + CoJ_n(X) 5 (1) 
but when v is an integer, 
J_n(%) = (— 1)"J,(2), (2) 


and (1) contains only one arbitrary constant and is therefore not 
the complete equation. We must therefore seek another particular 
solution. 

We shall apply theorem IV, § 102, and place 


imid LU (3) 
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i d d 
in the Bessel equation. Then if p= Fa and In (eee mac *(x)], 


the equation for p is readily found to be 


(Px O yt) art P= 0; (4) 
In(€) Xk p 
whence 2 log J,(x) + log «+ log p=e. 
Cy 
Therefore p= ae. (5) 
dx 
and w= Ci fe + Oe (6) 
By using the power series for J,,(z) we can write (5) in the form 
1 
P= onre Oak cx? + cot* +--+), (7) 


where the coefficients do not need to be explicitly determined for 
our present purpose. It is essential to notice, however, that the 
series for pinvolvesaterm = ¢, 
. (8) 
a 


if n is a positive integer, and that the coefficient c, can be taken 
as unity because of the arbitrary constant C, in (6). Hence, from 
(7), we have for u a power series of the form 


w= bow 2" 4+ ---+d, 10°? + C3 + log a+ bryit? +--+. (9) 
Using this in (3) we get 
y=J,(x) log x+ P(x), (10) 
where P(x) is a power series in x arising from the multiplication 
of the series (9) by the series for J,,(”). We have then 
P(@) = aot" - ann "42-2 ee (abe) 
and shall proceed to determine the coefficients by substituting the 
solution (10) in the Bessel equation. We get 
DI a (B) a PMO) tae Pie) a 1) a) cL) 
which can be written 


k=ax T= 0 
D,2(n + 2k Agente DS pong Manso, (18) 
k=0 r= 
(SE 
h At= spe? 
Mowe B= OPE (n+ ky! ee 
Bo= 0, (15) 


Bo, =4r(r — n)d2, + de,-2. 0) (16) 
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When r <n, the terms of the second series in (18) involve 
powers of x which do not occur in the first series. Hence for such 
values of r we have 


Bor Ol Ar 72) (17) 
which, from (16), gives the recurring formula 
A2r—2 5 
a2, = 4¢(n—1) ’ (r << nN) (18) 
whence 
Gye 19) 
a ne Nn 2). a — 9) 


where ad is still to be determined. 
On the other hand, when r = n, the terms of the first series in 
(18) combine with the terms of the second series. We place 
r=n-+k, (k= 0, 1, 2,--- 0) (20) 
and have as the coefficient of x”*+?" 
2(n +2 k) Ap, + Ben+onr= 0, 
which gives 
2Z(n+2k)Apt4k(n+ k)dansenrt+ Aent+enr-2=0. (21) 
When k = 0, (21) gives 
Zz nAo + @en-2= 0. (22) 
We determine Ao by placing r=n-—1 in (19) and determine 
12n-2 by placing k = 0 in (14). We then find, from (22), that 


—1)! 
a= — (28) 


so that, from (19), 


27 > 


1 (n—r—1)! 
ed ae elie 


When k > 0, we may write (21) in the form 


(r < n) (24) 


1 


A2n+2h A2n+2k—2 a ; 25) 
mae Ay Eos Peace ( 
From (14) we have 
5 k(n + k)Ax =— s Ava te 
Hence (25) gives us the recurring formula 
C2n+2k gg Wnt2k-2 L i (26) 
ane aaa SBR gay 
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Our formulas leave az, undetermined, since k cannot be placed 
equal to zero in (26) and r is less than n in (24). Therefore we 
may give a2, an arbitrary value, which we shall so choose that 


Bane ina! 1 
Sees ea fie (27) 
By repeated application of (26) we have now 
1 il J, 1 i 
cnena—pallt gt + Et1t5+- toe g|- (28) 


All the coefficients of P(x) in (11) have now been determined by 
formulas (24) and (28). Hence we have from (10) the solution of 
the Bessel equation which we shall call K,(x); namely, 


1G ee ee 
Kn(t) = In(t) logz— 5 2, ——~“p-nadegy — 
eer 1 1 
Spree 
1 1 
fl eee: : 
+14+5+ + (29) 


In the second summation, when k = 0 the terms 1 + 2 feeet ! 
are to be omitted. 2 k 
We have now as a complete solution of the Bessel equation 


y= C1J n(x) a c2K,,(2). (30) 


By giving different values to the arbitrary constants in the 
last equation various forms of the solution of the second kind may 
be obtained, and some of these forms, denoted by various letters, 
have been used by different authors. 

It is possible to show that K,,(x) satisfies the relations (5) to 
(10), § 112, which are satisfied by J,(x). 


EXERCISES 
1. Prove formula (6), § 112. 
2. Prove that ° [ee SF Oe) | SO 0s a les 
d*y _1+2n dy 


dx? ie abe 
is satisfied by =m eve 


3. Show that y= 
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4. Show that go $+atn tus 0 


ore FD) 
is satisfied by y=u ~27,(2 Vx). 
5. Show that tao +y=0 
is satisfied by — 22J,(2 Va ie 
2 Zs 
6. Show that vy bo 2g “ at! = 0 
dx? x 
is satisfied by y= ee 
d?y n2 Paes 
7. Show that re + G _ v4) =0 
is satisfied by y =Vidp (ax). 


8. Prove that 
4 In! (x) = In—2(2) — 2 Jn(4) + In42(2). 
9. Prove that 
In (x) = 2(n + 1) In 41 (2) — LIn42(2). 
10. Prove that 
2° Jn!" (e) = Jn=3(h) — 8 Jai) +8 Inai@) — Jnga(a). 


11. Prove that J2(z) =— “ Jo’ (x) + Jo’ (x). 


12. Prove that -1(2) = cos x. 


13. Prove that J3(x) = == lees = — cos x). 


14. Prove that J_3(2) a2 (- ai es es *). 
TX x 


2 /(3— 2? 3 
15. Prove that Js(xr) = Vz ee sin x — 7 cos x). 


16. Prove that J_s(x) = Vie : E sin 2+ a ene x). 
Tx 


x 
17. Prove from (1), § 114, that 


k=0 
Ina + y) = >) See) In—-K(Y)s 


k=—-@ 


where vn is an integer. 
f c 2(1-1) ~2(+-+) 
18. Prove by multiplying the expansions fore?‘ ‘¢’ande 2. ?’ that 
[Jo(x)]? + 2[Ji(x) ? + 2[Ja(x) PP +--+ =1. 
19. Verify formulas (9) and (10), §112, for K,(z). 
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20. Show that the equation 
O° Vewlion = t20-V 
rr arr 
is satisfied both by 
V=cos nOJn(r) andby V=sin n@J,(r), 


where n is an arbitrary constant. 


+V=0 


21. Show that the equation 
OV OA Va BOAV., CEV 
ee ees 
Ot pe 0g? i Oz? " r Or 
is satisfied both by 
V =e*™ cos ndJn(kr} and by V=e*sin ndJ,(kr), 


where k and n are arbitrary constants. 


22. Show that Lim J,(z) =0, and then show, by repeated use of 


(10), § 112, that ”” 
In—1(2) = ; [nJn(t) — (w+ 2) Ingo(x) + (n+ 4)Inya(x) —- ++], 


the series extending to infinity. 
23. Show that 


dJIn 2 


24. Show that Lim ‘Jo@4ot%) = (@ 1), @); 
«> 0 
where n is an integer. 
25. Show that JiGQ a) = a ff “cos (x cos d)dd. 
1/0 


26. From Ex. 25 show that 


~ 1 
e-* J 9(bx) dz = —————.- 
J : Va? +b? 
27. Show that ay +4 as Lyi 10) 
di?" 46° 


is satisfied by y= \ AGN 
a 3\|\a 


it 7 
28. Sh == Cy ] 
8. Show that y =f cos (n@ — x sin d)dd 


satisfies the differential equation 


d’y d si 
we? PR ms + (2? — n)y = arte (2 —n). 


CHAPTER XIIi 


PARTIAL DIFFERENTIAL EQUATIONS 


118. Introduction. A partial differential equation is an equation 
which involves partial derivatives. In but comparatively few 
cases can the solutions of such an equation be written down ex- 
plicitly. It is not the purpose of this text to discuss the theoretical 
questions involved in the study of partial differential equations, 
but merely to notice certain equations which are important in 
applied mathematics and to indicate certain methods for their 
solution. We shall accordingly leave untouched such questions as 
the proof of the existence of solutions, the convergence of series 
involved, and the validity of operations upon such series. 

In general the solution of a partial differential equation involves 
arbitrary functions, just as the solution of an ordinary differential 
equation involves arbitrary constants. In a practical application 
the problem is usually to determine a particular function which 
will satisfy the differential equation and at the same time meet 
the other conditions of the practical problem. 

119. Special forms of partial differential equations. Partial differ- 
ential equations sometimes occur which can be readily solved by 
successive integration with respect to each of the variables, or 
which can be otherwise solved by elementary methods. No gen- 
eral discussion can very well be given for such equations, but the 
following examples will illustrate them : 


072 
== ()) 
Ox oy 


Example 1. 


By integration with respect to y we have 
Oz 
———— an) 
an $1 (2) 


where ¢; is an arbitrary function. Integrating with respect to x, we have 
2 = po(x) + d3(y), 


where both ¢2 and @3 are arbitrary functions. 
291 
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4 
Example 2. — =-—a’z. 
ae Ba? 
If x were the only independent variable, the solution of this equation 
would be zZ=c, sin ax + C2 Cos an. : 


This solution will also hold for the partial differential equation if we 
simply impose upon c; and cz the condition that they be independent of 
x but not necessarily independent of the other variables. That is, if zisa 
function of x and y, we have for the solution of the differential equation 

z= di(y) sin ax + d2(y) cos az, 


where ¢;(y) and ¢o(y) are arbitrary functions. 


072 072 
Example 3. ———a’—=0. 
: Oy? Ox? 
If we place x+ay=u and x—ay=2, the differential equation 
becomes O22 


=U, 


Ou Ov 
the solution of which (Example 1) is 
z= di(u) + do(r). 
Hence the solution of the given equation is 
z= goi(x + ay) + b2(x — ay). 
When a?” = — 1, we have 
z= hi(x + ly) + ho(x — ty) 
as the solution of the equation 
G20G2 
Ox * By? 
120. The linear partial differential equation of the first order. 


This is the equation oz Oz 
P ae +@Q Be = k, (1) 


= 0. 


where P, Q, R are functions of 2, y, 2. 


Let this equation be solved for 2 so that 
a 


Oz Oz 
om M+WN By (2) 
By successive differentiation of (2) we may form all derivatives 
of the type grtsy 


nx" oy* 


2 a a ae - 


- SS 


Sn 
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‘ 02 : 
in terms of x, y, z and By’ except that we cannot determine the 


: oe Co. 
partial derivatives aa with respect to y alone. We may therefore 


Oz "Zz 
assume the values x= 2x0, y= yo, 2= 2%, (—),--+, pres 
0y/o oy"/o 


Zz 
=a), from these. 


By using these results we have a Taylor series, as in § 38, which 
formaily satisfies (1). It may be shown that this series will 
always converge in the neighborhood of (xo, yo, 20) and therefore 
defines a solution of (1). The terms in y in this series define a 
function of y which is arbitrary, since the coefficients of y in the 
series expansion are arbitrary. 

The discussion given above sketches the proof of the existence 
of the solution of (1) and makes clear why it is that the solution 
involves an arbitrary function. Actually to obtain the solution, 
the following method, based upon geometric considerations, is 
preferable: 


Let z= f(x, y) (3) 

be a solution of (1). The normal at any point to the surface 
I gee, 

defined by (8) has a direction - a :— 1 (§ 47), and (1) asserts 
that this direction is orthogonal to P:Q:R. That is, the values 
of P, Q, and R as determined at any point determine a direction 
on the surface (3). Hence if this direction is followed from point 
to point of (8), a curve is traced on (3). This curve is, how- 
ever, a solution of the equations 


r+s 
arbitrarily and compute the values of ( 


lp a (4) 


Hence through every point of (8) there goes a curve of the 
family defined by (4). These curves are called characteristics, and 
we have shown that any solution of (1) is a locus of character- 
istics. Conversely, any surface which is a locus of characteristics 
will be a solution of (1), since its normal at each point is perpen- 
dicular to a curve of (4) and hence to P:Q: R. 

The problem of solution is then reduced to that of grouping 
the curves (4) into surfaces. This may be done as follows: 


Let U(x, Y, 2) = C1, v(x, Y, Z) = Ce (5) 
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be the solution of (4), where it is essential that the constants of 
integration should appear on the right of the equations. Then, if 
we form the equation (u,v) = 0, (6) 
where ¢ is an arbitrary function, we have the desired surfaces. 
For if in (5) we give c; and C2 such values that 
p(t, C2) — 0, (7) 
the corresponding values of wu and v satisfy (6) identically. That 
is, the curves (5) lie on (6). 
We have, accordingly, the following method of procedure: 
To solve equation (1), first solve equations (4) for the character- 
istics and place the solution in the form u= 1, v= C2. Then 
o(u, v) = 0, 
where @ is an arbitrary function, is the solution of (1). 
For example, given 3 
(ny — mz) - + (lz — nx) i = mx — ly. (8) 


dx dy dz 


We form ————— = ) 
ny—me lz—nx me—ly 


(9) 


the solution of which is 


pr yy? Lo 2% = €), la + my + nz = co. (10) 
Hence the solution of (7) is 
g(a? + y? + 2, la + my + nz) = 0. (11) 


From the discussion it follows that a solution of (1) may be 
passed through any curve which is not a characteristic. For if C is 
such a curve, equations (4) determine the direction of a charac- 
teristic at each point of C and therefore determine the whole 
characteristic through that point. The locus of all characteristics 
through C is a solution of (1). 

The student will do well to notice the relation between the 


equations Os Oe 
ee a h, (12) 
dx dy dz 
mong ee 
Pdx+Qdy+Rdz=0, (14) 


with P, Q, R the same in all the equations. Equations (13) rep- 
resent a family of curves, equation (12) represents surfaces made 
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up of these curves, and equation (14) represents surfaces orthog- 


onal to such curves provided the equation has a solution. Thus 
de _ dy _ de 


x es oe 


represents cones with vertex at the origin, and 
xdx+ydytzdz=0 
represents spheres with center at the origin. 

When the family of curves (13) is given, the surfaces (12) al- 
ways exist, but the surfaces (14) are not always possible. 

121. The Fourier series. Before proceeding to the study of the 
differential equations of the next sections it is necessary for the 
student to have a working knowledge of the Fourier series. This 
is a series of the form 


=! tig, COs % ok aacos 2 br is coe Bee +: 
+bsinax+besn2x+ b3sn3a+---. (1) 


We shall not concern ourselves with the theoretical questions 
involved in the careful study of this series, but shall give only a 
few practical rules for finding and using such series. It may be 
proved that it is possible to expand a function into such a series 
which will represent the function in an interval of length 2 7, pro- 
vided the function is single-valued, finite, and continuous except 
for finite discontinuities and has not an infinite number of maxima 
or minima. 

Let 

f(x) =F + a1c0s e+ a2 cos 22 +- --+a,coskx+--- 
+b, sinz+besin2¢+---+b,sinke+---. (2) 
Our problem is to determine the constants so that the series will 
represent the function in the interval (— 7, 7). 

To determine ao multiply (2) by dx and integrate from — 7 to 

a, term by term. The result is 


"fla)de = aor; 


whence do = Fa f(a)da, (8) 


c 
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since all the terms on the right-hand side of the equation, except 


the one involving do, vanish. 
To obtain the other coefficients, we make use of the following 


elementary integrals, which may be obtained by direct inte- 
gration : cae 
f sin mx cos nz dx = 0, 


r 
ila “cos mx cos nt dx=0 when m #-N, 

ee =a when m=n, 
f sin mz sinnxdx=0 when mn, 
oa =a when m=n. 


(4) 


Hence if we multiply (2) by cos kx dx and integrate between 
— mand 7, all terms on the right give 0 except the term involving 


a,. Therefore 5 lly Gas 
a af f(x) cos kx dx. (5) 


It is to be noted that (5) reduces to (3) when k= 0. Similarly, 
if we multiply (2) by sin kx dx and integrate between — 7 and 7, 


we have 17 j 
b. = =f f(x) sin kx dx. (6) 


For proof that the inucgration of the series is valid the student 
is referred to advanced treatises. 

For example, let us expand e* into a Fourier series in the interval 
(— 7, 7). We have 


1 7 C= en" 
KS = edc= 
T 


Th 


bf 


Ee sin kx + cos 2] * 
m(k? + 1) = 


—7T 


il T 
a, =— e* cos kx dx = 
7 


= e"—e 
ake? 1) 
BP ae 


Se ak? +1) when k is odd, 


Pa he rae _ [e(sin kx — k cos kx) |" 
b= = [ve sin ke de =| ORs 

Dee : 

a Ee when k is even, | 

keen 

Ree ed) 


when k is even, 


=, 


when k is odd. 
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pee eae (laws, l u 
Cur ( cos a + = cos 2 — 5 cos 8a +++) 


= = (5sine —Zsin 2245 sinB2—--) (7) 
This series defines e” only in the interval (— 7, 7). Out- 
side of this interval the values obtained from the series repeat 
themselves because of the peri- y 
odic property of sin kx and 
cos kx. Hence (as shown in 
Tig. 96) the series represents 
a periodic function which coin- 
cides with e” only in the interval 
(— w, 7). 

It is not necessary that f(x) 
should be defined by a single 
equation in the entire inter- 
val (— 7, 7). In case it is not 
so defined the integrals in (5) 
or (6) break up into two or 
more. 

For example, let Fic. 96 


3 me er es a ee 


f(x)=x2+a7 when —7<2< 0, 


8 
f@)=mw—x.-when 0<2< 7. 8) 


Then 
1 0 1 T a 
wo=— f (2 + m)dx +— (7 — x)dx = 7, 
T J—7x T J/0 
) Be ibn fee 
a == f (c+ 1) cos kde += f (7 — x) cos kx dx 
Sid pe T Jo 


= 5 (1 — 0s kr) (k # 0) 
= 0 when k is even, 


=e =. when k is odd, 


0 if T . 
b= =f (+m) sin kedx+~ [ (7 — x) sin kx dx = 0. 
TJ —7 T JO 
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Hence the series for function (8) is 


3 cos 5 x 
fa) = zy S (oe os #4 Pe y...), (9) 
and the graph of the series Va 
is shown in Fig. 97. 
It is also possible that 
the given function may aA i Se SX 
have discontinuities in the 
interval (— 7, 7). For Fic. 97 
example, let 
f(z) =—1 when —7<2x<J, (10) 
f(@) =k when Oe <7: 
Then 
daa i hw 7 Gs 
mm == f (— cos kaye += f cos kx dx = 0, 
Mea. 7 Jo 
0 1 7 ; ae 
b= + [ (sin keydr += [sin ker de = 22 — SOS At) 
ree a T Jo wk 
= 0 when k is even, 
= oe when k is odd. 
ka 
in 3 in 5 
Hence io=— ee ae a is ea as +.-- 2 (11) 


and the graph of the series is shown in Fig. 98. 

In place of the interval (— 7, 7) we may take any other inter- 
val of length 27, namely (a,a+2 7), for formulas (4) remain 
valid if the limits of inte- 
gration are taken as a and 
a+27. In that case the 
limits of integration in (5) 
and (6) are to be corre- 
spondingly changed. 

Also, the interval in 
which the expansion takes place may be taken as (— c, c) when 
¢ is any number. To show this we take 


Fic. 98 


x=. (12) 
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Then as y varies from — 7 to 7, x varies from —c to c. We 
have ey 
fla) =5(%) = FW) 


=F +a cosy + a2 cos2y +: 


+b; sny+ bo sin2y+--- 


a (18) 
=sta cos“ + a2 €08 = 4. -. 


: ee 
+ by sin “+ be sin "4... 


Shai fee Lore 
where a= =f F(y) cos ky dy == ffl) Price 
‘i nals J (14) 
1 : ie re 
and Te : F(y) sin ky dy == f f(x) sin —— dx. 


122. The Fourier series with sines or cosines only. If f(x) is an 
even function, namely, if f(— x) =f(x), then f(x) cos kx is also 
even and f(a) sin kx is odd. Hence 


ne = i : AG cosine - af “fy eos ken dt, (1) 


b, = = {Fe) sin ka dx = 0. (2) 


Hence an even function will be expanded into a series of cosine 
terms in the interval — 7+ < x < 7a, and the coefficients may be 
computed by (1). An example occurs in series (9), § 121. 

Also, if f(#) is an odd function, namely if f(— «) = — f(x), then 
f(x) sin kx is an even function and f(x) cos kx is an odd function. 


Hence 1” 
ot Tey ecosne ac — 0, (3) 
a —7 


b= 2 (4) Sin ke Oe = = [i@ sin ka dx. (4) 


Hence an odd function will be expanded into a series of sines 
in the interval — 7 < x < 7, and the coefficients may be com- 
puted by (4). 

From this it follows that any function f(a) may be expanded in 
the interval from 0 to 7 into a series of cosines or a series of sines 
at pleasure. For we may, in the first place, define another function 
F(x) which agrees with f(x) for positive values of x and has for 
negative values of x the same values which f(x) has for positive 
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values of z. Then F(z) is an even function 
and may be expanded into a series of cosines. 
For example, consider f(x) =e” and let 
F(x) be the function represented between — 7 
and a by Fig. 99, where the right-hand por- 
tion is the curve y=e® and the left-hand 
portion is symmetric to the right-hand portion 
with respect to OY. We may expand F(z) 
into a series of cosines, using (1), by which 


Oy Tv 
a == f e* cos kx dx 
T JO 


2(e" + 1) 
w(k? + 1) 
a ACS 
a ea 

Hence in the interval from 0 to + 

2(e — 1) fla J 
= = (5+ goos2e +75 c0s42+---) 

2(e"+1)/1 Al 
= ( 5 cos x -+ 10 

In the second place, having given f(x) be- 
tween 0 and 7, we may define F(x) as equal 
to f(x) between 0 and z and equal for x = — a 
to the negative of the value of f(x) for x =a. 
Then F(x) is an odd function and may be ex- 
panded into a series of sines for which the 
coefficients are computed by (4). 

For example, let f(x) = e”, and let F(x) be 
the function represented by Fig. 100, where the 
right-hand portion is the curve y = e” and the 
left-hand portion is symmetric to the left-hand 
portion with respect to O. We may expand 
F(x) into a series of sines and, using (4), have 


== [ e* sin kx dx 
7 Jo 
_ 2k(e" +1) 
re eat) 
Deh 


=— ain when k is even. 


when k is odd, 


when kiseven. (5) 


e 


nrg per ties 
26 


when k is odd, 


Fig. 99 
cosbx+-- 1 
/ 
iY 


=--—---------------43 


Y. 


Fig. 100 


3) }------------------ —-—---------- === 


Yb 


(6) 
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Hence in the interval (0, 7) we have 
2 2(e" +1) (5 
e* = ———— (— 
T 2 


“6 : 4, Ors: 
= gsin2a+s7sin deo sin 624°), (7) 


: Sie. ee 
aan? aegis fale oe St 52+...) 


The student should compare series (6) and (7) with (7), § 121. 
Each series represents e” in the interval (0, 7), but differs from 
each of the others in the function represented between — 7 
and 0. 

123. Laplace’s equation in two variables. An important equa- 
tion in two variables x and y is the Laplace equation 


OV O7V. 
02 | by? =: (1) 


It has already been shown (§ 119) that the general solution of 
this equation is of the form 


V=file+ ty) + fala — ty), 


where f; and fz are arbitrary functions. But this is too general for 
practical use, as the difficulty of determining the functions to 
satisfy given conditions is too great. 

The following method, however, has been found useful. The 
student should notice that this method is not used to find a gen- 
eral solution, but simply to find a particular solution which may 
satisfy given conditions. We place 


V=XY, (2) 


where X is a function of x only and Y is a function of y only, and 
inquire if it is possible so to determine X and Y that (1) shall be 
satisfied. : 

By substitution (1) becomes, after a slight rearrangement, 


— 5 =-= (3) 


Now a change in x will not change the right-hand member of 
(3) and therefore will not change the left-hand member. Similarly, 
a change in y will not change the right-hand member of (3) and 
therefore will not change the left-hand member. Hence each of 
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the two expressions in (3) is a constant which we shall denote by 
—k?. Then (8) breaks up into two equations, 
Idee Opp g 
sstly === z = a (4) 
x de Y dy 
the solutions of which are, respectively, 
X= cos kx + ce sin kz, 
Y = cge™ + cge~™; 


and hence 
V = (1 cos ka + ce sin kx) (cze"” + cge~™) 
= e(A cos kx + B sin kx) +e-"(M cos kx+N sin kx), (5) 
where A, B, M, and N are arbitrary constants. 
Now in (5) k may be given any value, fractional or integral. 
va Vo = Ao + Mo 
be the solution (5) when k = 0, 
Vi = & (A; cos x + B, sin x) + e-4(M, cos x + Ni sin x) 
be the solution (5) when k = 1, 
Vo = e?¥(Az2 cos 22+ Be sin 2x) + e~?4(M2 cos 2x+ Ne sin 2 x) 
be the solution (5) when k = 2, and so on. Then it is evident that 
V=VotVit Vat---+V, (6) 
also satisfies (1). This is certainly true when vn is finite. We shall 
assume that it is true when we take the limit as nm increases in- 
definitely and (6) becomes an infinite series. This assumption of 
course needs proof; but in a practical problem we should, as a 
matter of fact, need only a few terms of (6), so that the matter is 
not of great practical importance. We have, then, as a solution 
of (1), g=m 
V => [e™(A; cos kx + B, sin kx) 
pe + e-*”(M;, cos kx + N; sin kx)]. (7) 
It remains to determine the constants so as to satisfy given 
conditions. This will be illustrated in the next section. 
If the coordinates x and y are replaced by polar codrdinates 
(r, 8), equation (1) becomes 
CLVAT Slo Vm 


or Poe tT or ®) 
We may solve this by the method that we used in solving (1) 
Placing V=RO 
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where R is a function of r only and.0 is a function of 6, and 
reasoning as before, we are led to the equations 


d?R dR 
Dig at i od pest a = 
ip kde” 
dO 
and ee SE ae 
dé? © 
whence R == cyr* aa cor—*, 


0 -= cz cos k8 + c4 sin kO, 


and, by a repetition of the former argument, we have a solution 
in the form 


k= 
v= > [r*(A; cos kO+ B;, sin k0) +1r-*(M;, cos kO + N; sin k6)}. 
k=0 


124. Application to flow of heat. Consider heat flowing in a 
medium. Let 7 be any region of the medium, let S be the bound- 
ary surface of T, where S is the geometric surface and not a physi- 
cal one, and let @ be the temperature at any point of the medium. 
Then by Newton’s law the amount of heat which flows in the time 
dt across an element dS is dé 


—k= ds dt (1) 


where is the rate of change of @ along the outwardly drawn 
n 


normal to dS, and k is a constant, the conductivity of the medium. 


If - is negative, the element (1) is positive and heat flows out ; 
n 


if “ is positive, heat flows in. The total amount of heat flowing 
n 


across S is, then, the surface integral 


(dé 
—kaf{ = as, 


(S) 
which, by § 35, is the same as 


00 00 00 ) 
— kat ff (FZ cosa+F cos B+, 008 ds, 
(S) 


which again, by § 79, is equal to the volume integral 


076 070 076 
= shes d 2) 
ae u f{f Fe z oy” zs at WE ( 


taken over T. 
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Now consider an element dz dy dz of T. The amount of heat in 
this element at a given time ¢ is 


cp0 dx dy dz, 


where c is the specific heat and p is the density of the medium. 
After an interval dt the amount of heat in the element is 


cp (0+5 +— =) dy dz, 
and therefore the loss of heat in the element is 


06 
— cp — dt dx dy dz, 
les x dy 


and the total loss of heat is 


— ep dt [ff ae dy ae (3) 
taken over T. 


Assuming that no heat is generated or destroyed in 7, the 
expression (8) must equal (2), since the loss of heat inside is 
caused by the flow out across the surface. Hence, equating (2) 
and (8), canceling dt, and transposing, we have 


076 2 2 
Aff (Zo Zh Ste Deceno, — w 


: c 
where, for convenience, iss is put for the constant a 


Now equation (4) is true for any region 7 whatever. Hence 
the integrand must vanish at each point, for if it did not we could 
take a region T in which it would be always positive or always 
negative (assuming continuity of the functions involved), and 
then the integral could not be zero. 

Therefore we have as a fundamental equation for the flow of 
ae 0°0 + 0°8 + oe = = fp? — 00 (5) 
On Oy? © 02" ot 

If the flow is steady, that is, independent of the time, then 
00 
rag 0, and we have the Laplace equation 

oo a 0 o-8 


FE ERD ENE TE aN (6) 


Se a Sn = 


ag le 2 
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If, in addition, the flow takes place in planes parallel to XOY, 
6 is independent of z, < = 0, and we have 


070 076 
Ox + ee 0, (7) 


the equation of the last section. 

We shall solve this equation for the special problem in which 
heat flows in a rectangular plate of breadth a and of infinite 
length, the end being kept at the temperature unity and the long 
edges at the temperature zero. 

If we take the end of the plate as the axes of x and one of the 
long edges as the axis of y, we have to solve (7) subject to the 


conditions 6=0 when x=0, (8) 
6=0 when 2s=7, (9) 
G=- "when: “y'='0; (10) 
@=0 when ‘y= 6, (11) 


the last condition (11) being introduced from the nature of the 
problem. 

We pick up the solution (7), §128, with V replaced by 6, and 
endeavor to determine the constants. Condition (11) shows at 
once that there can be no terms involving e*”. Hence A; = 0 and 
B,=0. Using condition (8), we have 


k=0 
0= > Me™ 
k=0 


for all values of y. Hence M;, = 0 for all values of k. Our solution 
then reduces to pee 
6 = > Nie~™ sin ke, (12) 
k=0 
which satisfies (8), (9), and (11). It remains to satisfy condition 
(10), which gives Pia bs 
1= > Nisin ka (18) 
foe valid for 0 2 <r 
But this is a Fourier series for the expansion of 1, so that to 
obtain the coefficient we need to expand 1 in a sine series valid 
between 0 and 7 by the method of §122. This gives 


le. 
pa=4(sine+5sin82+gsin52+--) (14) 
T 3 5 


306 PARTIAL DIFFERENTIAL EQUATIONS 
By comparison of (13) and (14) it appears that 
Nz = - when k is odd, N;, = 0 when k is even, 
and hence the solution is shown to be 


g—A (evsine t Bereysin 80-4 5m sin 52-4: --) (15) 
T 


We have shown that (15) is a solution of the differential equa- 
tion (7) which satisfies conditions (8) to (11). We have not shown 
that it is the only solution. That question must be postponed. 

125. The Laplace equation in three variables. The Laplace equa- 
tion in (z, y, z) codrdinates is 

OW oO Vauae V, 
Ou? ia eer irr) a) (1) 

We have already seen that this equation occurs in the flow of 
heat, and it occurs also in many other physical problems. 

If (x, y, z) are replaced by cylindrical codrdinates, (1) becomes 

OV. gl OV. pa le0: Vance Va 
oP tt or Poe! oe ®) 
if (x, y, z) are replaced by polar ae (1) Th 


gona +2r oe ve aM Lage con 0. 
ar? ag? | $5 ad 5 tee ob ae we 
We shall first consider equation (2) and attempt to solve it by 
placing V = ROZ, (4) 


where F is a function of r only, 0 is a function of 6 only, and Z is 
a function of z only. By substitution and elementary reductions 
(2) becomes 4927 1@R 1dR 1 @O 


Z de Rd rR dr 0 db?" Y 


By hypothesis Z is a function of z only, and by (5) a change in 


d? 
z does not change — aie since it does not change the right-hand 


td2Z, 
member of (5). Hence — —, reduces to a constant, and we write 


Z dz 
(6) 


whence Z = ce" + coe—*, (7) 
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Now from (5) and (6) we have 


ge OTe as 

Rd Rdr ~~ 6 de’ ®) 
from which a follows that each member of (8) is a constant, which 
we take as m”. We have, accordingly, 


dO 
rT ou ® 
whence igh — oe cos m0 + c4 sin mé, (10) 
and cs gs 7S = + (k*r* — m?)R = 0. (11) 
In (11) we place kr = x, and (11) becomes 
tk ake) 
DY, cr) xe 
dx —= ae + (x? — m?)R = 0, (12) 


which is a Bessel equation, so that 
R= ty J a) eed) = Cat 2, (kr) + Cod (Kr) (18) 


if m is fractional, or 
R= C5J m(kr) + ceK (kr) (14) 
if m is integral. 

Any of these values of R, 8, and Z substituted in (4) gives a 
solution V, and the sum of any number of such solutions is also 
a solution. In particular, let us assume k as a fixed constant and, 
letting m assume positive values, write the series 


V= > [e**(An cos m0 + B,, sin mé) 
m=0 
+ e- (Cp cos MO + Dm sin M0) ]Jm(kr). (15) 


The sum of a finite number of terms of this series is a solution 
of (2), and we shall assume without proof that the limit of this 
sum as m increases is also a solution. 

Consider next equation (8) under the assumption that the 
solution V is known to be symmetric about OZ. Then V is inde- 


pendent of 0, and hence a = =(. We have the equation 


02V 6 20V~—=~«diL *VVi«sécot hp OV 
ati 4+555 = 16 
or? vy r or + 5 0d” r? Ooo 0. (16) 
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Place V=R¢®, (17) 


where R is a function of r only and © a function of ¢ only. Pro- 
ceeding as in the other case, we have eventually the two equations 


A 20 Ro SR pep = 0, (18) 


ees = er = 0, (19) 


fe dg 


where k is any constant. i 
Equation (18) may be solved by the method of §107, with the 
result Mayas vege 


Rater “ter (20) 

It will then be convenient to replace k by m, where 

m=—Z+VE+4. 
Then (20) becomes R=cqr"+ ear (23) 
and (19) becomes 
22 
Tat eot 6S + mim + DE = 0. (22) 
In this equation cae t= cos ¢, and it becomes 

asm ie =204 = +m(m+ 1b =0, (23) 


a Legendre equation. If m is taken as a positive integer, (23) is 
solved by the Legendre polynomial 


® = P,,(t) = Pm(cos $). (24) 


By combining the solutions thus obtained we have for (16) a 
solution m= B 
= (4n" 48 5] P,,(cos ¢). (25) 
m=0 


An application of this result will be shown in the next section. 

126. Application to potential. Let a particle of matter of mass m 
be at the point (a, b, c). Then the gravitational potential at 
(x, y, z) due to the mass m is 


m 


Ve—a?+ (y—by?+ @—e? 
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Consider now any solid T of density p. Then p da db dc = dm, 
the mass of an element of volume da db dc. The potential V due 
to the mass is the sum of the potentials of the individual particles 
and is the volume integral 


p da db de 
V= eee, 
eae (Y= 0) Fee)? v 


taken throughout T. If (x, y, z) is not inside T, the integral is 
continuous in 7 and may be differentiated under the integral 
sign. 

It is not difficult in this way to show that 


HEV 0 Vewd FV 


ant | oy | oe = @) 


so that the potential function satisfies Laplace’s equation. 

Let us apply this to the problem of finding the potential at any 
point due to a circular ring of small cross section and of radius a, 
lying in the plane XOY with center at O. Since the solution is 
obviously symmetric about OZ, we will replace (x, y, z) by polar 
coordinates and use the solution 


V => (4a a 


found in the previous section. The problem is to determine the 
coefficients. This may be done by noticing that any point Q on 
OZ is at the same distance Va?+ r2 from all points of the ring 
where OQ =7, the dimensions of the ring being negligible. Hence 
the potential at Q is an 


Va?+ Pr 
where M is the total mass of the ring. 
Now (4) may be expanded by the binomial theorem into the 
convergent series 
M 1 Litas. tee 
We a 22-16 


) Pn(cos $), (3) 


Bm 
om +1 


(4) 


: ‘) when r <a, (5) 


and into the convergent series 


Belo ale a" ) 
eee eee ee ae be Chen. o> 0, 6 
(: 578 pone (8) 


310 PARTIAL DIFFERENTIAL EQUATIONS 


The general solution (3) must reduce to (5) or (6) for a point 
on OZ. For such a point Q, we have ¢ = 0, Pn(cos ¢) = Pn(1) = 1, 


and (3) becomes m= . BY 


which must be either (5) or (6). Henceif r < a, B, =0, and An 
are the coefficients in (5); if r > a, Am = 0, and B, are the co- 
efficients of (6). Hence we have the solution 


M lore 1-3 7% 
= 2 Po(eos p) — 575 Pa(cos p) +557 Palcos oe | 


when r < a, and the solution 
dhe 
as 


M 1 a? 
yam E Po(cos $) — 595 Pa(cos $) +5 


ya P4(cos @) — | 


when r > a. 
127. Harmonic functions. A function V(x, y) which, together 


with its derivatives of the first and second order, is continuous, 
except for definite points called singularities, and which satisfies 
the Laplace equation av A ev a 

Ox? oy? ied (1) 
is a harmonic function in the plane. We have shown in § 73 that 
if C is the boundary of a region in which V has no singularities, 


dV 
a ds =05 (2) 
() 
Similarly, a function V(x, y, z) which satisfies the Laplace 
equation ev RV eV 


aa? ay? t aa? © 
together with the same conditions as to continuity, is a harmonic 
function in space. We have shown in § 79 that if S is the boundary 
of a region in which V has no singularities, then 


ih dV 
ah GS =0: (4) 
(S) 


From equations (2) and (4) certain important properties of 
harmonic functions may be deduced which are similar in the plane 
and in space. We shall consider the case for the plane, leaving for 
the student the similar case in space. 
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We shall apply (2) to a circle of radius r and center A. Here 


dv 
—= ae ds = r d@, and (2) becomes 


dn or ‘ 
OV. 
i ae ag'= 0, (5) 


since r, being constant in the integration, may be divided out. 
Let (5) be multiplied by dr and the result be integrated between 
r=0QOandr=a. Then we have 


ee ‘a [ ar=0, (6) 


which gives la ae Vo)d0 = 0, (7) 


0 


where V, is the value of V when r = a and in general depends upon 
6, and Vo is the value of Vo at the point A and is independent of 6. 
Hence (7) may be written 


2nVo= V, dé, 
0 


or Vo = Vas (8) 
ee af 2a 
where V.=—— V, dé 
27 Jo 


and is the average value of V on the circumference of radius a. 
Hence we have our first theorem: 


I. The average value of a harmonic function on the circumference 
of a circle in which it has no singularities 1s equal to its value at the 
center of the circle. 


This theorem is made valid in space by replacing the circle by 
asphere. The proof is left to the student. 

From this we may deduce the following theorems, which are 
so stated as to be valid in either two or three dimensions : 


II. A harmonic function without singularities in a given region 
cannot have a maximum value or a minimum value in the region. 


To prove this let us suppose for a moment that V has a maxi- 
mum value Vo at a point A. Then we may draw a small circle 
around A such that Vo > V, for all points on this circle. Then 


27 20 = 
Va=5- v.d0 <= [ Vedew Corl Vee VG, 
0 


T /0 
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which contradicts theorem I. Hence V cannot have a maximum 
value in the region, and in a similar manner it cannot have a 
minimum value there. 

It follows that the maximum and minimum values of V must 
occur on the boundary of the region. Hence if the value of V is 
constant on the boundary, its maximum and minimum values 
coincide, and the function is constant. This gives us the following 
theorem : 

Ul. A harmonic function with no singularities within a region 
and with constant values on the boundary of the region 1s constant 
throughout. 

Suppose now we have two harmonic functions V; and V2 which 
have the same values on the boundary of a closed region. Then 
Vi — V2 is a harmonic function which is zero on the boundary 
and hence, by theorem III, is zero throughout. Hence we have 
the following theorem : 

IV. Two harmonic functions which have identical values upon a 
closed contour and have no singularities within the contour are identi- 
cal throughout the region bounded by the contour. 


One practical result of this theorem is that if a solution of 
Laplace’s equation has been found by the empirical methods of 
the previous sections so as to take assigned values on a closed 
boundary, no other solution is possible. 

Let us now in (2), § 79 (written for two dimensions), place 
G = F= J, where V isa harmonic function. We get 


fr anff[(%)+yem 0 


If oe = 0 along a contour C, and V isa real function of x and y, 


V 0 
we must have a =a); ao = (0; that is, V is a constant. Hence 


we have the theorem: 

V. If the normal derivative of a harmonic function is zero along a 
closed contour within which the function has no singularities, the 
function is constant. 

From this follows the theorem : 

VI. If two harmonic functions have the same normal derivative 
along a closed contour within which they have no singularities, they 
differ at most by an additive constant. 
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Applied to the flow of heat, theorems IV and VI are almost 
immediately evident. One says that the temperature within a 
closed region is fully determined by the temperature on the 
boundary, and the other says that except for an additive con- 


stant the temperature inside a region is determined by the rate 
of flow across the boundary. 


EXERCISES 


Solve the following equations: 


02 Oz . oz 
1. — = a’z. 8. —+——=1. 
Ox? Ox 5 oy 
072 02 02 Oz 
2.%2— =a—. nae ype ee 
Ox? Ox oe 0 . Ox 
072 Oz 0z Oz 
3.— —a—=0 A — —_—= 
oo os 10 2ae +2y- 
02 0z 
4,.—— — 3 — +22= ae <= 
Dx? Dou 2=0 11 Gta, @ty)> a 
072 02 Oz Oz 
5. —— + 2 — = (0? — —= 
anit 0 i Ji ie ey 
6 ad oa 13 Le RO 
Ox? : es oy 
072 Oz Oz 
ve = ye 14. xz — — = 2. 
ax? xy xz ce + yz By xy 
Oz Oz é ; ; ; 
15. Show that a me +b By = 1 is an equation satisfied by all cylinders 
the elements of which are parallel to a fixed direction. 


Oz 
oy 
tion of all cones the vertices of which are at a fixed point. 


16. Show that (x — a) a + (y— b) —=z-—cis the differential equa- 
ie 


17. Show that ne ar) a = 0 is the differential equation of sur- 
xv y 


faces generated by lines parallel to a fixed plane and intersecting a 
fixed normal to that plane. 


18. Show that x ia -—y 2 = 0 is the differential equation of surfaces 
a 


oy 


of revolution with OZ as axis. 
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0z ; 
19. Show that in cylindrical codrdinates @ 50 = 2 is a differential 


equation of surfaces the characteristics of which are helices. 


20. Show that 2 xy a + (y? — x”) & = (0 is the differential equation 
x y 


of certain surfaces the characteristics of which are circles in parallel 
planes. 


Expand the following functions into Fourier series in the interval 
(— 7, 7): 

Sie f(e)i= 2. Sony) hs 2S ies. 

24. f(x) =0 when —7 <u <0, f(z) =m when 0<a4<7. 

25. f(x) =—x when —7 <x <0, f(x) =0 when 0< 2% <7. 

26. f(x) =— mw when —7 <2<0, f(x) =x when 0<2<T. 

27. f@) =0 when —wi<c t <0, f@=2* when0 <7 <. 


Expand the following functions into Fourier series in the interval 
(On2 am) 

2807) = a. 29. {/ay=x2- 30. fa) =2: 

$1. f(x) =1 when 0 <2 <2, f@)=0 when 7s <2. 

82. f(x) =x when 0 <2 <7, f@)=27—2 when a= 6 <2 a 

33. Expand f(x) = 1 into a sine series in the interval (0, 7r). 

34. Expand f(x) = x into a cosine series in the interval (0, 7). 

35. Expand f(x) = x? into a sine series in the interval (0, 7). 

86. Expand f(x) = sin z into a cosine series in the interval (0, 7). 

87. Expand f(x) = cos x into a sine series in the interval (0, 7). 


38. Solve equation (5), §124, under the assumption that the flow is 
steady and takes place radially outward from the center of a sphere. 

89. Solve equation (5), §124, under the assumption that the flow of 
heat is steady and takes place radially outward from the axis of a 


cylinder. 
40. Find a particular solution of the equation oy =? Ce, 
41. Find a particular solution of the equation Ae 
027V 2 
Or? -- a = h2 x 
42. Find the temperature for a steady flow of heat in a semicircular 


plate of radius 1, the cireumference being kept at a temperature 1 and 
the diameter at a temperature 0. 
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43. If a slab of thickness c¢ is originally at a temperature unity 
throughout and both sides are then kept at a temperature zero, find 
the temperature at any point of the slab, the slab being so large that 
only the flow normal to its faces need be considered. 


44, Find the temperature for a steady flow of heat in a circular plate 
of radius 1 if half the circumference is kept at a temperature 0 and the 
other half at a temperature 1. 


45. Solve the equation 


which is that for the flow of heat in a long rod with radiating surfaces, 
assuming that when t= 0, 0= f(z). 


46. A vibrating string may be shown to satisfy the equation 
a? ory — oy, 
On Or 
where x and y are the codrdinates of a point on the string and ¢ is time. 
Solve the equation if at a time ¢ = 0 the string has a position y = f(z). 
Take the length of the string as 1 and assume that the ends are fixed. 
47. An oscillating chain hanging vertically may be shown to satisfy 
the equation ay noes ay zt ot, 
ot? Ox? Ox 


where (x, y) are the coérdinates of a point on the chain, | is its length, 
and ¢ is time. Find a possible solution. 


48s. A cross section of the surface of a wave in a bay satisfies the 
equation 2 
ot? = b ox Ox 
where 6 is the breadth of the bay, h is its depth, x is a horizontal axis 


running out to sea, and y is a vertical axis. Find a solution, assuming 
h = constant and b = kx. 


49. Solve Ex. 48, assuming 6 = constant and h = kz. 


50. Find the potential due to a homogeneous circular disk of radius 
a and mass M, first finding by ordinary integration the potential due 
to the disk at any point of a line perpendicular to the disk at its center. 
51. Show that equation (3), §125, has a solution of the form 


NL=O M=O 
v= > y (400 + a \ On cos m0 + bm sin m0) P,™(cos >), 


n=0 m=0 


where P,,” is an associated Legendre function, 
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52. Show that the equation 
OC Via aoey. 
—+—+V=0 
pueden ete 


has a solution in polar codrdinates of the form 


V= > (dy cos 06 + b, sin nO) Jn(r). 


n=0 
53. Show that the equation 
O°V- Oe Ve wo 
oa Pope pee 
On? oy Oz 
has a solution in polar codrdinates of the form 
eS > > 1-3I, 42(0)(Am cos m6 + By, sin m0) P,™(cos ¢). 
m=0 n=0 
54. State and prove for space the theorems of §127. 
55. Discuss the solution of equation (1), § 128, which is obtained by 
placing k = 0 in (4), § 1238. 
56. Discuss the solution of equation (2), § 125, under the three 
hypotheses (1) k=0, m#0; (2)k40, m=0; (8) k=0,m=0. 
57. Show that equation (5), § 124, when heat flow takes place in one 


Ke 


direction, has solutions of the form O0=az+b, O0=sinkze ”, 
Ke 
st 
§9=coskxe * , or linear combinations of these. 


58. Use the results of Ex. 57 to show that 


+V=0 


ann? t 


2nTL  -—> 
———€@ 2h 


wenn 7a 

6 ea A er 
gives the temperature in a bar of length 5 cm. under the hypotheses 
that when t=0, 0=102%+ 30; when x=0, 6=20°; and when 
“«=5, 0=90°. This may be brought about by first establishing a 
steady flow of heat so that 6 = 10 x + 30, and then suddenly giving a 
temperature of 20° to one end of the bar and a temperature of 90° to 
the other end, and maintaining these temperatures. 


59. The ends of a rod of length 40 cm. are kept at temperatures of 0° 
and 80° respectively until the steady state is reached. The temperature 
of the end which has been 80° is suddenly reduced to 40° and held so 
while the temperature of the other end is unchanged. Show that the 
temperature in the rod is given by 

2% 

80 "SP (— 1)". kan at 


6=7—— Sine 
Tv ) | k 40 


Seed 


CHAPTER XIV 


CALCULUS OF VARIATIONS 
128. The simplest case. Consider the integral 


b dy 
f sou, Das (a) 
taken along a curve y= O(Z) (2) 


connecting two points A and B in the plane (Fig. 101). The value 
of the integral depends in general upon the curve, and we wish 
to determine the effect of varying the curve and, in particular, 
to find the curve which makes the 
value of the integral a maximum or a 
minimum. For that purpose we will 
call the curve (2) the original curve 
C, and the curve 


Y = $(@) + n(x) (3) 
the varied curve C’. Then 
Y—y=n(2), Fig. 101 


represented by QP, is the variation of y and will be denoted by dy, 
so that (8) becomes Y=y+6y. (4) 


dy 
Denote dy by y’ and — by Y’. Then, by (8), 
dx da 


d 
Y'=y' +1'@) =y' + 5 Oy). (5) 


We shall call 7’(x) the variation of y’ and denote it by dy’. It 
follows from (5) that 


ey! 
by’ = 7 (Oy), (6) 
dy d 
° . A aes 7 
or, otherwise written, a( 2) a (dy), (7) 


a formula which shows the allowable interchange of d and 6. 
We shall assume that the quantities dy and 6y’ are both small; 
that is, that the height and the slope of the curve C’ at any point 
817 
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differ very little from the height and the slope of the curve C at 


the corresponding point. 
Consider now the function f(x, y, y’) for any point of the curve 


C. For the corresponding point of C’ the function becomes 
of Aine 
f(x, y + dy, y’ + by’) =f, y ¥') +a Ay OU mie 
the expansion being made by Taylor’s series. We shall call the 
sum of the terms of first order in dy and dy’ the first variation of f 


and denote it by 6f, so that we have 
a of 
—- 8 
f= 5 but 57 ul (8) 


Let I be the value of the ee (1) along the curve C. Its 
value along the varied curve C’ is found by replacing f(z, y, y’) by 
f(x, y + dy, y’ + dy’). We shall call that part of the change in the 
integral which contains only terms of the first order in é6y and dy’ 
the first variation of the integral and denote it by 6é/. 


Then, by (8), 6/ -[ (Fe oy + 7 - Oy’ Ja, (9) 


Consider the second part of the oe in (9). By (6) we have 


jae ace = [og Ode, 


and by integration by parts 
ae =|] fala) 
Oy’ ke ; OY ie aye 


But since the points A and B are not changed, 6y=0 when 
ti ANG Y ==.0. SO tae 


on by de -- [els ay de. (10) 


Substituting si ed in (9), we have 


oe (11) 


This, then, is the change in J as far as the first order of infini- 
tesimals dy and dy’ is concerned. 

Now if dy and dy’ are sufficiently small, it is obvious that the 
sign of the exact change in J will be determined by the sign of 
61, since the terms dy”, dy’”, dy dy’, etc. are of higher order than 


ah 


SS Se ee ee — 
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dy (there is no difficulty in making such variations that dy’ is of 
the same order as dy). 

Hence if 6J is positive or negative for a certain variation oy, 
its sign would be reversed for a variation —dy. In that case I 
would be increased by one variation and decreased by another. 
From this it follows that if J is to have a maximum or a mini- 
mum value along the curve C, it is necessary that 


00 (12) 


for all possible small variations dy. 

From this it follows that the coefficient of dy in (11) should 
be zero at all points of the curve. For if this expression were not 
zero we might so vary the curve C that dy should have the same 
sign as its coefficient, and then 6J would be positive, in contra- 
diction to (12). Hence we have established the theorem: 


If I has a maximum or a minimum value along a curve C, that 
curve must be a solution of the differential equation 


Z-£(E)m0 : 


In formula (18) the partial derivatives indicate merely formal 
operations under the assumption that x, y, and y’ are independent 
variables. The operation £. however, takes into account that 
y and y’ are functions of x. Hence (13) may be transformed into 

2 2 2 
wi | ial ee (14) 
Oy Oxdoy' oy oy’ Oy’ 

This is an equation of the second order to determine y. The 
solution contains two arbitrary constants, and it is necessary, if 
possible, so to determine these that the curve shall pass through 
the given points A and B. 

When this has been done we can assert that if the integral has 
a maximum or a minimum value, it must be obtained along this 
curve. The question as to whether the maximum or the minimum 
value actually exists, and if so which one it is, is still unanswered. 
In mathematical language, we have determined a necessary but 
not a sufficient condition. The determination of the sufficiency of 
the condition is a matter of too great complexity for this text. 
In practical problems the question can often be decided from the 
nature of the problem. 
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As an example of the method, consider the problem of finding the 
curve between given points A and B which, by revolution about 
OX, generates the surface of least area. By elementary calculus 
the area in question is given by 


b b 
s=2nf yds=20f yVityide. 
of of yy’ 
= 12 —_—= 12 Ss) 
Here f=yvVi+y”, By V1+y", Oy! Nig 


Therefore equation (18) is 


V1i+y” = ( uy 1 


~ de Vey? 
which reduces to 1+ y’2 — yy” =0 (15) 
as the form which (14) takes. d 
To integrate (15), place y’ = p and y” =p om The equation is 
y 
then p dp a dy 
tt geen eat ia 
whence, finally, y = c, cosh ae cp (16) 


Cj 
the equation of the catenary. The constants c; and c2 must now 
be determined so that the curve (16) passes through A and B. 
The question as to whether this is possible and whether, if so, 
there is 2 maximum or a minimum will not be considered here. 
It is physically evident that in many cases the solution exists. 

129. Solution by differentials. We y 
may write 
F(x, y, y’)da = p(x, y, dx, dy) (1) 


and consider the integral 


(B) 
fou de, dy) @) 
(A) 


along a curve between fixed points Fic. 102 
A and B. 

In the varied curve the point P may be considered displaced 
to Q so that x and y take each a variation (Fig. 102). Hence if 
(x, y) are the codrdinates of P, and (X, Y) those of Q, 

X=a+6r, Y=y+éy; (3) 
whence dX =dr+d(6xz), dY=dy+d(6y), . 
and therefore 6(dx) = d(6z), 6(dy) = d(dy). (4) 


SOLUTION BY DIFFERENTIALS 321 
Then, as in § 128, 


“2 p 


oe Sot See eee bay), (8) 


ea A ) 
and r= [o9, 6) 


where in (5) the partial derivatives are to be taken on the hypothe- 
sis that x, y, dx, dy are independent variables. 

In (5) replace 6(dx) and 6(dy) by their values as given by 
(4), and integrate by parts the corresponding terms of (6). 
There results 


ad ao. 
ay =| sa Bee aed oo |), 


, {Lae 4st) +e — (Gees) 

—_— 6a j 
+f, (Le 8(staes) +e eam) lef 
Since by hypothesis 6x and 6y are zero at A and B the quantity 
in the first pair of brackets vanishes. Arguing then as in §128, 


we can easily see that for maximum or minimum values of J we 
must have each of the following relations satisfied : 


ed (_2¢_\_ 
Ox sig aan ta ©) 
od (4) = 
by ad Ody 0. (9) 


As a matter of fact, we have here one relation and not two, 
for it is possible to show that each of the equations (8) and (9) is 
equivalent to (18) of §128. This may be done as follows: From (1) 


Oo _ oF 

On <OL 

Op _ af 

Oy oy” 

oo, of oy! _ afd 
o(dx) 0 oy! G(dx) Oy’ dx’ 


CO e el BOUT 
a(dy) ~ by’ a(dy) oy’ 
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Substituting these values in (8), we have 


ae See y')=0, 


af af oy cd, ome a of ‘= 
an _ E da aan dy uta, - dy’ a(n y’ — By dy 0, 
of 


ee of ( a) o 
—dy—d 
which is By dy By’ 


Dividing by dy, we have (13) of $128. 
Again, substituting in (9), we have 


a a(it)n0 


and dividing by dx, we have again (13), $128. 
The two equations (8) and (9), while not giving a new condition, 
give us two new forms, one of which may be more convenient than 


the other or than (13), §128. 
For example, consider again the integral used in §128 written 


in the form 
fu V dx? + dy?. 


Equation (8) is now 
y dx 
0— (+=) = 0; 
V dx? + dy? 


: di 
md is Var Fay —a( phe) = 
ve 7] 


The first of these is the simpler and gives at once 
y dx eo 
Vata |’ 
C1 dy 


whence ——— _ = diz, 


G 
and y = C, cosh 


Cy 
as before. 
An application to the determination of geodesics on a surface i is 
of interest. Let the equation of a surface be 


x=flu,v), y=fu,, z=f(u, »), (10) 
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where (wu, v) are curvilinear codrdinates on the surface. The length 
of any space curve is 


s= | dx? + dy? + dz?; 


and if the curve lies on the surface (10), dz, dy, dz may be replaced 
by their values obtained from (10), so that 


s= [VE +2 F dude + Gae, (11) 


where E, F, G are as in $53. 
The lines which make the first variation of this integral vanish 
are by definition the geodesics on the surface. They will be the lines 
of shortest length between two points not too far remote. 
130. Variable limits. We will now suppose that the points 
A and B, which were held fixed in §§128 and 129, are allowed to 
vary along two fixed curves L; and Lz y 
(Fig. 103). That is, we ask what curve 
C, the extremities of which lie anywhere 
on L; and Lz, will make the integral 


de p(x, y, dx, dy) 


a maximum or a minimum. 

In the first place, it is evident that 
that curve must satisfy equations (8) 
and (9) of §129, for among all the curves which may be drawn 
between L; and Lz are the curves which leave A and B fixed. 

The variation (7) of §129 therefore becomes 


0d 0d (B) 
ol = F 6 ee ean ) | 2 
0(dx) = (dy) ¢ (A) 


and since this must vanish we have the condition 


ao) 0p “4 
ada) ba + Ady) dy = 0 (1) 


Fig. 103 


to be satisfied at each end of the curve C. 

In (1) dx and dy are determined by the direction of C, and 6x 
and dy are determined by the direction of L; or Lg, as the case 
may be. Hence (1) gives a relation between the direction of C 
and that of L; and Lz at the points where C intersects L; and Le. 
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As an example, consider the problem of finding the shortest dis- 
tance between any two curves L; and Lz. We are to minimize the 


integral 
she Vda? + dy?. (2) 
Equation (8) of §129 becomes 
dx 
Ss 
Vda? + dy? 
the solution of whichis y= ix + C2. (3) 


Equation (1) reduces to 
dx 6x + dy dy = 0, 


which says that the straight line (3) must cut the curves L; and L2 
at right angles. 

Hence if the shortest distance exists, that distance will be the 
length of the straight line cutting both curves at right angles. 
Nothing in our work, however, proves that any straight line 
which satisfies these conditions is a : 
solution of the problem. A simple ex- 
ample will show this. Consider two 
circles tangent internally (Fig. 104). 
The line ABC is the only line perpen- 
dicular to both circles, but neither the 
segment AB nor the segment BC is 
the shortest distance between the two 
circles. We may, of course, consider 
the zero segment CC as a piece of the 
straight line ABC. 

131. Constrained variation. Let it be required to make the 


Fic. 104 


integral 

1= [ $(e, y, de, dy) (1) 
a Maximum or a minimum while keeping the integral 

T= [We u, dx, dy) (2) 
equal to a constant a. According to our previous discussion we 
must have Spe (3) 
but are now to admit only variations 62, dy, 6(dx), and 6(dy) for 
which ec) (4) 
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since J is not to change its value. But if (3) and (4) are satisfied, 
it is necessary (though not sufficient) that 


51+ SJ = 0, (5) 


where X is any constant multiplier; that is, the integral 


T+rJ= flo, ude, dy) + We, w, de, dy)] 


must have its first variation equal to zero. 
Let us suppose curves 


F(%; Y, C1, €2, A) =0 (6) 


found which satisfy condition (5). The equation contains three 
arbitrary constants, two of which may in general be used to pass 
the curve through the two fixed points A and B, and the third may 
be so determined that the integral J takes the prescribed value a. 

We then have a curve which satisfies equation (5) and gives J 
the required value. If the curve is then so varied that J does not 
change, condition (4) is satisfied and hence, by virtue of (5), 
condition (8) is fulfilled. The problem is therefore solved. 

As an example, let us find the curve of given length which will 
inclose the maximum area. 


We have to make A=} HE (x dy — y dz) 
a maximum while keeping 


s= | Viet + dp =a, 


where a is a given constant. Without loss of generality we assume 
that the curve starts and returns to O and is tangent to OX at 
that point. We consider the integral 


Hk [3 (a dy — y dz) + AVdzx? + dy?] 
and, applying to it equation (8), §129, have 
5 y d dx ) 
= dy —d( —-2=+————.) = 0;syW 
3 a( a Vdx2? + dy? 
dy _ Mie — Cy 


da y—C 
the solution of which is (% — ¢2)? + (y— 1)? =? 


whence 
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By the conditions imposed upon the curve, c: = 0 and A= + Ce. 
The solution is the circle 


a? + (y — ¢2)? = ¢2”, 
and c2 can obviously be so determined that the circle has the 
required length. 
132. Any number of variables. The discussion and results of 
$§128 to 181 are easily extended to any number of variables. If 
we have the integral 


a = | fa U2,°°*, ny “ne x2’, oe ao Ln’ )dt, (1) 


pt AOE EN Oy See 
tonti (unaG Yan a 


ods of §128, as the differential equations of the curves for which 


» we have, by the meth- 


i cena 
Ox, dt Oxy! caus 
ie a of ) e. 
0x2 dt O22! ae a (2) 
£-iZ)- 
em LAN a 
If the integral is written as 
v4 =f $e, p51 x Ong ON phos, = 9 IN (8) 
: 0d 0p 
the equations are Se (2) = 
0x1 qd 0(dx;) o, 
0d ( 0b ) 
—- — dj ———})= 0, 
0x2 0(dx2) (4) 
0b ko) 
OLn aa} = 


of which one is in general superfluous. The conditions for vari- 
able limits and constrained maxima and minima are sufficiently 
obvious from §§130 and 181. 

In addition to the problem of constrained maxima and minima, 
as discussed in §131, we may have the problem of rendering the 
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integral (3) a maximum or a minimum under the condition that 
the variables are connected by the condition 
Hass, et, 2, =", (5) 


The variations 6; are then bound by the condition obtained 
from (5), 


F OF 
Ba aati ea eta 0; (6) 


and, in addition, we have, as in § 129, 


op ao og od 
ee (sep) en + [Zo a( GEE) [aca = 0 @) 


for all variations consistent with (6). From (6) and (7), using 
as an undetermined multiplier, we have 


de 26 
S ‘ee asta) +5 as. alae ae ®) 


Hence if \ is so determined that the coefficient of one of the 
variations 6x; in (8) vanishes, the other coefficients must also 
vanish, since in (6) all but one of the variations are arbitrary. 
Therefore the equations to determine and the required curve are 


0p op ) 
= eee ae 9 
Bee Aa +n3 oan « Be (8 
For example, let it be required to find the shortest lines (geo- 
desics) on any surface TCO! (10) 
This is to minimize the integral 
s = | Vie? + dy? + dz? (11) 
subject to the condition (10). Using formulas (9), we have 
dx OF 
— ape Xr —_—_ = 0, 
g Vda? + dy? + dz? 1" Ox 
dy OF 
Sip Se ee (12) 
° Tie + dy? + dz? tay 
dz dF 
and — et A = 8, 


Vda? + dy? + dz? Oz 
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We may draw from equations (12) the result 


dx dy\ | o) ao _OF | ppc 
a(): a(#) -a(F Ox ° Oy” Oz 
d's d’y dz OF OF OF | 


or ae NW 


ds?‘ ds?’ ds? Ox dy Oz’ 


whence we infer the important theorem that the principal normal 
of a geodesic coincides with the normal to the surface. 

133. Hamilton’s principle ; Lagrange’s equations. Consider a par- 
ticle of mass m; moving along a curve under the influence of a 
force whose components are X;, Y;, Z;. Then the path is deter- 
mined by the equations 
dx; dy; dz; 
Pte Ween | 


Let the curve be varied without changing its extremities and 
let 6x;, dy;, 62; be the variations of x;, y;, 2; respectively. By virtue 
of (1), 


dx; d’y; dz; 
(m: ‘FP = x,)ds+ (ms SR ¥s)8u-+(m: TE ~7;)b2:=0. (2) 


This is true for each of the particles of a system, and, summing 
over the Ro number of particles, we have 


= F;, (1) 


Me 


=) +7 dt? 

The work done by this displacement is 
OW = >) (X, ai + Yi dy: + 2, 62,). (4) 

The kinetic energy of the system is 
een 

i 5 Sm ( = ae ey i 
and the variation of T is 
= dx; .(dx:\ , dy: (“) dz; (=) 
or = 2m i (Gi) + ry ery eager ley | 


dx; d dy; d dz; 
=Enl ag 8) ay gy OU) + ae le 6) 


the last change being made by (7), §128. 


1 ih aS 
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Now we have 


d [dx; ; j ay; i 25 
alae +h ane 625] =| TE bas + Sy, 4 | 


di dt | di? dt? dt? 
dx; d dy; d dz; d 
2, 4g Ot) +, a de an di di On” (6) 
so that, by virtue of (4), (5), and (6), equation (8) may be written 
dx; dy; dz; 
ym: o| a bai + Ge ys + i | = 6T + ow. (7) 


By multiplying (7) by dt and integrating between the times 
t = to and t = t;, at which the body is at the beginning and end of 
its a we have 


dy; 


i ‘(OT + 6W)dt = Yn] oni +e 


dz; 
inv + be] =0, @ 
where the right-hand member is zero, since by hypothesis 62;, dy;, 
6z; are zero at the beginning and end of the path. 
We shall now assume that there exists a potential energy V 


such that eee 7 
Then equation (8) may be written 
ty 
6 [ (7—v)dt = 0; (9) 
to 


that is, the body so moves that the time integral of the difference 
between its kinetic and potential energies has a first varration zero. 
This is Hamuilton’s principle. 

The position of the body may be determined by n parameters 
Gi, Q2,***, Un» Sometimes called generalized codrdinates. Then 
Li, Yi, 2; depend only on q;, and ms, , depend on q; and 4q;, 


where 9; = ae so that T in (9) is a function of q; and q;, and V 


dt 
is a function of q;. 

We can now apply formulas (2), §182, to (9). We have the 
nm equations 


Da) E = ”) 
pep oS a Noor seat eats OE] PL me Deen 10 
These are Lagrange’s equations for the motion of the system. 
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For example, consider the motion of a pendulum of any form 
swinging in a plane about a point of suspension 0. The position 
of the pendulum is fully determined by the angle 6 which the line 
from O to the center of gravity of the pendulum makes with the 
vertical. We have then only one parameter q;, namely @. 

We have, by mechanics, 

T= 16°, 

V = Mgh(1 — cos 9), 
where J is the moment of inertia of the pendulum about O, h the 
distance from O to the center of gravity of the pendulum, and M 
the mass of the pendulum. Then oe becomes 


— Mgh sin 6 — ° (16) = 
d?0 


or = 
ia 


= — Mghsin 0. 


EXERCISES 
1. Find the equation of a straight line in Cartesian codrdinates by 
minimizing the integral ii Vda? + dy? 
2. Find the equation of a straight line in polar codrdinates by mini- 


mizing the integral ( de 4 do? 
te 1 ; 


3. Find the equation of the shortest line on the surface of a sphere 
and prove that it is a great circle. 

4, Show that the shortest lines on a right circular cylinder are helices. 

5. Find the equation of the shortest line on a cone of revolution. 

6. Find the equation of the shortest line on the helicoid + = r cos 8, 
y=rsin 0,2=ké. 

7. Find the differential equation of a geodesic on any surface of 
revolution x =r cos 0, y=r sin 0,z=fi(r). 

8. Given that the velocity of a body sliding from rest along a curve 
is V2 gh, where hf is the vertical distance of the fall, find the equation 


of the brachistochrone; that is, the curve in which the body falls in 
least time from a point O to a point B. 


9. Determine the curve for which {»ds is a minimum, assuming 
that the velocity v = \/2 g(y + a). 


10. Find the curve of given length between two fixed points which 
generates the minimum surface of revolution. 


alias 
es 
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11. Find a curve of given length between two fixed points such that 
the area bounded by it, the axis of x, and two ordinates is a maximum. 


12. Find a curve of given length between two fixed points such that 
the area bounded by it and two lines to the origin is a maximum. 


18. Assuming that a string with fixed ends will so hang that its center 
of gravity has the lowest possible position, find the curve in which a 
string of given length will hang. 


14. Prove by Hamilton’s principle that the string in Ex. 13 will hang 
as stated. 


15. Show by Hamilton’s principle that the equations in polar codrdi- 
nates for the motion of a particle in a plane are 


d?r dé\2 
m [Se (2) las 
d*0 dé dr 
mr cee a |=4. 


where f, and fy are the components of force acting on the particle along 
the radius vector and normal] to it. 

16. Find from Hamilton’s principle the polar equations for the motion 
of a particle in space. 


17. Show that if the integral 


sfif3 F(x, y, 2, D, q)dx dy, 
where p = a es me is made a maximum or a minimum by a surface 


spanned in a given closed curve, that surface must satisfy the equation 
De Gh le al OF =G 


18. Use Ex. 17 to show that a minimum surface, that is, a surface of 
least area in a given contour, satisfies the partial differential equation 
r(1+q’) —2 pqs + t(1 +p’) =0, 

07z 072 pe 072 


= 1 SPSS eet eG 
Ox? Ox Oy Oy? 


where if 


19. Show that the only surface of revolution which satisfies the equa- 
tion in Ex. 18 is that formed by revolving a catenary (except for the 
trivial case of a plane formed by revolving a straight line about an axis 
perpendicular to it). 


90. A bar of length 2 L is supported horizontally by two strings of 
length / attached to its ends. Find the period of the motion of the bar, 
assuming small vibrations. 


CHAPTER XV 
FUNCTIONS OF A COMPLEX VARIABLE 


134. Complex numbers. A complex number is a quantity of the 


form x+ yi, (1) 
where x and y are real numbers and 7 is a unit defined by the 
equation ie te Ry (2) 


The number z is the real part of the complex number and the 
number y? is the imaginary part. When y = 0 the complex num- 
ber becomes a real number, so that the real numbers form a 
subclass of the complex numbers; when x = 0 the complex num- 
ber becomes a pure imaginary number. 

The complex numbers being thus defined, it is necessary to lay 
down rules for their manipulation. These are essentially two: 

I. A complex number (1) is zero when, and only when, x =0 
and y= 0. 

II, The complex numbers obey the ordinary laws of algebra, with 
the addition that 1 = V —1. 

From these follow at once the formulas for addition, subtrac- 
tion, and multiplication; namely, 

(11 + 1y1) 4 (w2 + tye) = (%1 + 42) + 1(y1 + 2), (3) 
(1 + 21) ("2 + ty2) = Vit2 — Yiy2 + U(Liy2 + L2yi). (4) 
The quotient of two numbers such as 
Oo 
x2 + tYe2 
may be most conveniently found by multiplying dividend and 
divisor by x2 — 7y2, thus, 

r+ 1y1 BS (x1 + ty1) (x2 — tYy2) __ %1X2 +YLY2 . .L2Yi — L1Y2 

a+ iy2 (x2+ ty2) (x2 — tye) t27-+ yo” xo” + yo” 

From (8), (4), and (5) we have the following theorem : 

III. The sum, difference, product, and quotient of two complex 


numbers are themselves complex numbers. 
332 


(5) 
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If two complex numbers are equal, that is, if 


t1 + y1 = Xo + tyr, 
then, from (8), (v1 — 2) + (yr — yo) = 0; 


whence, from postulate I, 


; v1 = Xa, Yi = Y2.- 
Hat 1s; 


IV. Two complex numbers are equal when, and only when, the 
real part of one is equal to the real part of the other and the pure 
imaginary part of one is equal to the pure imaginary part of the 
other. 


Two quantities which differ only in the sign of their pure 
imaginary parts are called conjugate imaginary. Thus a+ bi and 
a — bt are conjugate imaginary. 

135. Graphical representation and trigonometric form. Complex 
numbers are essentially algebraic quantities, but they may be given 
a convenient geometric representation. y 

Construct axes of codrdinates OX and 
OY (Fig. 105) and take any point P. 
Then to any point P corresponds a defi- 
nite pair of values (x, y), and conversely. 
Therefore to P may be made to corre- 
spond the complex number z, where 


Z=2 iy. (1) Fic. 105 


In this connection OX is called the axis of reals, since real 
numbers are represented by points upon it, and OY is called the 
axis of imaginaries. 

If we introduce polar coérdinates 


g =F cos 0, y=Prsn 6, 
we then have, from (1), 
z= r(cos 6+7sin 6), (2) 


which is the trigonometric form in which a complex number can 


always be put. 
The number r, which is always taken positive, is called the 
modulus, or the absolute value, of z and is equal to the length of 


i ced at 
the line OP. Then je) =r= Vert y. (3) 
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The angle 6 is called the angle, or argument, of z. Then 


OS 0 ee ee (4) 
Va22+ y? V2e2+ yy? 


If a is a real positive number, we may write 
a =a(cos0+7sin 0), 
—a=a(cos 7+7Ssin 7), 


= ( = + isin 5) 
wa=a cos 5 a 5) 


2 2 


thus expressing any real or pure imaginary number in the gen- 
eral form (2) and exhibiting the modulus and the angle of each. 

Any multiple of 2 7 may be added to the angle @ without alter- 
ing 2, since 

r[cos (0+ 2kr)+72sin(6+ 2 k)]=r(cos@?+7sin 8), (5) 
where k is any integer. 

Take two complex quantities z; and z2, represented by the 
points P; and Pz (Fig. 106) respectively. It is easy to see from 
(8), §134, that their sum, 21+22,is y 
represented by the point Ps, found 
by constructing a parallelogram on 
the sides OP; and OP2. From the 
figure it follows that 


| Z1 + 22| =| a1 |+]|22l, (6) 


the equality sign holding only when 
OP, and OP2 are in the same 


F 3h pe Oo 
— a = a| cos — +72 sIn —}, 


Bz ,+ 2) 


O 


straight line. BeOS 

Since 2 — 2 =%+ (— zz) and |—z2|=|z2|, we have also, 
P 
from (6), |21 — 22| =|z1|+]20). (7) 


Graphically the points zz and — z2 are symmetrically placed with 
respect to the origin, and we have for subtraction Fig. 107. 
To represent multiplication and division graphically we use the 
trigonometric form. Then 
Z1%2 = 1172[ Cos 0; cos O2 — sin 6, sin Os 
+ 2(sin 6; cos 02 + cos 6; sin 62)] 
= 1172[cos (0, + 2) +7 sin (61 + 2)). (8) 


= we ee 
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Hence in the multiplication of two complex numbers the moduli 
are multiplied and the angles are added. Graphically, if P, 
(Fig. 108) is the point 21, the point z,z2 may be found by rotating 
OP in the positive direction through an angle 62 and stretch- 
ing or contracting OP; until it is of length mre. In particular, 
multiplication by « may be considered as rotating OP; through 


¥ 


Fic. 107 Fig. 108 


an angle of 90°, multiplication by —1 as rotation through an 
angle of 180°, and multiplication by — 7 as rotation through 270°. 
For division we have 


a mm(cos#;+7sin6:) 1 —_ 

Soe (Se a ES [cos (0; — 82) +2 sin (6; -—- @2)]. (9) 
Hence in dividing one complex quantity by another the angle 

of the divisor is subtracted from the angle of the dividend, and 

the modulus of the dividend is divided by the modulus of the 

divisor. Graphically the line OP; is rotated in a negative direc- 

tion through an angle 42, and the length of OP, is divided by 12. 
From (8) and (9) we have 


ral 
|2122| = || -|22|, as 


£2 


_ lal 
|z2| 


(10) 


136. Powers and roots. The value of 2”, where 7 is a positive 
integer, may be found by successive multiplication of z by itself. 
If we write z” as x+y, we can find (x+17y)” by applying the 
binomial theorem; thus, 

(a + ty)? = 2? — y? + 2 xy, 
(a + iy)? = 2? — 8 xy? + 18 xy — y”). 


336 FUNCTIONS OF A COMPLEX VARIABLE 


An important form of the power is obtained by using the 
trigonometric form of z. From the previous section, 


2” =[r(cos 96 +7 sin 6)]" =r"(cos né + 7 sin n§). (1) 
In particular, if r = 1 we have De Moivre’s theorem (§ 26) 
(cos 0+ 7 sin 0)” = cos nO +7 sin nO. (2) 


The root 2”, where is a positive integer, is a number which 
raised to the nth power gives z. From the general form of z as 
given in (5), §185, it is evident from (1) that 


1 1 
z= r*( cos +2 +7 sin |, (3) 


1 
and we shall get distinct values of 2” by giving to k the values 
1 


0, 1, 2,---, (w—1) successively. In this work r” is to be taken 
as the numerical positive root of the real positive number r. 
By combining (1) and (8) we have 


dp P 
gar! (cos oe +7sin pepe, (4) 
where k = 0, 1, 2, kage) (q an 1). 
1 cos 0+7sin 0 
Finall Pe See ae ae 
pana Zz” =r™(cos mé + 7 sin m@) 
— yom [cos (— mé) + 2 sin (~ m6). (5) 


Hence formula (1) is true for any rational value of n. 
We may now prove the relation which was used in obtaining 
formula (5), § 70. By algebra, 

22? —1=(%—17)(@—T2)---(t—Tep), (6) 
where 11, 72, - - +, T2 are the roots of the equation x7? = 1. These 
roots are, by (8), 

2k lupae 

cos 5 isin 5 (k=0,1,---,2p—-1) (7) 
When k = 0, (7) gives the root 7, = 1; when k= », (7) gives the 
root r,=—1. The other roots pair off into conjugate imaginary 
pairs. For when k = n, where n = 1, 2,---, p—1, 


(OS on WUE 
(Py =O — SS 7), Sha ae 
and when k = 2p—n, . p 


DT wee 
12p—n = COS — —7 SIN —- 
p p 
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Therefore (% — Tn)(%— T2p—n) = 42 —2 2 cos + 1. Hence we 
may write (6) in the form 2 
. feel T ; 27 

5 aa | =e — 22008 = +1)(2 ~2e00s—* 41)... 


(2? 2cos?@—* x +1). (8) 


Now let x1. The left-hand side of (8) approaches p, and 
the limit of the right side is its value when x=1. Therefore, 


p = 2??-2 sin? — sin? as sin? (ae Wee 
Zp 2/7? 
Similarly, let x —-—1. Then 
20 (p—1)r 
ba 5 ESR OE Yoel peers i Uteets ee 
p= 2 cos as 2p cos a 
Multiply the last two results, using the formula for the double 
angle, and take the square root. We then have 


er : = 
p = 2-1 sin ~ sin —- - - sin eae oe 
p p p 
ieee oa 5S CDi esik) ant, ep 
whence SU ee SS ee 
p p Pp Z 
137. The square root. Let us consider in detail the dependence 
<6 of w=~z on the value of z. 


From (8), §186, there are two 
values of w; namely, 


V 
4 
Ow, 
D6 U 
O Wy O 
Fic. 109 io 
i) ee 
m = Vi (cos$ + isin 5), 
- 2, i Are? 
and we = Vi (cos 7 +isin as 7) = — wn, 


We may plot z on the (z, y) plane and w on the (u, v) piane, 
where w = u + iv (Fig. 109). 
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Let z describe a curve in its plane. Then w; and we each de- 
scribes a curve, and the two curves do not intersect unless z = 0. 

If z describes a closed curve which does not go around O, 0 
returns to its original value, and w; and w2 return each to its 
original value. 

If z goes around O, @ changes from 4p (its original value) to 
60 + 2 x, w1 becomes wz, and wz becomes w; (Fig. 110). To make 


Fic. 110 


this numerically clear we give a table of values of w; corresponding 
to successive values of z: 


z=4, Wy, = 2 
Tt. eT ; 1 
=4 a) — = —- es ; i e. 
23 (cos % + i sin =) 41, Wy 2(cos = +4 sin *) 
Ver Ne 
z=A(cos7+7sin 7) = —4, wi = 2(cos+4sin 2) = 21 
OT | eon : 3 | 
e=4(cos—F + isin) = — 43, J = (cos = + i sin =) 
2 2 
= — —=+7-——- 
V2 V2 
z= 4(cos27+7sin 2 7) = 4, wi = 2(cos 7 +7 sin 7) = — 2. 


It is evident that by a passage of z around the origin, Vz changes 
its sign. Similarly, by a passage of z around z=a, the radical 
Vz—a or Va—z changes its sign. Of course, an even number 
of circuits around z=a leaves Vz—a unchanged, and an odd 
number changes its sign. | 


Consider V1-—2=vV1-—2V1+<2, 
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A single circuit around either of the points + 1 or — 1 changes 
the sign of V1— 2; a circuit about both of them leaves the sign 
unchanged. 

Now let z describe a path as follows: Let it start from O 
(Fig. 111), go along the axis of reals to 1— r, describe then 
the small semicircle around 


z, 
1 to 1+7, and then pro- Ky 
ceed indefinitely along the axis [\ 


of reals. What is the effect 9 a we Ne 
on the sign of V1—2z? if at iG, Lit 


the outset V1—22=+1? To answer this question we place 
1—z=1—x-—w=r(cos ¢—‘7sin 9), 
where ¢ and r are as shown in Fig. 111. Then 
1+z2z=2-—r(cos ¢—‘7sin 9), 


and V1—2= 13 (cos : —7sin o\N2 —r(cosp@—zsing). (1) 


When z is between 0 and 1 — 7, ¢ = 0, and we have, from (1), 
V1—-2=r?V2—r, 
which must be taken as ++, since by hypothesis V1 — z2 = 1 when 
gee (). 
When z is real and > 1+ 7, 6=7, and we have, from (1), 
V1 — 22 =— tr? V2+7. (2) 
If we simply put z=1+7 in V1—2?2, we get V—2r—??, 
and the analysis just given shows that this must be taken as 
—iv2r+r and not astiv2r-4 7. 


138. Exponential and trigonometric functions. By definition we 


have zg 2 2 
ae = rel ep 2 as bueuse 1 
eee parla ea ; (1) 
ee 
sin@=2—-Q tect (2) 


2 


z 
coz l= ta 


When z is real these become the elementary functions. To prove 
the convergence of the series place z= r(cos 9+7s1In 0). Then 
(1) becomes 


4 


(3) 


; t/a iting | 
(1-41 cos 0+ 5, cos 20+---) +8(rsin 6-45; sin 20+---). 
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Each term of the two series in parentheses is at most equal to a 
corresponding term of the known convergent series 


Wee 
Leech gyre 


and hence by the comparison test ($18) the series converges. 
In the same manner (2) and (8) may be shown to converge. 


From (1) we have 


Custdy, (ue yet eer (4) 


which are the fundamental properties of the exponential function. 
From (1), (2), and (8) we get also 


e*=cosz+7sin z, 


e~* = cos z—7 sin z, 


(5) 


which is true for all complex values of z. From (4) and (5) it 
follows that et — o cos y + ie* sin y, (6) 
from which we have the theorem : 

The exponential function of a complex quantity is itself a complex 
quantity. 

From (5) we have 


; = ee — e% e ale ew 
sin 2=—35 C086 Saas (7) 


With the aid of (4) we readily obtain from (7) 
sin (2% + 22) = sin 2 cos 22+ cos 2% sin Ze, (8) 
cos (2 + 22) = cos Z COs 22 — sin 2% Sin Ze. (9) 


In (8) let us place 7; = x, z2 = iy. We get 


sin (x + 2y) = sin x cos ty + cos x sin iy 


EAs sin x +2 a oa COS x 

= cosh y sin x +7 sinh y cos x. (10) 
Similarly, cos (x + zy) = eon cos x —7 Coe Oe sin x 

= cosh y cos x — 7 sinh y sin x; (11) 


whence we have the theorem: 


The sine and cosine of a complex quantity are themselves complex 
guaniities. 


ha a 
Se 
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It is known from elementary trigonometry that sin (x + 2 kr) 
= sin x, cos (x + 2 kw) =cos x, where x is a real number and k 
is an integer. Hence, from (6), 


eet aknt = e”, (12) 
and, from (10) and (11), 


sin (¢+ 2 kr) =sin z, cos (2 + 2 kir) = cos z. (18) 
From this we have the theorem: 


The exponential function is a periodic function with the imaginary 
period 271. The sine and cosine are periodic functions with the 
real period 2 7. 


139. The hyperbolic functions. The hyperbolic sine and the 
hyperbolic cosine have been defined in §27 and treated for a real 
variable. The same definitions hold for a complex variable; 
namely, : ie 


i = eosh z =< ey, (1) 


2 2 


From these definitions we have 


sinh iz = oo pain, (2) 
; e% =e e7@ 
eosh 42 = ——=—— = €0s 2. (3) 
et) ei eiliz) 
Similarly, sinh z= a ee 7 sin 22, (4) 
en th) ae gil) / 
cosh z = ya COS 22. (5) 


From this it appears that hyperbolic functions are essentially 
trigonometric functions and that relations between trigonometric 
functions give rise to relations between hyperbolic functions, with 
certain differences arising from the presence of the factor 7 in 
(2) and (8). 

For example, since sin? 7z + cos? 7z = 1, 
we have, from (2) and (8), 

cosh? z — sinh? z = 1, (6) 


which may be verified from (1). 
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We have also 


sinh (z; + 22) = —7 sin (22 + 722) 
= — 7 Sin 272 COS 122 — 7 COS 221 SIN 222 
= sinh z; cosh zz + cosh 2; sinh Zz, (7) 


cosh (2 + z2) = cos (221 + 222) 
= COS 721 COS 122 — SiN 721 SIN 222 
= cosh 2 cosh z2 + sinh 2; sinh 22. (8) 
As special cases of (7) and (8) we have, by use of (2) and (8), 
sinh (2 + iy) = sinh x cosh zy + cosh x sinh ty 


= sinh x cos y +7 cosh x sin y, (9) 
cosh (x + zy) = cosh x cosh zy + sinh x sinh zy 
= cosh x cosy +7sinh x sin y, (10) 


by means of which the hyperbolic sine and the hyperbolic cosine 
are separated into their real and imaginary parts. 
From (7) and (8) we have 


sinh (z+ 2 kt) = sinh z, 
cosh (z+ 2 km1) = cosh z. 
Hence 


The hyperbolic sine and the hyperbolic cosine are periodic func- 
tions with the imaginary period 2 17. 


140. The logarithmic function. If z= e”, then, by definition, 
w = log z. 


The properties of the logarithmic function, namely, 
2 
log (2122) = log 2, + log 22, log = = log z, — log Za, 
2 


log 2” = n log z, logitt== 0; 


are deduced from the definition, as in the case of real variables. 


The logarithm of a complex number is itself a complex number. 
For let us place 
z=x+ity=r(cos6+7sin 0) = re: 
then 
; ; al 
log z= log r + log e” = logr + 10 = 5 log (a? + y”) +7 tan7! 


R1< 


ee ee 
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Here logr is the real logarithm of the positive number r, as 
found in the usual tables. 

We may now find the logarithm of a real negative number. 
For, if — aissuch a number, we may write — a = a(cos r+isin 7) 
= ae’"; whence 

log (— a) = loga+iz. 
In particular, log (— 1) = 17. 


It is to be noticed that in the domain of the complex numbers 
a logarithm is not a unique quantity. For 


ev = elt 2kin =—2 

, 
where k is zero or an integer. Therefore 
log z=w+2 kin. 


From this it follows that the logarithm of any number has an 
infinite number of values differing by multiples of 2 77. 

Let us consider the effect upon w = log z by varying z continu- 
ously. When z= 2, let us pick any one of the possible values of 
RAY. w1 = log m1 + 701. 

When z describes a path from z, back to z without going 
around the origin, 7; and 6; return to their original values, and 
hence w; returns to its original value. But if z describes a path 
which goes around O once in a positive direction, r; returns to its 
original value, but the angle 6; becomes 6; + 2 7, and hence w; 
becomes wi+277. If z goes m times around the origin in a 
positive direction and n times in a negative direction, w; becomes 
WwW, + 2(m — n) 71. 

141. The inverse hyperbolic and trigonometric functions. If 


Z== Sinkt 0; 
then, by definition, w = sinh"! z; 
if z= cosh w, 
then w = cosh! z; 
and if z= tanh w, 
then w = tanh! z. 


These functions are closely connected with the logarithms. For 


let “ah ee —e¥ 
-=simmnn w= x 
2 
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From this equation we have 
e7 ea Ve, 


which is a quadratic equation in e”. 


Hence C= eee Ve +1, 
w = sinh7!z = log (e+ Vz? + 1). (1) 
Similarly, cosh~!z = log (g++ Vz2—1), (2) 
and tanh-!z = log peat (3) 
Zi 1-—z 


These formulas are true for any complex quantity z. If z= 2, 
a real number, (1) gives only one real value of w arising from the 
use of the plus sign in (1). If z=, areal number, in (2), we have 
two real values of w provided x > 1. If z=~2z, a real number, in 
(8), we have one real value of w when —1 <x <1. 

The functions sin~! z, cos! z, and tan~! z may also be expressed 
in terms of logarithms. This may be done in the same manner as 
that just employed for the hyperbolic functions, or we may work 
as follows: 


1 
Let Z= sin w= 7 sinh zw. 
pin | f . =i 
Then w= sin 2= 7 sinh~* 7z 
1 ? 
= log (zg +V1 —2z?2). (4) 
Let Z= Cos W = cosh tw. 
Then w= cos !z= : cosh! z 
1 
= log (¢ +V2?—1). (5) 
Let g=tanw= : tanh iw. 
—] 1 ail . 
Then o©=tan' z= ; tanh iz 
baal 1+ 72 
a ae © 


142. Functions of a complex variable in general. We have seen 
that functions of a complex variable obtained by operating on 
«+ ty with the fundamental operations of algebra, or involving 
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the elementary transcendental functions, are themselves complex 
numbers of the form u + iv, where wu and » are real functions of x 
and y. Let us now assume the expression w = u + iv, and inquire 
what conditions it must satisfy in order that it may be a function 
of z=x+1y. 

In the first place, it is to be noticed that in the broadest sense 
of the word function (§1) w is always a function of z, since when 
z is given, x and y are determined and therefore u and »v are 
determined. But this definition is too broad for our present pur- 
pose, and we shall restrict it by demanding that the function shall 
have a definite derivative for a definite value of z. 

In case f(z) is given explicitly in z involving the elementary 
functions of the previous sections, this condition is surely met, 
because all the operations used in the calculus of a real variable 
to obtain the elementary derivatives are valid for the complex 
variable, and the derivative is uniquely determined. We have, for 
example, 

sail ath n—-1 ad ; == 4, — 1 

Bet tele ahs Gg Sin 2 = COS %, 7, Oe t= 
and so on. 

We shall proceed to show, however, that the uniqueness of the 
derivative means that uw and v satisfy certain conditions. This 
we do as follows: In order to ob- y 
tain an increment of z, we may assign Q(2+Az) 
at pleasure increments Ax and Ay 
to x and y, respectively, and obtain 
Az=Ax+izAy. The direction in which 
the point Q (Fig. 112), which cor- 
responds to z+ Az in the graphical 
representation, lies from P, which cor- Fic. 112 


pas : 
responds to z, depends on the ratio aa which may have any value 


whatever. Corresponding to a given increment Az, w takes an 
increment Aw, where, by (1), § 38, 


0 
Aw = (= a+ a )Aw de (= + ea) Ay 


Ox 
f /av av 
+i{(2+ cs)ao +(2 + Ay}, 


provided u and » have continuous partial derivatives of the first 
order. 


346 FUNCTIONS OF A COMPLEX VARIABLE 


Dividing by Az = Ax +7 Ay and taking the limit as Ar—>0 
and Ay — 0, we have 
Ou . ov fa (= abe dy 


+27—- — +4 
him Aw _ O# | On Noy * Gy) de (1) 


42-0 Az 14,4 
da 


Unless special conditions are imposed upon wu and 2», the expres- 


. : d 
sion on the right-hand side of equation (1) involves —) and the 


dx 
value of Lim ae depends upon the direction in which the point 
Az>0 
Q approaches i point P. Now the value of the right-hand side 
dy ; 

of (1) when 7 = 0is By er: 

ag a (mae) 

ou ox 


and its value when 2 = 0011s 
1/ou  .ov 
Sethe) 
Equating these two values, we have 


ou. .dov (= iz) Ov 5 ou 


bn Gk 5 ae Ch) (2) 


This, then, is the necessary condition that Lim aD should be 


dy dy _ Az> 0 Az 
the same for the two values = = (0 and — 7 It is also the 
c 


sufficient condition that Lim a should is ie same for all values 
Az>0 z 


dy 
of oh for if (1) is simplified by aid of @), = disappears from it. 


Now (2) is equivalent to the two ce 


au _ bv 
ox oy 

eae 3) 
oy Ox 


Hence equations (3) are the necessary and sufficient conditions 
that the function w+ 7 should have a derivative with respect 
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to x+y which depends upon the value of x+y only. From 
(1) this derivative may be written 


Ue OU OU fou. Ov 
Bat @ae +i ilatig) 


Ox 4 

A function «+ iv which satisfies conditions (3) is called an 
analytic function of x + iy. 

143. Conjugate functions. Two real functions u and 0, which 
satisfy conditions (3), §142, are called conjugate functions. By 
differentiating the first equation of (3), §142, with respect to x, 
the second with respect to y, and adding the results, we have 


au, Ou 

On Oy" 

Also, by differentiating the first equation of (8), §142, with 

respect to y, the second with respect to x, and taking the differ- 
ence of the results, we have 


070 2y 


(4) 


= 0. 


That is, each of a pair of conjugate functions is a solution of 
the Laplace differential equation in two variables. 

Conversely, any real solution of the Laplace equation may be 
made the real part of an analytic function f(z). 

For let w be such a solution. We may determine v from the 


equations 
: a) cf ou ov =Ou 


a Aes il 
Ox ai Oy Ox @) 
e 0 
In fact, eee padi 
oy Ox 


satisfies the condition for an exact differential, since 


2 ( on) 7) (=) 
dy\ ody] ox \ox 


and v may be found by the method of § 36 or of § 75. 
Then the function u + w= f(z) 


satisfies the conditions for an analytic function. 
Let us now construct the two families of curves wu =c¢; and 
v=o. If (x1, y1) isa point of intersection of two of these curves, 
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one from each family, the slopes of the tangent lines at (x1, y1) 
are, respectively, ay 
dy ox 
dz Ou 
oy 
ov 
dy rox 
and 7s DD 
oy 


But from (3), §142, these two slopes are negative reciprocals. 
Hence the two curves intersect at right angles; that is, every curve 
of one family intersects every curve of the other family at right 
angles. We express this by saying that the families of curves corre- 
sponding to two conjugate functions form an orthogonal system. 

Examples of conjugate functions and of orthogonal systems of 
curves may be found by taking the real and imaginary parts of 
any function of a complex variable. We have, for instance, 


log (x + ty) = log Vz? + y2 +7 tan! 
fi z 
Hence log Vx? + y? and tan-! . are conjugate functions, and the 


curves «7+ y? = c and y= cox form an orthogonal system. In 
fact, one family of curves consists of circles with their centers at the 
origin, and the other consists of straight lines through the origin. 


2- plane W- plane 


Fie. 113 


144, Conformal representation. An equation 
where z=x2+1y, w=u+w, and f(z) is an analytic function, 
establishes a relation between the plane in which z is represented 
as in $135 and the plane in which w is similarly represented. 
If P(x, y) (Fig. 118) is a point on the z-plane and P’(u, v) the 


a atl ——— 
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corresponding point on the w-plane, the relation between P and 
P’ is given by the equations 

u= u(x, Y)s 
zs (2) 
v= v(x, y). 
Let Q(x + dx, y+ dy) bea point near P. Then Q’(u + du, v + dv) 
is the corresponding point near P’, where 


du = a 4 ay 


3) 
and do = Fd + 2 dy. : 
Let PQ = ds = Vdx? + dy? 
and P'Q! = do = Vdu2 + di?. 
Then, from (8) and the relations (3), § 142, it is easy to caleu- 
late that iy Side (4) 


ae m= (2) +( ma) =( | (=) +(7 y+). (5) 


Since the coefficient on only on the coérdinates of P and 
not on those of Q, formula (4) shows that all infinitesimal lengths 
emanating from P are magnified in the same ratio. The scale 
of magnification changes, however, as the point P changes. 

Let R(x+6z, y+é6y) be another point near P, and let 
R’'(u+ du, v+6v) be the corresponding point near P’. It is 
easy to show, by virtue of the relations (8), §142, that 


M2? (dx 6x + dy dy) = du du + do dv. (6) 


Consequently, if 6 is the angle between PQ and PR, and 6” is 
the angle between P’Q’ and P’R’, we have, by (4), § 45, 


cos 86 = cos @’. 


Hence if two curves on the z-plane intersect at an angle 0, the 
corresponding curves on the w-plane intersect at the same angle. 
In other words, angles are preserved. For this reason the relation 
between the two planes is said to be conformal. 

The discussion given above fails for points for which M = 0 or . 
For such points we do not expect to find preservation of angle. 
By (4), §142, M is the absolute value of f’(z). Hence the con- 
formal property fails at the points for which f’(z) = 0 or «. 
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Example 1. w= Zz, 
Ee Me 0) 
Here U=2 ys (7) 
(= 7 ay 
and do =2V x? + y? ds. (8) 


The magnification is consequently symmetric about the origin and 
becomes greater as the point (x, y) is taken farther from the origin. 
The representation will be conformal at all finite points except where 
dw : 
Pages 22z=0. In fact, if we write 
z=r(cos 0+7sin 6), 


we have w=r?(cos20+ isin 2 6); 


whence it appears that the angle of w is twice the angle of z, so that if z 
describes an are subtending an angle @ at the origin, w describes an arc 
which subtends an angle 2 6 at its origin. Hence the first quadrant of 
the z-plane is imaged on the upper half of the w-plane. In fact, from 
(7) it appears that if y=0 and «x varies from 0 to + 0, then v= 0 and 
u varies from 0 to + 0; if r= 0 and y varies from 0 to + o, then v=0 
and u varies from 0 to — ©. Hence the positive part of the x-axis cor- 
responds to the positive part of the u-axis, and the positive part of the 
y-axis corresponds to the negative part of the u-axis. 


The straight lines C=, “6s (9) 
on the z-plane correspond to the two orthogonal families of parabolas 
v=—4¢(u—c17), v0? = 4 c2?(u + C9?) (10) 


on the w-plane. 
On the other hand, the straight lines 


U=C1, V=C2 (11) 


on the w-plane correspond to the two orthogonal families of hyperbolas 


wP—yr =e, Ly =F Ce (12) 
on the z-plane. 
Example 2. w= e', 
Here u=e-" cos 2, 
and vy =e-"sin x. (13) 
Since et? = eit + 27t — pile+2m) 


all values of w are obtained by considering a strip of width 2 7 measured 
parallel to OX on the z-plane, the sides of the strip being parallel 
to OY. In other words, the entire w-plane is imaged on such a strip. 
The conformal property fails only when z =o. For other points 


de = en ds; (14) 
so that the magnification depends on the distance of z from the z-axis, 
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The straight lines iC 

parallel to the axis of reals on the z-plane correspond to circles 

U2 aL y2 _ e7 2% (15) 
with center at the origin. If c,=0 the radius of the circle (15) is 
unity, if c; > 0 the radius is less than unity, and if c, < 0 the radius is 
greater than unity. Hence we infer that the upper half of the z-plane 
corresponds to the portion of the w-plane inside a circle with radius 
unity, and the lower half of the z-plane corresponds to the portion 
of the w-plane outside the same circle. When y= the circle (15) 
becomes simply the origin on the w-plane, and when y = — © the 
circle (15) has an infinite radius. 


The straight lines SS 


parallel to the axis of imaginaries on the z-plane correspond to the 


straight lines o= 4 tan Co (16) 


on the w-plane which are orthogonal to the circles (15). To increase 
c2 by 2m does not change the line (16), in agreement with the fact, 
already noted, that the w-plane corresponds to a strip of width 2 7 on 
the z-plane. 

The relation between the z-plane and the w-plane is essentially that 
which exists between two maps of the earth’s surface, one a stereo- 
graphic projection and the other a Mercator projection. In the former, 
which may be taken as the w-plane, the north pole is the origin, the 
circles of latitude are concentric circles around the pole, and the merid- 
ian lines are straight lines through the pole. In Mercator’s projection 
circles of latitude and longitude are straight lines, the north pole is at 
infinity, and the magnification, or distortion, becomes greater the closer 
one comes to the pole. The student is advised to compare two such 
maps, to be found in any atlas. 


145. Integral of a complex function. Let f(z) be analytic in a 
region R (Fig. 114) and consider the Y 


integral 29 
[tea (1) 


taken along a curve C drawn from 2; 
to zg. This is essentially a line integral. 
In fact, if we place 


f(z)=u(z, y)+w(a,y), dz=dr+71 dy, 
(1) becomes Fic. 114 
(2a, Yo) ; (Xo, Y2) 
ib (u dx — v dy) +if (vo dx +u dy), (2) 


(24, 1) S (ty Vy) 
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and the conditions that the integrals in (2) should be independent 
of the curve C are exactly the conditions that f(z) should be an 
analytic function. We have, therefore, the following theorem : 


In any region R in which f(z) is a single-valued analytic function 
of z the integral 1 f(z)dz is independent of the path of integration be- 


tween 2, and 22, and the integral f f(z)dz around a closed path is zero. 


A corollary is that the path of this integral, whether closed 
or between fixed limits, may be deformed without changing 
the value of the integral, provided that in the deformation 
no point is encountered at which f(z) ceases to be analytic. 

146. Cauchy’s theorem. Let f(z) be single-valued and analytic 
in a region including a point z= a and 
bounded by a curve C (Fig. 115). Draw 
a small circle around a as a center. 
Then in the area bounded by C and 


this circle the function J ©. is analytic 


and single-valued. Hence 


ID tom { $2 ae oth 
ee 


=O 
(C) 


where the second integral is taken around the small circle. 
Now since f(z) is continuous at z= a, 


f@) =f@ +. 
F(Z) dz edz 
Hence [@ e=s0 [+f 


On the circumference of the circle we have 
z—a=r(cos +7 sin 6) = re®, 
dz = ire” dé, 


a 
fea dhe 
2-0 


PIG lS 


Therefore 
f@) +4 Be : 
{[e=-s0f idd+[ “ie dd =2 wif(a) +n, 


20 
where 7 = 7 sh ed@. Now we may take the radius of the circle so 


small that |¢| is less than any assigned value for all points on the 
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circle. Hence |7| is less than any assigned value, and the value 


ay dz differs from 2 wif(a) by a quantity which can be 
ac 
made as small as we please. Therefore, from (1), 
u $@ 4 
ae, Sat @) 
(C) 
This is Cauchy’s theorem. 
Another form of this result HM 
t 
F(Z) = lee ue dl (3) 


Sai 


where z is held constant in re ies and ¢ traverses the 
curve C., 

It may be shown that the integral (8) may be differentiated 
under the integral sign and that each result thus obtained may be 
differentiated in the same way. We shall assume this. Then 


: = os 


vt = at ‘(10 
P= 5 rid (= pa 
"1 a ue (4) 


; fW0 
l= if ti 


From these it follows that if a func- 
tion is analytic, all its derivatives exist. C 
This is not necessarily true for a function 
of a real variable. 

147. Taylor’s series. Let f(z) be ana- 
lytic within a circle C (Fig. 116) of center 
z=a and radius R. By (8), §146, if zis 
any point within C, we have 

ae ae eh) 


2m1Jt—z Fic. 116 
(C) 


~ 
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where the integral is taken around the circle C. We have clearly 


oleh AiR Ley Eee ee 
Poe to Ga) ta pl 
ae =" 
1 2G ee (g—a)” \t-—a 
= Sete + ——___—__ |- 
eae chet ae aye 1-228 | 
ta 


ae in (1), we have 

10 an F(t) 

QmiJ (t—a)’ 
(C) 


(2— a)” (_f@)dt 


di-toe 


Taare oe 
(C) 
wt. n+1 
where dhe = sale ely (=) dt. (3) 
ee ae t—a 
By (8) and (4), §146, formula (2) is oe Ds 
F(Z) =f(@) + @- sive srs Bed A ie 
42a" 0iga) + Ry (4) 
We now wish to show noe 
Lim, =0. (5) 
Let |jz—al=r and |t—al= 
Then j¢é—zj)= R—r. 


Also, let M be the largest value which | f(t)| takes on the cir- 
cumference of C. Then 


= eS ae . “(sy . (6) 


Since r < R, we may, by taking n sufficiently great, make the 
expression (6) less than any assigned positive quantity e. Hence, 


from (8), Z 
Pen) aq | lal 


By using polar codrdinates with center at a, t—a= Re® and 


dt = Rie” dé. Te 
Ton io a = Re, 
from which (5) ee 


POLES AND RESIDUES 355 


Hence (2) gives us the infinite Taylor series 


z—a)” 
fle) = fa) + @-af'@) +--+ = fray... @ 
which converges for all points within the circle C. The size of C 
is limited only by the condition that f(z) shall be analytic within 
it. Hence the circle C may be extended until it meets the nearest 
singular point of f(z). In this way the circle of convergence of (7) 
is determined. When a, function may be expanded around z= a 
in the series (7), it is said to be regular at the point a. 
148. Poles and residues. An analytic function f(z) is said to 
have a pole of order m at the point a if 
P(Z) 
= ———., ul 
$0) = Ge ) 
where $(z) is a function which is regular and ~0 at a. By ex- 
panding ¢(z) into a Taylor series in the neighborhood of a we get 
from (1) a series of the form 


Dm by 
CD ye ee ty tama @) te 2) 2) 
or, since the series which closes (2) defines an analytic function 
m m—1 1 
rear Geer ee 2 


Consider now the integral 


[sede 


taken along a closed path within which f(z) is analytic except for 
the pole a. Then, by §145, 


[vod =o, 
(C) 
and, except in the case m =1, 


b, Dy i 
a le) 
ek Cent uP Feererrcoll 
(C) 


since z returns to its original value by a complete circuit of C. 
by 


FO 


dz. 


We have, therefore, NC S@)az = 
(C) (C) 
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To evaluate the last integral we may deform C into a circle 
(§115) with center at a and radius 7 (Fig. 117) and write 


z—a=re"®, 


; 2 
dp f(Zdz = if bs dz = a bi dO = 2 wibs. 
Z2—-@ 0 
(C) (C) 


The quantity b;, which is the only coefficient in the expansion 
(2) which affects the value of the integral of f(z) around C, is 
called the residue of the pole. 

Consider now a curve C (Fig. 118) surrounding any number of 
poles a1, dz, a3, ++, Gm of f(z) and let Ri, Re, Rz,---, Rn be the 


Fig. 117 Fic. 118 


residues of the poles. The path of integration of f(z)dz around C 
may be deformed into circles around 41, dg, - - -, dn, and, applying 
the result just obtained, we have 


[Sede =2 wilh + Rat +--+ Ra). 
(C) 


That is, the integral of an analytic function around a closed 
path in which the function has no singularities except poles is equal 
to 2 12 tumes the sum of the residues of the poles. 


The student should not think that a pole is the only singularity 
which a function may have. It is the only kind which we wish to 
consider. For a more complete study of singularities the student 
is referred to treatises on the theory of functions of a complex 
variable. 

149. Application to real integrals. The theorem on residues (§ 148) 
may be used to evaluate certain integrals of-real variables. We 
will show this by examples, 
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: eimz 
Example 1. Consider f rariger dz, (m > 0) 


taken along the closed path (Fig. 119) formed by the axis of reals from 
— to FR and a semicircle from R back to — R. Within this path the 
function integrated has a pole z=7. To find its residue we write 


eime nl eimz iI Y 
Se 2palS)- 0 2 
1 Ra 
= [6@+@-1O' 4-1 
$ 
and the residue is na Rp ra rz ~X 
g(t) = rire Fig. 119 


Hence by the theorem of the last section the value of the integral 
along the path mentioned is 7e-™. 
Along the axis of reals 2 =x, and along the semicircle 


z= R(cos 6+ 7sin g); 
whence ¢”” = e-®™ in cos (Rm cos d) +7 sin (Rm cos ¢))]. 
Consequently for the given integral along the closed path we have 
te emda 
-R1+2? 


7 e— Rmsin ¢eos (Rm cos ) +i sin(Rmcos $)],,_ : 
a, 1+ R2(cos 2 $+ isin 2 ¢) R(— sin d + cos ¢)d¢. 


Now let R->. It is not difficult to see that the last integral ap- 
proaches zero as a limit, and therefore 


eime 


ioe) 
ik df= en”, 
-e© 1+? 


“ 2  .sin mx 
But this is thes (a5 =P sam) Lica 


and equating real and imaginary parts, we have 


© cos mMxr he 
f diame 
-©1+? 
ih sin as dx = 0; 
=O ae 
OCOs. tT 
whence, finally, ih me dr= perm, (1) 
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Example 2. Consider the integral 


e* dz 
ie 


along the path (Fig. 120) consisting of the axis of reals from r to + R, 
a semicircle from R to — R, the axis of Y 


reals from —R to —r, and a semicircle 
from —rto+r. 
Along the axis of reals z = x, and along 
the two semicircles 
z= R(cos 6 +7 sin 0) = Re”, 
and z=r(cos 6+7sin 6) = re”, 


i) 
a= pe 


Si rOl rT R 
; Fic. 120 
respectively. 
Since the function has no pole in the region bounded by the path, 

the integral is zero, and we have 

Re* ie eartnt) ae é 
if —dx aap e [cos (R cos @) + isin (R cos 8) ]i dé 

7 2 


+f * = ae +f" e~7 mT eos (r cos 8) + isin (r cos 0) ]i dé = 0. 


Now let R— 0,r-—>0. It is easy to see that the second integral 
approaches 0 and that the fourth ae approaches — 72. Hence 


fr ae +f° © de — wiz 0. (2) 


In the second integral let x= — AX. Then 


LS SSS -{* an=—f" — ae, 


so that (2) is (aan, 
0 a3 
: “gin x T 
that is dv= —- 
J, G % 2 (3) 


Example 3. Consider the integral 
wo pP—1 
f a dx, 
ol+z 


which we have used in the Gamma functions. This converges if p is 
positive and less than unity. To evaluate it we take the integral 


if on a 


REAL INTEGRALS 359 


along a closed path (Fig. 121) consisting of (1) the axis of reals from 
r to R, (2) a circle from R back to R, (8) the axis of reals from R to r, 
and (4) a circle from r to r. 
Inside this boundary the function has one pole, z= —1, and the 
residue is (— 1)?-1* = e-)tt = eos (p — 1)7 +7 sin (p — 1)z, 
so that the value of the integral is 
—27sin (p—1)7+2 wi cos (p — 1)z. 
Consider each of the four paths in succession. 
Along path (1) z=z=z(cos0+7sin 0). Therefore the integral is 
Rane Y 


if wre 


Along path (2) z= Re*®. The inte- 
gral is 


{ 
1 
( 
' 
' 
i 
! 
! 
{ 


1ei( es 
on hes ee Re® dd, 
0 cence a eS Rec 


and the limit of this is zero as R— ©, 
since p < 1. 

Along path (3) z=x; but we must 
now write 


z= x(cos 2 7 +1 sin 2 1) = xe?™, Fic. 121 


since the angle of z has been increased by 2 7 by the passage around 
the circle R. Hence the integral is 
i ges Be a ah x? [eos 2 pr +isin2 pr] se 
Ro Les 1+2 


Along path (4), z=re®. The integral is 
p—lei(p—1)6 : 
eee 


and the limit of this is zero as r — 0, since p > 0. 
Putting together the four results and at the same time passing to the 
limit, we have 


ca 1 Oges eos pe - (9x? -* sin 2 om , 
Toe vb dx nif enick © dx 


=—27sin sate 1)7 +2 wi cos (p—1)r. 
Equating real parts and making ee reductions, we have 


—l 
= dx = 2 ; 
(1 cos 2 pm) [= ie by w sin pw 
wo 7P- 
f w eee (4) 
o1l+z 2sin* pr sinpr 


0 


or 
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150. Application to Bessel functions. We have seen in (4), §116, 
that at ee , ; : d 
Jute =f e'!(1 — t”)"-3 dt (1) 
= lal nt Dy -1 
is a solution of the Bessel equation 


dy dy 
os — 2 _ »?)y = 0. yo 
Cs en arg a n° )y (2) 
This leads us to inquire whether other integrals of the form 
e 1 
= of e'*(1 — t?)"—7 dt (3) 


may be solutions of the same equation if a and 6 are properly 
determined. We will accordingly substitute (8) in (2). We obtain 


B 2 
(2+ 1)x"*} f ite™(1 — t2)"-? dt 
B 1 
Se mt fe eit(1 — #2)"+4 dt = 0. (4) 


The first integral in (4) may be integrated by parts, using 
u = ie and dv = t(1 — t?)"~2 dt. Then (4) reduces to 


t=8 
E ith — aca = 0), (5) 
t=a 
Equation (5) may be satisfied by placing a=—1, B=1. In 
that case we have the integral which 
occurs in the function J,(x). Equation 
(5) may also be satisfied by placing a=1, 
8=1-+70, and we have a solution of 
(2) in the form 


1+i0 ; r 
ee “ial e*"(1 — t?)"- dt. (6) 
1 
To study this we note that the line 


integral of 
fewa o fi eae dt 


is zero if taken around the closed path 
OPQRSO (Fig. 122) in the planet=£+ in. 
We leave it to the student to show that 
the integral around the quarter-circle PQ approaches zero as a 
limit as the radius of the circle approaches zero, and that the 
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integral along RS approaches zero as OS approaches infinity. 
Hence we have 


1 + ico : A 0 ‘ P 
a et] — 2)0-3 qe = — if oft — 22)"-# dt 
a me) 


1 
— [ea — eye, (7) 
0 


where the first integral is taken along the line QR, the second 
along the line SO, and the third along the line OP. 

If we take x as real, the first integral on the right of (7 )i is a pure 
imaginary, since it is taken along the axis of i imaginaries where 
e*' and (1 — t?)"~? are real and dt is a pure imaginary. 

The second integral on the right of (7) breaks up into a real 


integral 1 4 
i cos xt(1 — t?)”~3 dt 
0 
and a pure imaginary integral 
1 1 
if sin xt(1 — ¢?)"—2 dt. 
0 
Hence we have, using /(y) to denote the real part of y, 
1 
Ry) =- of cos xt(1 — t?)"—? dt 
0 
Hike ' 1 
=— =f cos xt(1 — t?)"—3 dt 
Zi 
n 1 
=— ah ert) = di, 
ind =4 


the last transformation being made as was done in obtaining (11), 
§114, and therefore, by (1), 


1 
di Et Ys BEY 4/09) 9 (8) 
T= eee A) 


To obtain the real part of y substitute in (6) 
yO) 
t=1+ 2 
x 


where » is a new variable. We have, in the first place, 


: om. p?\ 2-4 : 
y= — xr “(del meee? a) dv. 
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; 24 
If we take out of the parenthesis the factor — aa and place 


—t= ae then after a few changes we have 


Z Coa ae “4 ( ye 
y= a i hy Ka ane dv, (9) 
where y= _Gntur. 


Let the quantity in parenthesis be expanded by the binomial 
series. The typical term is 


1 3 2k—-1 
= BNe=9)- 8 
KV (2x)* 
which must be taken equal to unity when k= 0. Therefore 


eB 
elon—a k= 2 2 2 [ows dy 
0 


(wv)", (10) 


Z7  k=0 ki (2 x)" 
1 3 2k—1). 
__orsy| OB) OTE ed) 
sake Elo k1(2 x) (n+ +5 
ly 9 2k—1)? 
ete ence am 
eas Kay (n45) 
aaa 
=— [P(w) + iQ(ayIE(n ie >) 
where 
gs eo Ke a) 0 mace) 
P(x) =1 212 x)? ot: ian? = 
Se i illo 9 oa 
a) as 31(2 x)8 Se 


Therefore the real part of y is rat 
(— Peasy + Qsin ) ‘ r(n+ 5) 
and, from (8), Jn) = \o 2 ip cos ie Q sin yp). (11) 


The solution (11) is one which may be used to compute J,(2) 
for large values of x. The series for P and Q do not, however, con- 
verge; but it may be shown that the error made in neglecting 
the terms after a sufficient number is less than the first term 


a eS 
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neglected, so that if the series is broken off before its smallest 
term the best degree of accuracy is obtained. 
To prove the statement just made let R, be the remainder in 


the expansion of (1 + =) a after the term (10) is reached. 
Then, by (12), § 7, js 


eG ) 


k+1 v : —t) n—k—-} 
=) fet i 
k! a) ‘ Be ety M 


9 =F n—k—# 
But ( 1+ —~) <1 in absolute value if k > n +5 and 


Ry 


t lies between 0 and v. Hence 


algae), 


(kK +1)!(22)*t! 


| R;,| < 
and 


[ver w-tr, dv 

0 

SE eer) 
eee RACES 


kt D2a)4 


that is, 


ie v”-*R, dv 
0 
2 4 ee See | 2 r(n+5), 


(kK+1)!(22)**} 
From this it follows that the error made in cutting off the series 
P+7Q 

with any given term is less in absolute magnitude than the value 
of the first term omitted. The expansion for J,(x) has, then, the 
same property. Such a series is an example of an asymptotic 
expansion. 

We may find another solution of the Bessel equation by taking 
the imaginary part of the integral y multiplied by any constant. 
In that way we find the solution 


¥a(2) = Y= [@(2) cos ¥ + P(e) sin YI. 
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Carry out the following operations and graph each of the given 


numbers and the results: 
1+ a 


L@+3)+(4-). 224+8)-G-H. 8.5 at 2 


= 
8 a 


5. Find the modulus and the angle of each of the following numbers : 
1+V-—3, 1-—V-8, —4, -—7V-1. 
Find the following powers and express the results graphically : 
6. (2—31)2. 7. (44-7N2)". 8. (1 + i)3. 9. (1 —1)*. 


Find all the values of the following indicated roots and locate them 
graphically : 


4 4 ,—- 5 5)» 3 3 
10eMi1.~ 14. Vaid 2192/32. 4a; Vides Ie ee 


16. If 1, w;, we are the three cube roots of unity, prove that w2? = a, 
W17 = Wo,1 + w + We = 0. 


17. Study the effect on w NG by various paths described by z. 
Express the following as complex numbers: 

is. ef, 20. sin(1 +9). 22. sinh i. 24. log (— 2). 
19. e'-1, 21. cos(— a+ 1\/_3), 23. cosh (1+ V2). 25. log (1 — 7). 


Find the orthogonal systems of curves defined by the real and 
imaginary parts of the following functions: 


1 ~— 
26. -- erelag = 28. log Vz? — 1. 29. Vz. 
z 2+1 
Study the conformal mapping defined by the following functions: 
30. w = 2”. 32. w =sin z. $4 ee 
1 iy aa 
81. w = log z. 33. w =-- 85. w = cosh z. 
Zz 


Calculate the following integrals, where m, a, and b are real 
numbers: 


sin mx co ett — ght 
Gagppreeabnecneel EE Pe sin R. 
36. | aa? + aye 39. f 7 foe @ <i) 
co COS Mx x COsx 
37. d ; 
—o 1+ «4 if a? + 2? (a > 0) 


© ea Cel 
38. la 5 pet (a< 1) 41. ft cos x? dx = f,"sin x” dz. 


CHAPTER XVI 


ELLIPTIC INTEGRALS 
151. Introduction. Any integral of the type 


ie P(x)dz, (1, 


where P(x) is an algebraic polynomial, is easily evaluated, and 
only one type of integral occurs; namely, 


d grt 
ti a de = =. (2) 
Any integral of the type 


Pig) 
Q(x) dx, (8) 


where P(x) and Q(x) are polynomials, may be evaluated by sepa- 


ration into a polynomial and partial fractions. There is necessary 
a new type of integral, namely, 


dx 
if ee log x, (4) 


so that the integration of a rational fraction is only possible by 
aid of a new kind of function, the logarithm. In elementary work 
there also arises the type 


ff SLL a (5) 
a a 


but from the standpoint of the complex variable this is not 
essentially different from (4). 
Any integral of the type 


[RG Vax + b)dx, (6) 


where R(x, /ar +5) is a rational function of x and Vax +b. 
is integrable. For if we place 


z=~Var+b, 


we reduce (6) to the type (1) or (8). 
365 
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Any integral of the type 
ip R(x, Vax? + bx + c)dx (7) 


is integrable. For we may write 
ax? + ba + ¢ = a(x — 71) (x — 2) 


and place 2(2 — 71) = Va(4& — 11) (%& — T2). 


"127 — are 
Then Ca 
2 —a 
a(ry — 72)z 
NV ax? -- be eS 
= + 22 5 , 
2 a(r2 — 11)2 
dx = —>——— dz 
(2? — a)? ‘ 


and (7) is reduced to the type (1) or (3). This proves the possi- 
bility of the integration, but does not outline the method which 
is necessarily the most convenient in practice. No essentially 
new type of integrals or functions arises, but it is convenient in 
elementary work to have the formulas 


dx Set iP dx a ame 
Sygeer Pe ee ee 


This is as far as we can go in general statements as to the inte- 
grability of algebraic functions. If the integrand involves the nth 
root (n > 2) of a polynomial higher than the first degree, or the 
square root of a polynomial higher than the second degree, the 
integral cannot in general be evaluated in terms of elementary func- 
tions. Of course, particular cases of such integrals may sometimes 
be evaluated. 


The integrals i R(x, Vax? + ba? + cx + e) da (9) 
and [Re Vaxt + bx + cx? + ex +f )dx (10) 


are called elliptic integrals, and their evaluation requires new func- 
tions, the elleptic functions. 

It may be shown that (9) may be reduced to (10) by algebraic 
substitutions, and that the integration of (10) may be reduced to 
the evaluation of integrals of elementary types and the following 
new types: 

1. Elliptic integral of the first kind: 


——_—, 
: (1 — x?2)(1 — kx?) Chany 


ELLIPTIC FUNCTIONS 367 
2. Elliptic integral of the second kind: 


— f272 
f NE . a de, (12) 
3. Elliptic integral of the third kind: 
dx 
if (2? — a) V(1 = 2?)(1 — ha?) 
These are Legendre’s normal forms. In all of these it is usual 


tojtake k<. 1, 
We shall show later that (11) may be reduced to 


(13) 


if pve Uae Ss 1 
V4 y? — goy — gs a 
which is Weierstrass’s normal form for an elliptic integral of the 
first kind. 

152. The functions sn u, cn wu, dn u.. Consider the elliptic inte- 
gral of the first kind: J ri 


") VE= 0 PP) ¥ 
This integral defines w as a function of k and z: 
UFR, 2) 


The quantity k is the modulus of the integral. We shall consider 
it fixed and consider u as a function of x only. Conversely, x is 
a function of u defined by the integral (1). We use the symbol 
sn uw for this function and have, from (1), 

p= sii a, (2) 


Involved in (1) are also the expressions V1 — x? and V1 — k?z2, 
giving other elliptic functions 


V1—22?=V1—sn?u=cnu (8) 
and V1 — k24? = V1 — k? sn? u = dn u. (4) 


There are questions of algebraic signs to be given to the radicals 
involved in (8) and (4) which are partially answered by the state- 
ments taken as part of the definitions, 


sn 0 = 0: 
en0 = (5) 
an-0= 1; 


All other values come out of these by continuous variation of x, 
as in §137. 
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In (1) we may place a= sini dg. 
¢ dd 
We have “= ne ——————.- (6) 
0 V1—k?sin? } 


This defines wu as a function of ¢ and, conversely, ¢ as a function 
of u, which is called the amplitude of u and is written 


od =am uU. 
Then x= sin (am uw) = snu, 
V1—22= cos (amu) =cnu, (7) 


V1 — k2x2 = V1—k? sin? @ = dn u. 
Let us now consider the effect on wu in (6) by adding z to @. 
$y do 


Let Uy = SSS St 8 
0 V1—k2sin2o ®) 
dyta T 
0 V1—k?sin?¢@ ¥09 V1—k?sin?¢ 


x w+ oy do 
7 Wl ain 9) 


The first integral on the right-hand side of (9) is obviously equal to 


2 u 2 de 
0 V1—k? sin? d 
In the last integral in (9) place 6=7+y. It becomes 
$y dy 
0 Vi-ksin2y 
which is the original w:. Hence if we place 


Z dp : dx 
k= ——_——————. = ee 
if Vi- sin i Vi=ad-ray 9 


we have, from (9), 


Pit+7 dd 
Sa = OK : 
0 Vik sin? aS 
whence oi + T=am (uw, + 2 K), 
and consequently sn (uw. +2 K)=—snm, 
en (W +2 K)=— enw, (11) 


dn (uw +2 K) =dn wm, 
since, by (8), od) =am wm. 
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By repetition of these formulas we have 


sn (u+4K)=snu, 
en (u+4 K)=cnu, (12) 
dn (u+4K)=dnu. 


The elliptic functions sn uw, en u have therefore the period 4 K, 
and the function dn w has the period 2 K. 

These are not the only periods, however, as will be seen later. 

153. Application to the pendulum. Let a simple pendulum of 
length / swing in an arc of a 
circle. 

Let A (Fig. 123) be the lowest 
point of the bob, B its highest 
point, and P its variable posi- 
tion. Let the angle AOB =a, 
the angle AOP=8, and let 
OA=0P = OB =; 

The differential equation of 
the motion is 


d?@ 


1 ares gsin@; 
whence 
dé\? 
l a 2g(cos@—cosa), (1) Fic. 123 


the constant of integration being determined by the fact that 
when @ = a the velocity is zero. 


From (1) we get Nd ee (2) 
. l 0 V2(cos@ — cosa) 
if we assume that 6 = 0 when ¢t = 0. 
a 1 ey 
— i = 9 am i at — fe 3 
In (2) place k=sin 9 75 5 sin d (3) 


We have (4) 


Ng ‘e (<=... 
l 0 V1—k?sin?¢ 
Hence ¢=am NE ip (5) 


A geometric interpretation of many of the quantities involved 
in this problem may be given. 
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From B draw BB’ perpendicular to OA and intersecting OA 
(produced if necessary) in C. On AC as a diameter describe a 
circle with center at O’. From P draw PM perpendicular to OA 


and intersecting the circle O’ in Q. Draw CQ and prolong AO to 


meet the circle O at A’, and draw A’P. 


rose 1—OM AM 
Now sin = eee BI =\ i", 


_ Eee [[+0C _ |AC 
k=sin 5 = 


Ola eNO 
(the last result is also true if C falls between A and 0), 
= ue eee -MC __ MQ. 
sin $ =F AC-MC CQ 
Hence ¢ = angle OCQ = am NE , t (6) 
ee Se 
Then sn NE {=sn o@= CQ’ (7) 
9g CM 
= =— 8 
ena/! 7 t=cosd= CQ’ (8) 
and, with the aid of (3), 
9 Rs a ee 
dn 7! V1 — k2 sin? ¢ cos 5 ip (9) 


;  O 
since the angle PA’A is 5" 


The construction is to be such that as P travels back and forth 
in its swing the point Q describes the smaller circle in a positive 
direction and the angle ¢ varies continuously from 0 to 2 7. 


As ¢ increases from 0 to = the pendulum bob P swings from 


A to ee and ¢ increases from 0 to Ne K. As ¢ then increases 


from 5 to 7, P swings back to A, and t becomes 2 VZ f K. Then 
g 


as ¢ increases to $7 and then to 27, P swings up to B’ and back 
to A, and ¢ becomes successively 3 \ - K and 4 U K+ 
g 


Hence if we take as usual 4 T as the period of the swing, we 


have T 
paver 
g 
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From (11), § 152, % 


sna 642 7) — sna) 


any @4+27)=—en/%t, (10) 


dn (2 (+2 7)=dna/fe. 


These results are directly evident from the figure; for if at the 
time ¢ the point Q is as shown in the figure, it will be at Q’ when 
the time is t+ 7. Then MQ’ =— MQ, and CM is now minus 
the cosine of the corresponding angle ¢. From (7), (8), (9) we 
may deduce (10) geometrically. 

154. Formulas of differentiation and series expansion. From 


Sie oP ae 
V(1— oe 72") 


du _ 
we get a 
dx ae a4 is Keay’ 
whence, by inverting, oe y == en w.dn (1) 
From enu=V1—sn2u 
d 
we get Age —snudnu, (2) 
and from dnu=V1—k?sn?u 
BOD k?sn u en u. (8) 
du 
From these we ae get Maclaurin’s ners 
muan— Ath ett Me $e. (4) 
uy 
cnu= pe a+41)%— G44 5 + 16k) + sae () 


u® 
dnu=1-8 > +R + 6 + AN (6) 


From these series follow the formulas, which may also be 
obtained from the original definitions, 

sn (— uw) =—snu, (7) 

en (— uw) =cn4u, (8) 

dn (— vw) = dn u. (9) 


372 ELLIPTIC INTEGRALS 


155. Addition formulas. Suppose wu and » to vary so that 


: utv=a, 
where a is a constant. oh 
Then —=-—1, 
du 
Let 8, = sn u, $2 = sn v, 
ds, ds2 dse 
5, = 2 a a red 
+ du du dv 
=enudnu. =—ecnvdnv». 


Then 
81? = (1 — s1”)(1 — ks”), 82? = (1 — 82”)(1 — ks”), 
§=—(1+k*)si+2k's13, 82=— (1+k?)s2+ 2 k?s9%, 


as dsy vs __ d82 
where ss, = Ae 8s. => in: 
Then 8182 — S28, = 2 k?s1s80(s17 = $2”), 
$1782 = 827817 = (1 = k?s17s7) (se? =y $17), 
8182 — 828, 2: ks 82(8182 + 8281) | 
and $182 — S28) i 1— k?s17s2" "i 
whence log (8182 — $281) = log (1 — k?s1?s2”) + Ci. 
: 8182 — 8281 
That is, TS Bs,?592 eaG, 


or, written out in full, 
enudnusnv+envdnvsnu 
1— k? sn? usn?v - 
This is one solution of the differential equation 
du + dv =0, 
of which another solution is evidently 
u+v=a. 


C. 


Hence, by the theory of differential equations, C must be a 


function of a; that is, 
cn u estan gn vsn u eu 
To see what function this is we place » = 0 and find 
sn u=f(u); 
therefore f is the function sn. Hence 
snucnvdnv+snvenudn ue 


mea 1 — k? sn? wu sn? v 


(1) 


PERIODS ole 
From this we find that 


cn u cn o—snusnodne dno 


Os a 1—k* sn? wu sn? v cy 
fhe 

de Gree dn wz dnv SE 3) 
1— k? sn? u sn? 9 


By the use of (7), (8), (9), §154, the formulas for sn (u — »), 
en (u — v), dn (uw — v) are easily written. 
156. The periods. We have already defined K by the formula 


. dx a 
0 V(1—2?)(1 — ka?) ) 
From (1), snk 1, ok =0, dn kK=k? (2) 


where k’ =V1 — k2, the real positive root being taken if k < 1. 
Using these values in the addition formulas, § 155, we have 


(u+K)=—— 
sn (UU = Aner, 
,snu 
en (u+ K)= A ARR. (8) 
dn (u+ K)= ek 


By adding K to wu in (8) and again applying (8), we get 

sn (u+2K)=—snu, 

en (u+2 K)=—cnu, (4) 
dn (u+2 K)=dnu; 

and again, adding 2 K, 

sn(u+4kK)=snu, 

en (u+4K)=cnu, (5) 
dn (u+4K)=dnu, 


in full accord with §152. 
We define K’ by the formula 


dt 
va a 6 
if VG-d—k*) . 
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Let us place p= Ve’ 


—ik't 


V1 — 22 = SS 
OO NT PP 


where the sign of V1 —<z? is fixed as in §187, since x varies from 
1 to : as t varies from 0 to 1. We have, then, 


dx bg. dt : 
Vi—2) (1 — hn) VA —- 2) — bP)’ 
t dx 
te 2 ee ee ee ee 
whence K= if G2) — en) (7) 
From (1) and (7), 
] 
le (ri ie ee eee 
gong =f (— 22) — kx)’ 2 
whence sn (K +7K’) =— 
= he 
; (9) 


en (K + 7K’) = ay 
dn (K + 7K’) = 0, 


where the sign of en (K + 7K’) is fixed as in §187. 
The use of the results (9) in the addition formulas gives 


an aL ee 
kenu 
tk’ 
en (u+ K +1K’) = — (10) 
cn wu 
ik’ sn wu, 


, 


dn (u+ K +7K’') = 
en u 
whence we get 
sn (u+2K+27K’)=—snu, 
en (w+2 K+ 27K’) =cnu, 
dn (w+ 2K+2iK’)=—dnu. 


(11) 


We may also place 
u+?tK'=(u+K+iK')—K 


LIMITING CASES BY iss 


and, applying the addition formula and making use of (2) and 
(10), together with (7), (8), (9), §154, we get 


i 


sn (4+ 7K’) =—— ; 
; ksnu 
See ON 
OD ee,” (12) 
aah eeere age 
sn u 
whence sn (u+ 27K’) =snu, 
en (u+ 27K’) =—cnu, (13) 
dn (u+ 27K’) =—dnu, 
and sn (4+47K’)=snu, 
en (w+ 47K’) =cn4u, (14) 


dn (u+ 47K’) =dn uw. 

Some of the results obtained may be summed up in the fol- 
lowing theorem: 

The elliptic functions sn u, cnu, dnu, are doubly periodic func- 
tions: the function sn u has the periods 4 K and 27K’; the function 
cn wu has the periods 4 K and 2K+271K’; the function dnu has 
the periods 2 K and 41K’. 


157. Limiting cases. CASE I. If we place k = 0, we have 


; 
0 V1—<2? 
whence snu=sinu, cnu=cosu, dnu=—1. 


The quantity K becomes 5! and the period 4 K is 27. The 


quantity K’ becomes infinite and ceases to have a significance as 
a period. 
CASE II. If we place k = 1, we have 


u=[ 2 ae 


—€ —Ub 
whence sn wu = tanh u = ae Ra 
2 
cn “4 = ——— » 
een” 
2, 
dn u= 
Case 
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The quantity K’ = os and the period 47K’ becomes 2 mi. The 


quantity K is infinite and ceases to be of importance. 

158. Elliptic integrals in the complex plane. The periods of the 
elliptic functions may also be obtained by considering the various 
values acquired by the elliptic integral, now written as 


, dz 
_ =| —2)(1—k2) ) 


by various paths in the plane of the complex variable z = x + ty. 
The singular points of the function 


1 


19 = qd FA) @ 


are++1,+ . At all other points f(z) is regular. 


By §145, any two paths of integration which do not include 
between them one or more of the 
singular points will give the same 
value of the integral. We may 
therefore examine the difference in 
the value of the integral for two 
paths which do surround one or 
more singular points, and since a Fic. 124 
passage around two singular points 
does not change the sign of f(z) we shall take paths surrounding 
two singular points. 

Let wo be the value of w obtained by integration along any 
given path C, (Fig. 124); that is, let 


z dz 
. =i db) @) 


and let C2 be a path which, together with C,, incloses the two 
singular points 1 and —1. The path Cz may be deformed with- 
out changing the value of the integral into a portion of the axis 
of reals from 0 to 1 — r, a circle with radius r and center at z = ab, 
a portion of the axis of reals from 1—r to —1+7, a circle of 
radius r and center at z = — 1, a portion of the axis of reals from 
—1+7 to 0, and the curve C;. This is shown in the dotted line 
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of the figure. The value of the integral is then equal to the sum of 
the following seven integrals, taken along these paths: 


ik r dx ie dz 
Vl = 2?)(1— kx?) Jo VA — 22) (1 — 2?) 
ie ah hoes Ch sity dx 

4+ ts eee ee ee 
i= —V(1—2?)(1 — kx?) ta —V (1—2?)(1 — k2x?) 
+f dz 0 dx 

—Vv( pees ue) —147V (1 — x?) (1 — kx?) 

+ | VaSaaSes V (1 — 22) (1 — kz?) x 5 — hz?) @) 


i the second and fifth integrals are taken around the respec- 
tive circles, and the changes of sign of the radical are due to passage 
around a singular point. Except for the integrals around the two 
small circles the sum of the integrals in (4) is clearly equal to 
l-r dx 
4 fy 
0 WV(1l—2x?)(1— kx?) 
To evaluate the integral around the circle with center at z= 1, 
take ¢ as in Fig. 124. 
Then 1—z=1—2x—-yi=r7(cos d—7sin 9), 
dz = r(sin ¢ +7 cos ¢)dq, 
5 2m 
ae = iL F(¢)d¢, 
V(1 — 22) (1 — kz?) 0 
where F(@) does not contain r as a factor. A similar expression 
is obtained for the integral around the circle with center at 
| We 
Now let, — 0. The value of the sum (4) aoes not depend upon r. 
We may therefore take the limit and 
have 


(5) 


dz 
° V (1 — 22) (1 — k22?) 
But the value of z in (8) and (6) is 
the same. Hence Fic. 125 
sn (4 K + wo) = sn Wo. (Th) 
Consider now a path C3 (Fig. 125) which, together with Ci, 


=4K-+wo. (6) 


1 : 
incloses the two singular points 1 and i It may be deformed into 
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the path shown by the dotted line, and by the methods just 


used we have p=, de 
ap ee ees IG + Wo. (8) 
ae V(1 — 22)(1 — kz?) 
Hence sn (27K’ + wo) = sn Wo. (9) 


Similar discussions may be applied to other paths to obtain the 
formulas of §156 and other like formulas. jp 

Consider the path of integration (Fig. 126) 
consisting of the axis of imaginaries from O 


to tR, a semicircle of radius R, and the axis | 

of imaginaries from —7R to O. If R is taken os 
ik 

greater than —, the path may be deformed yea) 


k 1 O R 
into one along the axis of reals from 1 to k 
and back, and therefore the value of the in- | 


tegral along this path is 27K’. Along the 
semicircle place iR 


z= R(cos 0+7sin 6). Fic. 126 


The integral around the semicircle is then of the form 


1 plied 
ay, F(A, 
2 


where F(6) remains finite as R—> ©. Hence, by the limit process 
already employed, we have 


/ 


2[ eee OT ee 
0 V(1—2?)(1 — kz?) 
4 dz 


or (10) 


———_—_—_—. = 7K’, 
b VI—2)(1— ke) 
In this demonstration the axis of imaginaries may be replaced 
by any curve running to infinity and symmetric about O without 
essential change, so that the path of integration in (10) need not 
be specified. 
Equation (10) gives the result 


sn (7K = 0, 
from which Cniie =o 
dn (1K’) = ©, 
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From (12), §156, and (4), § 154, 


sn (w+7K’) = : 
k sn w 
al ATS) * 
=7,|1- 6 e | 
1 eee 
oe 
or, replacing w+72K’ by w, 
il 2 
eee el (==) Kal ite tes 


k(w — 1K’) 6k 
which shows that at w =7K’ the function sn w has a simple pole 


with residue 


Similarly, the function enw has at w=7K’ a simple pole 
with residue — 7 and the function dn w has a simple pole with 


residue — 1. 
159. Elliptic integrals of the second kind and of the third kind. 


We have defined ‘3 
i E — kx? 5 (1) 
0 1— x? 


as an elliptic integral of the second kind. If we place 


x= sin ¢d, 
the integral (1) becomes . 
E(k, ¢$) =a V1—k? sin? ¢ dd. (2) 
0 
When ¢ = 5 in (2), the integral is denoted by #; thus, 
n= | °Vi-Psin®¢ ae. (3) 
0 


The values both of E(k, ¢) and of EH for various values of 
¢@ and k may be computed by expansions into power series, or 
such values may be found in tables. 

From (2) we have 


ptm 
Bk, 6+n)=[  Vi-Fsin® 6 de 
a p+ 
=i. Vi-Fan?o ao + V1— Kk? sin? ¢ dg. (4) 
-/0 P 
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The first integral is evidently 2 E, and if in the last integral 


we place d=w4+nr, 
ce) 
it becomes ik V1—k?sin?y dy = E(k, $). 
0 
Hence E(k, +7) =2E+ Etk, >). (5) 
This integral occurs in the problem of finding the length of an 
arc of the ellipse 42 2 
y 
a ye 
for which we readily compute 
Pies pe a 
ome =e OES a enx* i (6) 
where e = pew is the eccentricity of the ellipse. If in (6) we 
place e=6 sino, 


$ 
it becomes s= af V1—e?sin? ¢ dd = ake, >). 
0 


Then aE is the length of a quarter-arc of the ellipse. 
The integral (1) may be made to depend upon the elliptic 
function sn uw. For if we substitute 


e = SN u 
and denote the result by E(w), we have 
E(u) = [ dn?udu=u—l [ sn? u du. (7) 
0 0 
This result may be expressed as a power series in wu by the aid 
of § 154. 
The elliptic integral of the third type has been written 
_C_—a—_— eee a ee 3 
eo (8) 
ae {C (sin? @ — a) Eat — k? sin? o 
If we place ene a=sn’ a, 
} * du 
this becomes i Sena. (9) 


A further study of the two integrals (1) and (2) would involve 
properties of doubly periodic functions, which lie outside the scope 
of this book. 
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160. The function f(u). Just as the elliptic integral of the type 
(1), §152, defines the function sn u, so the elliptic integral 


w= [= [ _ ge (1) 
2 N42? — gor — Qs Ee ee) ee 
defines x as the function x= p(w), (2) 


which is the Weierstrass elliptic function. We note first that 


dt — p'(u) = V4 pu) — gap(u) 9s, 


du 
so that p(u) is a solution of the differential equation 
COV et a 
(=) =46 — 92h — gs. (3) 


The integral (1) may be reduced to a Legendrian integral of 
the first kind. Let us place , 


x= e+ 5 (4) 


where g is to be determined later. Then, using the second form 
of the integral (1), we have 


PND = SIRI) Sees 
“(Tae ° 


and if wetake g?=e,—e3; and k?= Sees (6) 
ey — €3 
dt 


(5) becomes “= ply (eee al eee (7) 
G9Jo V(1—#)(1— k?#?) 
If e1, €2, e3 are real and e; > é2 > é3, k in (6) is positive and less 
than unity. 
We have, from (7), t= sn (gu), (8) 
and from (2) and (4) we have a relation existing between the 
function sn wu and the function p(w), 


p(u) = eg +—— (9) 


Cem 


Let us place ee w! mie where K and K’ are derived 


from the integral in (7). Then, from (9) and the formulas of 


$156, we have p(u+2w) = plu), (10) 


p(u+2iw’) = plu). 
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- Hence the function p(u) is a doubly periodic function with the 
two periods 2 w and 2 tw’. 
From (9) we obtain readily 


p(w) =e3 +9? = 41, 


p(w + w’) = e3 + kg? = es, (11) 
p(w’) = és. 
Consequently, from (1), 

et we eee 

a NAG = 9 = i 
a’ = Pete tt 2 (12) 

¢ VAG? = Oot = O2 

w+’ = ae 


a VAG? = go — qs. 
and, by combining the last two, 

jl ee ee (13) 
V4 23 — gor — 93 


161. Applications. 1. Consider the problem of finding the length 
of the are of a lemniscate 


r? = 2a? cos2 06. (1) 
2 a? dr 
We have =f fevers (2) 
Place a oe 
Ze 
s 2 dz : 
vag 2 aes @) 
a? 8 
whence a a (2). (4) 


In the elliptic integral (3), g2 = 1, gs = 0, e: = 3, e2 = 0, eg =— 3. 


w= [- = = [SES 
1 V48—2 J WVa4at—r® (5) 


which is the length of a quarter of the lemniscate, and 


w= UP pansies 
*q -} Age © 0 errr. (6) 


which is obviously imaginary. 
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2. Consider the motion of a spherical pendulum, defined as a 
particle of mass m constrained to move on the surface of a sphere 
under the influence of gravity. 

Using cylindrical codrdinates we take the equation of the sphere 


r2 + 2? = q?, @ 


2 
Then ds? =dr? + 1°d@? + de? ==" de® + (a? — 22)d6%, (8) 


as 


q” 


We shall use Hamilton’s principle and the Lagrangian equa- 
tions with qi = z, gg = 6. Then 


m mila SO 

Paseo leet te, (9) 
V=mgz. © (10) 

The Lagrangian equations are then 

a?22" ; OY a2 

wom -9-F(a5)=0 (11) 

d : 
- qo — 27)6] = 0. (12) 
Equation (12) gives 6= 2 a oe (13) 


Using this in (11) and carrying out the indicated differentiation, 
we have ae ore C122 
1 
pet 8 a Gar t (gumerzjzcodien & (14) 


which may be written as 


d az? d Cr . 
alee a)talgoa)= ra (15) 
and integrating with respect to t, we have 
a2? Ge 
ARIS ee a 2 9z-+ Ca, (16) 
o(dz\" oF A 2 
or a*(—) = (C2— 292)(a? — 2?) — Or. (17) 


This has a resemblance to the differential equation (8), §160, 
satisfied by the function p(t), since the pclynomial on the right 
is cubic. To reduce to the exact form of that equation we sub- 


stitute g=Ast+B 
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and determine A and B so that equation (17) becomes of the 
form 


2 
(=) = 45% — gis = 92. (18) 
This gives, by considering the coefficients of s? and s?, 
2 
g 69 


whence g; and gz may be determined. 

The cubic polynomial in (17) has three real roots. For if z = , 
the initial position of the body, the cubic is +. since the velocity 
is real, and z <a, since the particle is on the sphere. When 
z= 0, the cubic is +; when z=— a, the cubic is —; when 
z= 2, the cubic is +; when z=<a, the cubic is —. 

Hence the cubic has a root z= z, between + © and a, a root 
z= 22 between a and 2, and a root z= z3 between z% and — a. 
Moreover, the cubic is positive between z2 and z3 and hence these 
are the extreme heights of the particle. 

Correspondingly, we may write (18) as 


ds\? 
ai = A(s ae! €1)(s = €2) (s cre €3), (20) 
where ge eB 4 ee seEes EEA rae 
: A A A 
and ou is real when s is between ez and es. 


dt 
From (20) we have 


* ds 
= nn ok oe 
if VA(s — €1)(S — €2) (S — es) rh oY 


To determine the constant C let us measure ¢ from the time 
when s=e3. Then 


© ds 
Ca. (=e 22 
i 4(s — e1)(S — e2) (8 — ea) rs 

; @ ds 
CBee oa Oe aE i WV4(s — €1)(s — €2) (s — eg) a 


we have, from (12), §160, 
C=— a". - (24) 
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Then u=t+o’; (25) 
whence 8= p(u) = p(t+w’), 
and z= Ap(t+ w’)+ B. (26) 
When z = 23, then s = es, and (21) with (24) gives 
t= (w+ ow’) —w’ =a, (27) 


so that the half-period w is the time that it takes the particle to 
go between the extreme positions 22 and 23. 


EXERCISES 


dd 
Ga Pthe rs where k > 1, can be reduced to a 
similar integral with k < 1. 


1. Show that A) : 


2. Solve the pendulum problem when the bob goes completely around 
the circle, taking the velocity at the bottom of the path as up. 


8. Solve the pendulum problem when the bob just reaches the top 
of the swing. 


4. A skipping-rope revolves so that each element of the string has 
constant angular velocity about an axis. Assuming that on each ele- 
ment there act centrifugal force and the tension of the rope (neglecting 
gravity), find the equation of the curve in which the rope swings. 


5. Show that 


- 1\?_, cay aay 
=— = | HW as Orton. 
‘ss [1+ (5) + 2-4 5 2:4-6 a 


with k <1. 


T i ene (1-8-3) 
=—|1—(—) k —-|——_) k*—= ko —... 
* 5} (5) owl 5\2-4-6 
with k <1. 
7. Show that 


f——4 = 1 — x2, k). 
2 Vd —2 (k? + k2%) 


8. Show that 


f——*=___ SW AF 
0 V1 + 22)(1 + k’22?) V1 + 2? 
9. Show that 


i dx = 1 sn-! (=. *): 
o Va? — 22)(b2? — 22) @ ba 
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10. Show that 


a dx eae ( ea ae ae 
ih Va? — 2)(42—b2) 4 a — b2 
x2 y? 
11. If sis the length of the hyperbola — —— S =1 and eits eccentricity, 
show that 


2 
ss - Bae: k) — aeE(¢, k) + ae tan $V 1 — k? sin? ¢, 
aey 
where k ale and tan d= a. 
e b 
12. Show that p(—- u) = p(u). 
13. Show that 


sn2z — sn? 
sn (+ y)sn(@—y) = 2 


1—k?sn2zsn2y" 
14. Show that sn? 7 = pcm ea 
1+dn22z 
15. Verify the series expansion of § 154. 
16. Find the formulas for sn (wu — v), en (u — v), and dn (u — 2). 
17. Find the values of sn (2 K — u), en (2 K—u), and dn (2 K— 4). 
18. Discuss the difference in the values of i : 


0Vd-a0-ka) 


responding to two paths which together inclose one of the points 1 or =. 


19. Discuss the difference in the values of phe a Oc ar 

WV 4 (2-1) (2 — €2) (2 — €3) 

corresponding to two paths which together inclose two of the points 

€1, €2, €3. 
F : : 20 dz 

20. Discuss the difference in the values of ne —————— 

z WA(z—e1)(Z—e2)(2—e3) 

corresponding to two paths which together inclose one of the points 
@1, 2g, OT 3. 


21. Show that the equation of a geodesic on a catenoid formed by 


revolving the curve x = 5 +e *) about the axis of z is 


a b dr 
VP — a) — Be) 


where (r, 8) are polar codrdinates on the (x, y) plane and 6 is a constant 
of integration. Thence show that 


| 


(Ait b > acho eel Oe ee eee 
sn 6 b 


sn 
(3) if 6b = G7 =a coth O; k 
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89. y = a0(6 — 42 +0?) +O (1— 424602429 +28), 


a2 2 at 
42. 43. 45. 5-V8 k. 46. (4 — V2) Vas, 


ANSWERS 393 


CHAPTER XIII 
Page 313 


1. z= dil(y)e™ + do(y)e-™. ee =a xpily) + pay). 
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Addition formulas, elliptic functions, 
372 
Amplitude, function, 368 
Are, element of, 106, 125, 128 
infinitesimal, 23 
Area, curved surface, 187 
element of, 126 
line integral, 177 
vector, 209 
Argument of complex number, 334 


Bernoulli’s equation, 221 
Bessel functions, 275, 360 
Bessel’s equation, 275 
Beta function, 166 
Binormal, 119 


Calculus of variations, 317 
Cauchy’s theorem, 352 
Characteristics, 293 
Circle of convergence, 355 
Circulation, 200 
Clairaut’s equation, 227 
Continuity, defined, 2 
equation of, 195 
uniform, 4 
Convergence, absolute, 39 
circle of, 355 
comparison test for, 40 
conditional, 58 
of integrals, 147, 151 
ratio test for, 41 
region of, 42 
of series, 38 
uniform, 45, 149, 150, 152 
Coérdinates, curvilinear, 124 
cylindrical, 129 
generalized, 329 
polar, 130 
Cosines, direction, 196 


Curl, 212 

Curvature, 121 

Curve, equations of, 118 
length of, 23, 107 
vector equation of, 208 


De Moivre’s theorem, 55 
Del, 211 
Derivative, of a complex function, 345 
defined, 5 
directional, 74 
partial, 66 
Determinant, functional, 99 
Differential, exact, 81, 185 
of function of one variable, 28 
of function of several variables, 
78 
higher, 29, 84 
Differential equation, Bessel’s, 275 
complete, 253 
first degree, 219 
first order, 216 
higher degree, 225 
higher order, 252 
Laplace’s, 301, 306 
Legendre’s, 268 
linear, 220, 253 
partial, 292 
reduced, 253 
second order, 264 
simultaneous, 2438, 263 
Differentiation, of definite integral, 
141, 148 
of elliptic functions, 371 
partial, 65 
Direction cosines, 106 
Direction of a line, 108 
Dirichlet’s integrals, 167 
Divergence, 211 
Duhamel’s theorem, 23 
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Element, of arc, 106, 125, 128 
of area, 126 
of volume, 129, 159 

Envelope, 229 

Euler’s constant, 171 

Euler’s theorem, 73 

Evolute, 233 

Expansion, asymptotic, 363 
of elliptic functions, 371 


Factor, integrating, 222, 238 
Fluid, flow of, 176, 191, 212 
Force, conservative, 84 
Forms, indeterminate, 15, 16, 18 
Fourier series, 295 
Function, 1 
analytic, 347 
Bessel, 275, 360 
Beta, 166 
complementary, 254, 259 
of a complex variable, 332, 
344 
composite, 7, 69 
conjugate, 347 
defined by power series, 45 
dominant, 57, 87 
elliptic, 366, 367 
exponential, 53, 339 
Gamma, 164 
harmonic, 310 
homogeneous, 73 
hyperbolic, 55, 341 
implicit, 91 
inverse, 343 
logarithmic, 342 
regular, 355 
of several variables, 65 
trigonometric, 53, 339 
vector, 209 


Gamma functions, 164 
Geodesics, 323, 327 
Gradient, 77, 210 

Green’s theorem, 181, 192 


Hamilton’s principle, 328 
Heat, flow of, 303 
Helix, 133 


Imaginary, conjugate, 333 
pure, 332 
Indicatrix, 114, 115 
Infinitesimal, 19, 22 
Integral, of, a complex function, 
351 
definite, 134 
elliptic, 365, 376, 379, 381 
line, 174 
multiple, 156 
particular, 254, 261 
surface, 190 
Integrand, infinite, 151 
Integration under the integral sign, 
145, 148 
Interval, 2 
Involute, 235 


Jacobians, 99 


Lagrange’s equations, 329 
Laplace’s equation, 301, 306 
Legendre’s associated polynomial, 272 
Legendre’s equation, 268 
Legendre’s integrals, 367 
Legendre’s polynomials, 270 
Lemniscate, 382 
Length of curve, 28, 107 
L’Hospital’s rule, 16 
Limit, infinite, 146 
Line integrals, 174 
Line, contour, 76 

straight, 108 
Loxodrome, 133 


Maclaurin’s series, 13 
Maxima and minima, 116 
Mean, theorem of, 8 
Mercator’s projection, 1383, 351 
Modulus, of complex number, 333 

of elliptic function, 367 


Normal, to plane, 111 
principal, 120 
to surface, 110, 127 
Number, complex, 332 


Operations on series, 46, 51 
Operator, 257 


Operator del, 211 

Order of infinitesimals, 19 
Orthogonality, 107, 126 
Oscillation of a function, 5 
Osgood’s theorem, 23 


Parallelism, condition for, 206 
Part, principal, 20 
Path of integration, 183 
Pendulum, 330, 369 

spherical, 383 
Periods, 373 


Perpendicularity, condition for, 107, 


126, 205 
Plane, 110 
osculating, 119 
Point, elliptic, 114 
hyperbolic, 115 
parabolic, 116 
singular, 231 
Pole, 355 
Polynomial, Legendre’s, 270 
Legendre’s associated, 272 
Potential, 199, 308 
Power of complex number, 335 
Projection, Mercator’s, 138, 351 
stereographic, 133, 351 


Region of convergence, 42 

Remainder, Taylor’s series, 10 

Representation, conformal, 348 

Residue, 355 

Rolle’s theorem, 7 

Roots, of Bessel functions, 279 
of complex numbers, 335 
square, 337 


INDEX 


Scalar product, 205 
Series, Fourier, 295 

operations on, 46, 51 

power, 38 
Simpson’s rule, 139 
Solution, singular, 232 
Stokes’s theorem, 197 
Surface integrals, 190 
Surfaces, 109, 112 

area of, 187 

of revolution, 133 
Systems, orthogonal, 348 


Tangent line, 119 
Tangent plane, 111, 112 
Taylor’s series, 10, 48, 353 
Torsion, 122 

Trajectory, 236 

Triangle, infinitesimal, 26 


Value, absolute, 333 
Variable, complex, 332 
Variation, constrained, 324 
first, 318 
Variation of constants, 255 
Variations, calculus of, 317 
Vector, 203 
Vector function, 209 
Vector product, 206 
Velocity potential, 200 
Volume, element of, 129, 159 
Vortex motion, 200, 212 


Weierstrass, 5 
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Weierstrass’s elliptic function, 38] 


Work, 176, 200 
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